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THE 

PREFACE. 

ZHE  ufe  of  Trigonometry  is  fo  great  in  all 
the  parts  of  the  mathematics,  that  he  mufl 
have  made  a  very  little  progrefs  therein,  who 
is  not  fenfble  of  it.  Its  help  is  called  in  upon  every 
occaflon,   and  its  great  fervice  is  clearly  apparent 
in  calculations  of  all  forts,  both  upon  the  earth, 
upon  the  feas,  and  in  the  heavens.     By  this,  the 
diflances  of  objeSls  upon  the   earth  may  be  cer- 
tainly known,  if  they  can  but  be  feen  ;  though  we 
cannot  come  near  to  meafure  them,:  like  wife  the  geo- 
graphical diflances  of  places  on  the  earth ;  and  their 
fever al ' pojitions  to  one  another.  Navigation  depends 
entirely  upon  it.    Surveying  and  dialling  owe  their 
greatefl  exaSlnefs  to  it.     It  is  of  fingular  fervice 
in   military   affairs  :    and  Mars,   without  this, 
might  live  peaceably  at  home.     Upon  the  wings  of 
trigonometry  (as  Plato  fays),  we  mount  up  from 
the  earth  to  the  heavens,  meafure  the  diflances 
of  all  the  flars,  and  range  them  in  their  proper 
order*     And  without  it  Urania' j  fons  may  throw 
aflde  their  inflruments,    their  books   and  tables  \ 
or  rather,  without  this,  they  would  never  have  had 
fuch  thing ;    and  confequently   mankind  had  re- 
mained utterly  ignorant  of  this  mojl  beautiful  fyf 
tern  of  the  world.     In  jhort,   the  art  of  Trigo- 
7io?netry  is  of  fuch  univerfal  ufe  and  extent,  that 
%t  would  be  an  endlefs  tajk  to  enumerate  all  the  va- 
rious purpofes  to  which  it  is  fabfervient  -,  and  the 
mofl  important  branches  of  knowledge  would  be  lofl 
and  ufelefs  if  we  wanted  it, 
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This  makes  me  wonder  that  no  body  has  given  us 
an  entire  Jyfiem  of  this  art ;  which  fhall  contain 
all  the  principles,  as  well  as  the  rules  of  praftice. 
Inftgad  of  that,  mofi  authors  content  themf elves  with 
little  more  than  explaining  the  common  cafes  of  folv- 
ing  triangles^  and  fill  up  their  books  with  heaps  of 
examples,  to  jhew  the  ufe  and  application  thereof: 
whiljl  they  dip  very  little  into  the  theory,  and  leave 
the  principles  thereof  very  much  in  the  dark. 

In  this  treat ife  I  have  ventured  to  lay  down  the 
whole  both  theory  and  pra&ice ;  and  to  take  in 
all  things  of  any  confequence  that  any  way  belong 
to  the  fubjeSl.  And  here  I  account  all  thefe  pro- 
perties of  triangles  or  other  figures  that  have  any 
relation  to  the  meafuring  their  angles  by  degrees, 
or  by  fines ,  and  tangents,  &c.  to  belong  to  Tri- 
gonometry, as  their  proper  fubjeB  \  referring 
their  other  properties  to  Geometry,  which  have  no 
fuch  regard  to  the  meafures  of  their  angles. 

In  purfuance  of  this  defign,  I  have  in  the  fir  ft  book 
laid  down  in  a  few  propofitions,  the  relations  of 
fines,  cofines,  &c.  of  arches ;  likewife  of  the  double 
arches,  and  of  the  fums  and  differences  of  arches. 
Among  which  there  are  a  few  propofitions,  foexten- 
five  and  general,  as  to  comprehend  a  great  number  of 
particular  propofitions,  evident  only  by  infpeffiion. 

Then  I  have  given  the  method  of  calculating 
natural  and  artificial  fines,  tangents,  &c.  of  any 
arch  :  and  from  thence  thofe  of  their  multiple 
arches.  And  here  I  have  been  obliged  to  have  re- 
course to  the  method  of  fluxions,  and  the  method 
/  increments;  there  being  no  other  pojjible  way 

effect  it.  Which  if  any  of  my  readers  happen  not 

under/land^    they  may  paj's  by  the  invefiiga- 

tions? 
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tions,  and  make  equal  life  of  the  conclu/ions,  never  - 
thelefs.  But  for  further  fatisf action,  fee  my  Me- 
thod of  Increments. 

Then  you  have  a  few  general  proportions  con- 
cerning angular  fedlions,  infcription  <?/*  polygons, 
and  the  properties  of  chords  Infcrlbed  In  a  circle. 

In  the  fecond  book  you  have  plain  Trigonometry, 
with  the  folutlon  of  all  the  cafes,  fever al  ways. 
Right- angled  triangles  are  refolved  arithmetically r, 
logarithmically,  and  algebraically  j  and  oblique  ones 
logarithmically  and  algebraically.  By  thejirjl  me- 
thod all  the  cafes  of  right-angled  triangles  are  re- 
folved by  common  arithmetic,  without  any  books  or 
tables  whatever.  And  this  comes  very  7iear  the 
truth,  and  is  fufficientty  exaSl  for  common  ufes : 
and  is  no  further  burthenfome  to  the  memory,  than 
getting  by  heart  two  or  three  proportions,  with  cer- 
tain fixed  numbers;  and  the  47.  I.  Euclid.  And 
the  fame  way  may  oblique  triangles  be  refolved,  by 
letting  fall  a  perpendicidar. 

In  the  third  book  you  have  all  that  is  material 
in  the  dodtrine  of  the  fphere ;  likewife  the  pro- 
perties of  fpherical  triangles  -,  and  the  principles 
of  fpherical  Trigonometry ;  in  which  are  fome 
compound  or  general  propofit ions,  including  fever  al 
particular  ones,  Among  thefe  there  are  fome  that 
I  have  taken  the  liberty  to  demonflrate  algebrai- 
cally, to  avoid  a  more  prolix  method  of  demon- 
f  ration.  Then  follows  the  folutlon  of  all  the 
cafes  of  fpherical  triangles ;  in  oblique  ones  both 
logarithmically  and  algebraically. 

In  the  firjl  feBion  of  the  firjl  book,  I  have  in- 
ferted  fever  al  fcholia  here  and  there:  the  ufe  of 
which  to  Algebraifls,  will  be  too  evident  to  be  fur- 

3  ^: 


Vi  f  O  F  A  C  E, 

ther  injijled  on.     And  for  the  fanie  reafon  it  Hiom% 
that  1  injerted  the  folution  of  the  cafes  algebraically. 

All  thefe  things  being  laid  down  here  in  this 
book,  in  the  jhortejl  manner  pojjible  ;  /  think  I 
may  venture  to  entitle  it  The  Elements  of  Trigo- 
nometry. I  wont  fay  that  I  have  quite  exhausted  - 
the  fubjeft,  but  I  am  of  opinion  that  I  have  omit* 
ted  little  or  nothing  of  any  confequence. 

I  think  it  needlefs  to  Jhew  the  application  of 
trigonometry  to  any  part  of  mathematics  :  that 
being  very  eafy  for  the  reader  to  do  himfelf\  efpe- 
cially  as  all  authors  abound  in  thefe  things. 

If  what  I  have  done  meet  with  general  appro- 
bationy  I  have  my  end;  if  noty  1  can  only  fayy 

In  magnis  voluifle  fat  eft. 

W.  Emerfon. 

P.  S.  In  the  frji  edition  of  this  book,  having  deli- 

vered  the  theory  of  Trigonometry^  with  all  the  practical 

rides  and  canons  for  calculation  ;  /  thought  it  fujjicient 

to  anfwer  all  the  purpofes  that  could  be  defired.  But  now 

finding  that  a  fet  of  tables  was  very  much  wanted,  or 

rather  abfolutely  nectffary,  for  putting  thefe  precepts  into 

fraffice;  therefore,  to  make  the  treatife  univerfally  ufe- 

fid,  I  have,  in  this  fecond  edition,  infer  ted  a  table  of 

natural  fines  and  tangents,  and  a  table  of  logarithmic 

lines  and  tangents,  and  alfo  a  table  of  logarithms,  alt 

extremely  correct.     And  that  nothing  may  be  wanting 

even  to  the  kivcfl  clafs  of  readers,  I  have  given  the  fo- 

lutions  of  all  the  cafes  of  triangles  in  numbers.     I  have 

alfo  made  many  alterations  and  additions  in  feveral parts 

of  the  book,   and  have  added  feveral  proportions  in 

fpherics,  which  I  have  put  at  the  end  of  thelafi  fe£iion\ 

becaufe  they  could  not  well  be  demonstrated,  without  the 

proportions  in  that  fstJion ;  all  which  new  makes  the 

book  entirely  complete. 

W.  E. 
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ELEMENTS 

OF 

TRIGONOMETRY. 

DEFINITIONS. 

i.     AN  ^rr£  of  a  circle  is  any  part  of  its  circum-    F  I  G 
IJk    ference,  as  AB.     A  quarter  of  the  circum-       is 
JL  jL  ference  is  called  a  quadrant,  as  AD  j  and 
the  half  a  femi-circle,  as  ADI. 

2.  The  radius  is  a  line  drawn  from  the  center  to 
the  circumference,  as  CA. 

3.  The  complement  of  an  arch  is  what  it  wants  of 
a  quadrant ;  BD  is  the  complement  of  AB. 

.  4.  The  fupplement  is  what  it  wants  of  a  femicir- 
cle,  as  BI  is  the  fupplement  of  AB. 

Cor.  1.  The  difference  of  two  arches  is  — diffe- 
rence of  their  fupplements. 

Cor.  2.  The  complement  of  half  an  arch  is  equal 
to  half  the  fupplement  of  the  whole  arch.  For  let 
Q^  be  a  quadrant  and  A  an  arch  •,  then  Qj—  i  A  is 
the  complement  of  half  the  arch,  and  2Q_ —  A  is 
the  fupplement  of  the  whole,  and  Q^ —  4  A  is  half 
the  fupplement  of  the  whole.   , 

Cor.  3.  The  difference  of  an  arch  and  its  comple- 
ment is   equal  to    the  complement  of  twice  the  arch. 

Ac/}  Q^ — A  is  the  difference  of  the  arch  and  its  com- 
plement, and  2  Ac/)  Qis  the  complement  of  twice 

the  arch,  but  Ac/3  Qj— A  ~  2  Ac/2  Q^ 

B  5.  Th;     . 
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FIG.       £.  The  cord  or  fubtenfe   of  an  arch   AB,    is  a 
?■•      right  line  AB  draw  between  the  extreme  points  of 
the  arch. 

6.  The  j£#£  (or  right  fine)  of  an  arch  AB,  is  a 
right  line  BF  drawn  from  one  end  of  the  arch  per* 
pendicular  to  the  diameter  pafling  thro5  the  other 
end  of  it. 

Cor.  The  fine  of  an  arch  is  half  the  cord  of  the 
double  arch. 

7.  The  cofine  of  an  arch  is  the  diftance  between 
the  center  and  the  fine,  as  CF. 

8.  The  verfed  fine  of  an  arch  AB,  is  the  part  of 
the  diameter,  between  the  beginning  of  the  arch 
and  the  fine,  as  AF. 

Cor.  The  verfed  fine  +  cofine  —  radius. 

9.  The  conver fed  fine  is  the  line  DE,  between  the 
end  of  the  quadrant  AD,  and  BE  perpendicular 
to  DC, 

10.  The  tangent  of  an  arch  BA  is  the  line  AG 
drawn  from  one  end  A  of  the  arch  perpendicular  to 
the  diameter,  till  it  cuts  the  line  CBG  drawn  thro* 
the  other  end  of  the  arch. 

11.  The  cotangent  of  an  arch  AB  is  the  line  DH 
drawn  perpendicular  to  DC  at  the  end  of  the  qua- 
drant AD,  till  it  meet  the  line  CBH  drawn  thro* 
the  top  of  the  arch  AB. 

12.  The  femitangent  of  an  arch  AB,  is  the  line 
KC  intercepted  between  the  center  and  the  line  IK 
pafling  thro'  the  end  B  of  the  arch. 

Cor.  The  femitangent  of  an  arch  is  =  tangent  of  half 
the  arch.     For  if  AT=TB>  then  jl  ACT  =  z_  AIB, 
Whence  CK  =  AR. 

13.  The  fecant  of  an  arch  AB  is  the  line  CG 
drawn  from  the  center  of  the  circle,  through  the  top 
of  the  arch  AB,  till  it  meets  the  tangent  AG. 

14.  The  cofecant  of  an  arch  AB  is  the  lineCH, 
drawn  from  the  center,  through  the  end  B  of  the 
arch,  till  it  meets  the  cotangent  DH  in  H. 

Cor. 
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Cor.  i.  Hence  the  cofine,    cotangent,   cofecant,  to-  FIGr 
verfed  fine  of  an  arch,  is  equal  to  the  fine,  tangent, 
fecant,  Verfedfme,  of  its  complement  refpeflively. 

For  the  fine  EB  of  the  arch  DB  (the  complement 
of  AB)  is  ±t  CF,  the  cofine  of  AB.  Alfo  DH,  the 
cotangent  of  AB,  is  the  tangent  of  its  complement 
DB.  Alfo  CH,  the  cofecant  of  AB  zz  fecant  of 
its  complement  DB.  And  laftly  DE,  the  coverfed 
fine  of  AB,  is  the  verfed  fine  of  its  complement 
DB. 

Cor.  2.  A  fine,  tangent  and  fecant,  cofine,  cotan- 
gent, cofecant,  and  coverfed  fine,  are  common  to  two 
arches  which  are  the  fupplements  of  each  other*  For 
thefe  lines  belong  as  well  to  the  arch  IB,  as  to 
AB. 

1 5.  A  degree  is  the  360th  part  of  the  circumference 
of  every  circle;  and  therefore  a  femicircle  contains 
180  degrees,  and  a  quadrant  900.  Alfo  the  6otU 
part  of  a  degree  is  called  a  minute,  the  60th  part  of 
a  minute  a  lecond,  &c. 

16.  An  angle  ACB  is  the  inclination  of  two  lines 
AC,  CB;  and  the  meafure  of  that  angle  is  the 
degrees  in  the  arch  AB. 

Note,  The  middle  letter  ftands  at  the  angle. 

Scholium. 
Tho5  the  cofine,  tangent,  cotangent  and  fecant 
are  common  to  two  arches  which  are  the  fupplements 
to  each  other ;  yet  in  an  arch  greater  than  a  qua- 
drant, thefe  lines  are  truly  negative,  and  muft  be  fo 
efteemed,  becaufe  they  are  drawn  the  contrary  way 
to  thofe  in  an  arch  lefs  than  a  quadrant.  And  there* 
fore  the  fine,  coverfed  fine,  and  cofecant,  are  always 
affirmative  in  all  arches  lefs  than  a  femicircle,  but 
negative  in  greater  arches.  And  in  general,  the  fines 
of  all  arches  in  the  firft  and  fecond  quadrants  are 
affirmative,  in  the  third  and  fourth  negative.  The 
cofines  in  the  firft  and  fourth  quadrants  are  affirma- 

B  z  tive, 
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tive,  in  the  fecond  and  third  negative.  The  tangents 
in  the  firft  and  third  quadrants  are  affirmative,  in 
the  fecond  and  fourth  negative.  The  cotangents  in 
the  firft  and  third  are  affirmative,  in  the  fecond  and 
fourth  negative.  The  fecants  in  the  firft  and  fourth 
are  affirmative,  in  the  fecond  and  third  negative. 
The  cofecants  in  the  firft  and  fecond  are  affirmative, 
in  the  third  and  fourth  are  negative.  All  verfed  fines 
are  affirmative :  moreover,  fines,  tangents,  &c.  of 
negative  arches  are  contrary  in  their  figns  to  thofe 
of  affirmative  arches. 
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BOOK      I. 

The  properties  of  fines*  tangents^  fecants*  &c.  of 
arches ;  the  calculation  of  them*  both  natural^ 
and  artificial;  andalfo  thofe  of  multiple  arches * 
angular  feSlions*  &c. 

S   E    C   T.    t 

The  relation  of  the  fines*  tangents  and  fe cants  of 

arches. 


PROP.    I. 

In  any  arch*  thefe  are  refpeftively proportional.         FIG, 
Radius       :     Sine  :     Cojine  :  :  *• 

Secant        :     Tangent      :     Radius        : : 
Cefecant     :    Radius        :     Cotangent. 

THE  meaning  of  the  propofition  it,  that  any  four 
quantities  lying  in  form  of  a  redtangle  are  pro- 
portional. As  thus  ;  Rad  :  Sine :  :  Secant  :  Tangent. 
Or  Rad  :  Coftne  :  :  Secant :  Radius.  Or  Tangent  :  Ra- 
dius :  :  Radius  :  Cotangent.  Or  Cotangent  :  Co- 
fine  :  :  Cofecant :  Radius.  And  fo  of  others.  The 
fame  is  to  be  underftood  of  the  following  propofi* 
tions.  Likewife  if  you  have  feveral  quantities  placed 
thus,  A  :  B  :  C  :  :  D  :  E  :  F ;  the  meaning  is,  that 
A  :  B  :  :  D  :  E,  or  A  :  C  :  :  D  :  F,  or  B  :  C  :  :  E  : 
F,  &c.  or  laftly,  if  A  :  B  : ;  C  :  D  :  :  E  :  F,  &c.  it 
fignifies,  that  A  :  B  : :  C  :  D,  or  A  :  B  : :  E  :  F,  or 
C  :  D  : :  E  :  F;  and  fo  of  others. 

For  in  the  fimilar  triangles  BFC,  GAC,  CDH; 
BC  :  BF  :  CF  : :  GC  :  GA :  AC  : :  CH  :  CD  :  DH. 

Q.E.D. 

Cor.  i.    Radius  fquare  =  fine  fquare  +  coftne 

fquare  ss  fecant  fquare  —  tangent  fquare  —  cofecant 

B  3  fquare 
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FIG.  fquare  —  cotangent  fquare.     For-  the  triangles  BFC, 
J.      GAC,  CDH  are  right  angled. 

Cor.  2.  Radius  fquare  n  tangent  x  cotangent  — 
cofme  X  fecant  =  fine  x  cofecant. 

Cor.  3.  ./#  /z/zy  arches  1  the  fine  is  as  the  cofine  X 
tangent ,  e?r  ^j  tangent  divided  by  fecant \  or  as  cofine 
divided  by  cotangent >  or  reciprocally  as  the  cofecant. 

Cor.  4.    tangent  is   as   the  fine  X  fecant,  or  as 

fine  fecant  17  7 

~~,  0r  as  —^ — ,   or  reciprocally  as  the  cotangent, 
cojtne  cofecant  x  ° 

Cor.  5.  «SVaz/tf  ft  as  tangent   X   cofecant,    or  as 

tangent  cofecant  .  77  1        r 

— -~ — ■,  0r  as  — - ',  <?r  reciprocally  as  the  cefine. 

jine  cotangent  *  V 

Cor.  6.  Cg^#i  £y  reciprocally  as  the  fecant,  cotangent  re- 
ciprocally as  the  tangent,  cofecant  reciprocally  as  the  fine. 

Cor.  7.  Thefum  of  the  fquare s  of  the  fine  andverfed 
fine  of  an  arch  —  fquare  of  the  cord  of  that  arch  zz 
4  times  the  fquare  of  the  fine  of  half  the  arch.  For 
ABzz  2AL,  and  the  triangle  ABF  is  right  angled. 

Cor.  8 .  The  cord  of  an  arch  is  a  mean  proportional 
"between  the  verfed  fine  and  diameter.  For  AF,  AB, 
AI  are  continually  proportional. 

Scholium, 
Let  A  =  any  arch.      /  zz.  tangent.      <r  —  cofecant. 
r  is  radius,  *  ==  cotangent,  v  =  verfed  fine, 

s  —  fine.  /=  fecant.        V  =  verf.Cfupl. 

£=  cofine.  Then 


ct       ir  tr  re  rr 


■    *K  —  fiK_    1*, r 


f      s/rr+tt       T      Vrr  + 


*— 11' 


—  ——-?VJf — rrzz  y/Vv  55  virv  —  vv.' 

It 
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II.  £  —  r — v  =  V — rzryVr — ss 


rr  _    tr      so- sr rr rr 

f~T~~f~~  r~~<r  ~ x/rr~\- 


rs            rr 

/ 
FIG. 

t        kjrr  _[.  tt 

1. 

IW —  rr. 

TT 


cr       * 


III./=-rz: 


cf 


rs 


.=w, 


rr 


rr 

rr  —  cc  —  — 5- 

c        Vrr — ss      c  ?       s/o*  — 


s<t       r^lrv — vv       r^/2rV — Vx 


t  J  t  r — v  V  —  r 


*  / 


rr 


.  rr  _  -  ^ cf      rc 

7 

rr  r  —  v  y — r 


IV.  t  — veer — 77  r — =— =  -  — — Vrr — jj1 

*       *       j       j 


r. 


vV?' — cc      *fff — rr      s/irv —  vv  V^2rV — V3, 

V     f—  J — XT/  —  rr__  rt  _r3  _  rtr  _  tr  _  sr  _ 

c 

=— v6t+tt  = 


i  JT  T 

r<r  rr 


c 
rr 


A/a-a  —  rr^r—v    ~V  —  r 


s/rr  —  ss      T 

vi     —  V — X — lL.—  rJl—ri:—  yZ tr  —  cf 


rr 


s/rr  —  cc      * 


rz— Vrr  +  tt 


t        c 
_       rf 


ct 
rr 


*///- 


rr 


^2rv — vv 


VII.  v  =  ir — V  —  r — c  =r  —  VVr  —  ss  —  r — 


rr  rr  rr  r   / 

iX/^j^Jt  s/rr  +  tt  /  ** 


VIII.  V=2r  —  1;  ==  r  +  ^rr  —  ss  zz  r  +  c  =  r 


rr 


rr 


\/rr  -f-  tt 
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\/r*  + 


—  r-f-v^i 


.    rr       r  +  cr 
1      r  '    f  <r 
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FIG.        $he  cover  Jed  fine  is  eaftly  found  exprejfed  by  any  of  the 
i.      rejiy  by  only \fub  trailing  the  fine  from  radius. 

PROP.   II. 

In  any  afch  thefe  lines  are  r effectively  proportional, 

Radius  :    Sine  of  an  arch  :  Cofine  arch  :  : 

2  Sine  arch      :    Verf  2  arch       :  Sine  2  arch  :  : 
2  Cofine  arch    :    Sine  2  arch         :  Verffup.  2  arch. 

For  the  triangles  CAL,  BAF,  IBF  are  fimilar, 
and  IB  =r  2CL,  therefore  CA  :  AL  :  CL  :  :  BA  : 
AF  :  BF  : :  IB  :  BF  :  IF. 

Cor.  1.  From  hence  and  Prop.  I.  it  is  evident, 
that  thefe  are  refpedlively  proportional. 

Radius  :  Sine  of  an  arch  :  Cofine  arch 

Secant  arch  :  Tangent  arch  :  Radius 

Cofecant  arch  :  Radius  i  Cotangent  arch 

2  Sine  arch  :  Verf.  2  arch  :  Sine  2  arch 

2  Cofine  arch  :  Sine  2  arch  :  Verf  fup.  2  arch. 

r>        ~      t  7    2fmefquare  ri    r  r 

Cor,  2.  In  any  arch,  ~ — ~ —  —  verfed  fine  of 

the  double  arch,  that  is,  —  sz  verf  2 A.     See  SchoL 
to  Prop.  I. 

Cor.  3.   In  any  arch,     J  ne    coj  "■>  =  fine  of  the 

TCI  dins 

double  arch,  —  =  S.  2  A. 
r 

^                T                    j     2  cofine  fquare  —  radius  fquare 
Cor.  4.    In  any  arch,  — - — ~ --. -^ 

s=  ^0*  of  the  double  arch.      For  cof.  2  A  =  r  — 


-        .  2n        rr  —  2M       2rr  —  rr 

verf.  2  A  zz  r —  • — . 

r  r  r 


Cor. 
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T         1  radius  fquare  ■  «t^ 

Cor.  5.  /*  any  arch,  cotangmt±tangent  =  tangent  F  I  G. 

of  twice  the  arch.     For  cof.  :  fine  :  :  rad.  :  tangent ; 

2cc  —  rr       cc—  ss      ics 
that  is,  by  Cor.  4,  3-  — —  or  —7-  •  y  '-  '  r: 

™rr     =  JUL  -  (by  Schol.  Pr.I.)  --^. 

re      fs  T  mmmm  * 

« — ss.r      JLTi." 

Cor.  6.  I*  ^;?y  *ra&,  \  cotangent  —  4  tangent  m 
cotangent  of  the  double  arch.  This  follows  from 
Cor.  5.  becaufe  radius  fquare  divided  by  the  tangent 
is  =  cotangent. 

Cor.  7.  In  any  arch,  fecant  *  radius  _   recant  0f 

the  double  arch.     For  radius  fquare  _  £ 


rr 


*y  C*r.  4.    -r^— r  =  ~r  =  (by  Sch.  Pr.  I.) 

J  2cr — rr  —  rr. 

c 
— S~  =  fecant  of  2  arch. 

2C—f 

Cor.  8.  /#  ^y  arch,  ^ecan      C0Jecan   _  corecmt  0f 

2  radius  J 

the  double    arch.      For  by  Cor.  1.  of  this  Prop. 

2rs  p  ,  .    f  radius   fquare 

-jr  —  S.  2  arch,  and  (by  Sch.  Pr.  I.)  7^ 

rrf        frr  rf 

=  cofecant;  that  is,  — ^  —  — ,  becaufe  —  =  <r,   by 
Schol.  Pr.  I. 
Cor.  9.  In  any  arch,  8  ^  frm'.  *  f0>' /?^  = 

radius  cube 

verfed  fine  of  the  quadruple  arch.     For,  by  Cor.  3. 

22  -  S.  2A,  and  by  Cor.  2.  ££££'  -  verfed  fine 
r  '  rXrr 

of  twice  2 A. 

Cor. 
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F  I G.       Cor.   io.  Hence  alfo,  the  verfed  fines  of  two  arches 

1  ♦      are  as  the  fquares  of  the  fines  of  their  half  arches. 

Cor.  ii.  The  fines  of  two  arches  are  as  the  reft- 
angles  of  the  fine  and  cofine  of  their  half  arches. 

Cor.  12.  The  cofecants  of  two  arches  are  as  the 
reftangles  of  the  fecant  and  cofecant  of  their  half 
arches. 

Cor.  13.  The  verfed  fine  of  the  fup.  of  an  arch  : 
i  radius  : :  fine  fquare  :  fine  fquare  of  \  the  arch. 


For  verf.  fup.  2A  :  cof,  A 
And         2  cof.    A  :  rad. 
by  multiplying,  verf.  fup.  2  A  :  f  rad 


S.2A     :  S.A. 

S.2A     :  S.  A.  whence 

S2.2A  :  S\A. 


Cor.  14.  What  has  here  been  demonftrated  of  the 
relation  of  fines  and  cofines  to  one  another ',  holds 
equally  true,  in  refpeff  of  the  cords  of  arches ,  and 
their  fupplements ;  putting  the  diameter  injlead  of 
radius. 

Cor.  15.  Hence  alfo  it  follows  from  Cor.  6.  that 
the  difference  between  the  tangent  and  cotangent  of  an 
arch  ~z  twice  the  tangent  of  the  difference  between 
that  arch  and  its  complement. 

For  the  difference  between  an  arch  and  its  com- 
plement, is  equal  to  the  complement  of  twice  that 
arch.     Hence  alfo 

Cor.  16.  Let  A  be  any  arch  lefs  than  450,  then 

tangent  of  45-j- A°  zz  tangent  of  45  —  A°+2  tan- 
gents of  2 A.   For  2  A  is  the  difference  of  the  arches 

45 -f  A  and  45  — A. 

S  C  H  O  L  I  V  U . 

Hence  alfo  the  fines,  cofines,  &c.  of  the  double 
arches  may  be  expreffed  more  univerfally  thus,  (fee 
Sch.  Prop.  I.) 

2  I. 
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.    2cs 2ss 2cc       2rs 2rc 2rrt  2rr     FIG. 

~r~  t  t       *  /  <r     ~ rr-\-tt=ff~ t-\-t        *• 

•= — : =  fine  of  2  arch. 

—.  cc — ss rr—  2ss  ^     2cc — >rr .     rr — tt  *< — / 

r  r  r  rr-\-tt       "  t  +  * 

tt — rr         2rr — ff        2  c — f       (j1 — 2r*         cr — 2s 

~ ^  = ■£  r~ -r~ f  ~ t 

TT  +  rr  ff  f  <j%  <r 

TT     2rrt  2rr  2  res  2  res  2rrr 


rr—tt       t — t       rr  —  2ss        2cc — rr       tt — rr 
=  tangent  of  2  arch. 

TV  rr — u TT — rr T'"-"* rr — 2ss        2CC — rr 

2t  2t  2  2CS  2CS 

r=  cotangent  of  2  ^r^. 
v      &     —   fr  r*  r*     —rr+ft» 

y  9    M  *— —  .      1    1   .1    — — 1    ■■■!■  1  1  ■  — — »  ■     1     1  ■      ■    ZZZ  "   ■   y* 

2rr — j//'      2  £  — f     2cc  —  rr      rr —  2ss       rr—tt 

t  + 1  tt  4- rr  ra*  r        •     ~  7 

=5 r  =  — ! —  r  —  -- -  —fecant  of  2  arch. 

T-—  t  tt — rr  az  —  2rz      J  J 

Yj     ft rf r<? r*        rr-{-ttz=zff  _  _r  +  t 

2r       2S        2c      2cs~  2t  2 

rr-f-TT  =  <7<7  ,.  ,.  j 

■« —  co fecant  of  2  arch. 

2t  ^  y 


Vy,    2u 2rr — 2cc      2vV      2vX2r — v  2rtt 


r  "  r  r  r  ~  rr-{-ttz=:ff 

__  2rt  2r>3  2rs    _ff~"rr  -f^t^s 

%+"*  -rr  +  TT  =  ^  —  ~—  ~T~  X2r~  ~X 

2r  =  verfedfine  of  2  #r<:£. 

VTTT   2rr  ~  2J*  —  2^  —     2rr      ;-       2TT       _  2rt 
r  r      ~  rr-\*tt      ~  rr  +  tt     ~J+t 
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.  2r*  --2cr 2<jZ — 2r*    _2<7— 2J       _V  —  fl*_r — v|* 

*  #     "7"  **  *  ""     ir  i' 

.     2S  i;^/.  y^.  2  A. 

?#*  cover  fed  fine  may  he  expreffed  by  any  of  the  reft^ 
by  fub  trailing  the  value  of  the  fine  from  radius ;  Alfo 
ether  values  of  each  quantity  may  be  infer  ted  by  Sch. 
Prop.  I. 

Hence  alfo,  \ 

the  arch 


t. 


ir  w     2r  '    2  2r  a 


tt         ,rJrc  if+r         Arr  —  rv  rV 

^     2r  27  2  T    2  ^ 

ttt  /r~f  /A*  r  /        v  i2r — V 

III.  rJ—T-—rjJ-FV-—r>J =  ?V — rr— 

r-\-c  f+r         T  2r — */  V 

=  0-  —  t  =  tan.  4  /^  ^^. 

T      •         r+c  /f+r         ,2rr — rv  V 

IV.  rJ-1—  =rv^—  —J —rJ rt 

y  r—c  f—r       v  2  y  2r — V 

=  c  -{-  t  =  cotan.  4  ^  arch. 

17  t       2V  /       2f  I  2r  J  2r* 

V.  r<J  — 1 — =  ?V — rT=rv =  v/-rr  = 

T7T  y     2r  y    2/  y  2r  y       2r 

^  r  —  c  f—r  y    v         Y   2r— - V 

PROP.    III. 

If  three  arches  AF,  AN,  AP  be  in  arithmetic  pro- 
greffion,  then  thefeare  refpeilively  proportional. 

Radius 


Seft.  t       of  TRIGONOMETRY.  iS 

Radius  :  S.  mean  arch  :  Cof.  mean  arch  \\    p  i  qu 

2  S.  mean  arch     :  Verf  2  mean  arch    :  S.  2  mean  arch  : ;       2. 

2  Cof  mean  arch  :  S.  2  mean  arch  :  Verf  fup.  2mean  arch : : 
2  S.  common  diff.  :  Diff %  cof  extremes  :  Diff.  fin.  extremes  :: 
2  C?/I  aw*.  <^T.  :  Sum.  fin.  extremes  :  S##2.  ^  extremes. 

Note,  D/^".  7?^^  =  5.  greater  arch  —  S.  leffer  arch. 
Diff.  cofines  =  £0/  leffer  —  cof  greater  arch  2= 
Diff.  verfed  fines  =s  wr/;  greater  —  wr/i  /<?^r 
rfnv&,  univerfally. 

Draw  PCM  and  PF  and  MF;  and  AD  ||  FP, 
and  FS  ||  AB,  and  CE,  MS  J-  AB;  Then  MS  = 
PG  +  FH,  and  SF  =  CG  4.  CH.  And  arch  OM 
=  PN  =  NF.  Therefore  MF  [|  NC,  and  MF  = 
2CR.  Whence  the  triangles  CAQ,  DAK,  BDKf 
PFI,  FMS  are  fimilar ;  and  C A  :  AQj  CQ^:  :  DA  : 
AK  :  DK  :  :  BD  :  DK  :  BK  :  :  PF  :  FI  :  PI  :  : 
FM  :  MS  :  FS. 

Cor.  1 .  Since  the  mean  =  i  fum  of  the  extremes, 
therefore  in  any  two  arches, 


Radius 

:  S.ifum 

:  Cof  ~  fum 

2  5.  ifum 
2  Cof  -fum 
2  S.  4  difference 
2  Cof  i  diff. 

:  Verf.  fum 
:  S.fum 
:  Diff.  cofines   : 
:  Sum  fines       : 

:  S.fum 
\  Verf  fup.  fum 
:  Diff.  fines 
Sum  cofines. 

Cor.  2.  Let  A,  E  be  two  arches,  A  the  greater, 
E  the  leffer,  then 

{Rad.:S.A. iCof.A  :: 


S.  E    :  Cof.  A—E  —  Cof.A+E:S.A+E  —  S.  A— E  :  : 
CofEiS.A+E    +  S.A—E    :Cof.A—E+Cof.A+E. 

This  will  appear  by  Cor.  1.  puting  A  =  half  the 
fum  of  2  arches,  and  E  =  half  their  difference.  For 
then  the  arches  will  be  A  +  E,  and  A  —  E. 

Cor. 
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FIG.       Cor.  3.  As  4  Tad.   :   S.  \  fum  of  two  arches  : :  S. 
2.      4.  difference  :  difference  of  their  cofines,  or  of  their 
verfed  fines. 

Cor.  4.  Rettangle  of  radius  and  the  difference  of  the 
*ver fed  fines  (or  cofmes)  of  two  arches  —  twice  the  rett- 
angle  of  the  fine  of  half  the  fum}  and  fine  of  half  the 
difference  of  thefe  arches. 

Cor.  5.  If  three  arches  AF,  AN,  AP  are  in  arith* 
metic  progreffwn ;  the  rettangle  of  the  fine  of  the  mean 
arch,  and  cofine  of  the  common  difference  =  reftangle  of 
radius,  and  half  the  fum  of  the  fines  of  the  extreme 
arches.  And  if  three  arches  AF,  AN,  AP  are  in 
arithmetic  progreffwn:  re  El  angle  of  the  cofine  of  the 
mean  arch,  and  cofine  of  the  common  difference  =  reff- 
angle  of  radius  and  half  the  fum  of  the  cofines  of  the 
extremes.  

For  by  Cor.  i.CAx  PG  +  FH  =  2  CR  x  AQ 

=  2AQX  CN  —  NR,    whence  2  AQ  X  NR  g 

2AQxCA  —  CAxPG  +  FH.  And  CA  — NR 

X  ACLor  CR  x  AQ^  CA  x  ^t-— .     And  if 

EF,  EN,  EP   be  the  arches,  AQ,  PG,  FH  are 
cofines. 

Cor.  6.  The  fecond  difference  of  the  fines  FH,  AQ, 
PG,  X  radius  =  twice  the  fine  of  the  mean  arch  x 
verfedfine  of  the  common  difference.  For  the  fecond 
difference  s  2  AQ—  FH  —  PG. 

Cor.  7.  As  radius : 

$0  twice  the  cofine  of  any  arch  :  : 

So  the  fine  of  n  times  that  arch  : 

To  fum  of  thefmes  of  n  —  1  and  n  +  1  times  that 

arch  :  : 
And  fo  the  cofine  of  n  times  that  arch  : 
To  the  fum  of  the  cofines  of  n  —  1  and  #  -f  1  times 
that  arch, 

For 
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For  if  A  be  the  arch,  then  n — i.  A,  »A,  »+- 1.  A    FIG- 
are  in  arithmetic  progreffion,  and  A  the  common      2*    - 
difference. 

Cor.  8.  Let  A  be  any  arch  lefs  than  go0,  then  fine  of 
A  X  v'3  +Jine  of  30  —  A  =/»*  0/  30  +  A. 

For  the  arches  30  —  A,  30%  and  30  +  A  are  in 
arithmetic  progreffion,  and  cof.  mean  30  =  4V3  X 
radius.  And  by  this  prop,  rad.  :  cof.  300  :  :  2  fine 
of  A  :  S.  30  +  A  —  S.  30— A. 

Cor.  9.  If  A  be  any  arch  lefs  than  30,  then  S. 
30  +  A  +  S.  30 — A  =  S.  90 — A. 

For  the  S.  30  the  mean  =  ~  rad.  and  by  this  prop, 
rad.  :  -rad. :  :  2  cof.  A  :  S.  30  +  A  +  S.  30 — A  = 
cof.  A. 

Cor.  10.  If  Abe  any  arch  lefs  than  30%  then  S. 
60+ A  x  1/3  —  S.  30+ A  =  S.  90— A- 

For  if  the  arches  be  A,  60  -f-  A,  120  +  A,  and 
radius  x  4V3  =S.  60  the  common  difference.  Then 
rad.  :  rad.  X  1/3  >  ;S.  60  +  A  :  cof.  A  —  cof.  120-+A 
ss  cof  A  +  cof.  60  —  A,  that  is,  1  :  V3  :  :  S.  60  +  A 
S.  90 — A +  S.  30  + A. 

Cor.  n.  If  A  be  any  arch  lefs  than  450 ;  then  S. 
A  x  <s/2  +  5.  45 — A  =  S.  45  +  A.  For  in  the  arches 
45  —  A,  45,  45  +  A  j  4.  v^2  X  rad.  =  cof.  the 
mean,  45. 

Cor.  12.  Z>/  A  fo  ^«y  arch  lefs  than  60 ;  then  S* 

A  +  5.  60 — A  =  S.  60  + A.     For  in  the  arches 
60 —  A,  60,  60  +  A,  the  cof  mean,  6o°  —  i  rad, 

Cor.  13.  /5PJ&0/  fo  demonfirated  in  this  prof,  and 
Cor,  2,  3,  5,  7,  of  fines  and  cofnes%  holds  in  cords  of 

arches* 
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FIG.    arches,    and  their  fupplements^  pitting   diameter  for 
2.      radius. 

PROP.    IV. 

•  In  any -two  arches ^  ihefe  are  refpeSlively proportional. 

i  radius     :  S.  ifum  :  Cof.  Lfum  :  S.  \  diff.  :  Cof.  j-diff  :  : 

S.±fum    :  Verf.fumx  S.fam  :  D  iff.  cof.  :  Sum  fines    :; 

Cof  ^  fum  \  S.fum       :  V.fup.fum  :   Diff. fines  :  Sum  cof.     :: 

S  \diff.    :  Diff.  cof  :  Diff.  fines  :  V erf  diff.  :  S.  diff.       :; 

Cof^dff.  :  Sum  fines  :  Sum  cof  :   S.  diff.  :  V.fup.  diff. 

Note,  Diff.  fines  and  cofmes,  is  the  fame  as  in  Pr.  III. 

The  3  firft  perpendicular  rows  are  evident  from 
the  laft  prop,  and  the  firft,  fourth,  and  fifth  terms 
in  the  2  laft  perpendicular  rows  follow  from  Prop.  II. 
and  the  remaining  terms  are  filled  up  by  the  propor- 
tions in  this  very  prop,  thus,  ~  rad.  :  S.  ~  diff.  :  : 
S.  4-  fum  :  diff.  cofines,  which  therefore  will  ftand 
in  the  fecond  place  of  the  fourth  perpendicular  co- 
lumn, as  well  as  in  the  fourth  place  of  the  fecond 
column,  &c. 

Hence  feveral  corollaries  follow  of  their  own  ac- 
cord 5  as, 

Cor.  i .  As  verf.  fupl.  fum  of  2  arches :  diff.  fines 
:  :  diff.  fines  :  verj ed  fine  of  their  difference. 

Cor.  2.  Sine  of  the  fum  of  2  arches  :  fum  of  their 
fines  :  :  difference  of  their  fines  :  fine  of  the  difference 
of  the  arches. 

Cor.  3.  If  three  arches  are  in  arithmetical  progref 
fion, 
As  the  fine  of  one  extreme  : 
Sum  of  the  fines  of  the  mean  arch,  and  common 

difference  :  : 
So  their  difference  (S.  mean  —  S.  com,  diff.) 
$0  the  fine  of  the  other  extreme.  * 

For 
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For  let  m—  mean  arch,  J=  com.  difference,  and 
thenbyCor.  2.  S.m^rd  :  S.  m  +  S.d  ::S.m  —  S.d  : 
S.m-r-d. 

Cor.  4.  Let  A  be  any  arch  •,  #/,  n  any  numbers,  then 
As  fine  of  m — n  .  A  : 
S.  mA  +  S.  n&  : : 
5.  mA  —  S.  nA  : 

Sine  of  r,i  -f-  n  .  A.     £y  this  prop,  hence 

Cor.  5.  As  the  fine  of  an  arch  : 

Sum  of  the  fines  of  the  double  and  fingle  arch  : : 
So  their  differences   (S.  double  arch  —  S.  fingle 

arch)  : 
To  fine  of  the  trifle  arch  : 

Cor.  6.  As  the  fine  of  an  arch  : 

Sum  of  the  fines  of  trifle  and  double  :  : 
So  their  difference  (S.  triple  —  5.  double)  : 
To  fine  of  the  qui n triple  arch.  &V. 

Cor.  7.  Letrzz  radius,  s  —fine  of  the  arch  2  A, 

-,  and  the  fme  of 


45-A  =  V 


rr—~rs 


For  let  a  =  S.  45  +  A,  e  —  S.  45  —  A.  Then, 
by  this  prop,  as  (S.  fum)  r  :  (fum  fines)  ^  +  *  •  • 
(diff.  fines)  a  —  e  :  j  the  fine  of  the  difference. 
Therefore, 

rs-=aa  —  ee 
but  rr^aa  -f  **  by  Cor.  j.  Prop.  I. 
therefore  rr  +  rs  =  2^^ 
and  rr  —  rs  =  2^. 

Cor.  8.  /F£#/  #*j  #££#  demonflrated  in  this  prop,  and 
firft  6  collar ies,  concerning  the  relation  of  fines  and 
cofinesj  holds  equally  true  with  refpe£l  to  their  cords ; 
puting  the  cord  of  the  fupplement  injiead  of  cofine, 
and  the  diameter  inftead  of  radius. 

C  Scho- 
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FIG.  Scholium. 

Let  there  be  two  arches  A,  E,  and  let 
C  =  cof.  A+  E.    c  —  cof.  A  —  E. 

V  =  verf.  A  4-  E.  v  —  verf.  A  —  E. 

ry  r  A+E  c     A  — E 

Z  =  line  — ! — .    z  =  o.  . 

2  2 

v  r  A  +  E  c    A  — E 

Y  —  cof.  — ■ — .    y  —  cof. . 

2         ■?  2 

D  —  cof.  2A-J-2E.  d—  cof.  2~A —  2E,     Theft 
S,AxS,  E=Z  +  zx  Z^z  =  Z*  —  z*  = 

Gof.  A  X  cof.  E  =x  ^t— r. 

2 

Tan.  A  X  tan.  E  =  —rr^rr. 

S.  Ax S. Ex  cof.  Axcof.  E  = c— — rr  —-^-  rK 

4  ^ 

r— -C 

Cof.  A  x  cof.  E  x  tan.  A  x  tan.  E  =   r\ 

PROP.    V. 

2,  In  any  two  arches  (AD,  DE),  the  fum  of  the  reSl* 

angles  of  the  fine  of  one  into  the  cofine  of  the  other ■,  is  == 
reel  angle  of  the  radius,  and  the  fine  of  the  fum  of  theft, 
arches. 

Demonstration. 

Draw  NF  ||  and  NR  -t-  C  A  :  then,  becaufe  the 
angles  ENC,  FNR  are  right,  therefore  ENF  = 
CNR  ;  and  therefore  the  triangles  ENF,  CNR 
and  CDG  are  fimilar  ;  wherefore  CD  :  DG  : :  CN 

:  NR  =  ^f)—  =  FI.  And  CD  :  CG  ::  EN: 

EF  =  ^~^,  whence  EI  =  EF  +  FI  = 
CGxEN  +  DGxCN  9E.D. 

UL>  Cor. 
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Cor,  i.  In  any  two  arches  (AD,  DE),  the  reft-    FIG. 
angle  of  their  cofines  —  the  rett  angle  of  their  fines      3« 
—  the  rectangle  of  radius  and  the  cojine  of  their  fum. 

For  by  fimilar  triangles,  CD  :  CG  : :  CN  :  CR  — 

C<^  *  CN .     And  CD  :  DG  ::  (CN  :  NR  : :)  EN  : 

NF  a  ^j^  =  IR-     And  CI  =  CR  —  IR  rr 

CGxCN  — DGxEN 

* m " 

Cor.  2.  The  fquare  of  the  fine  of  the  fum  of  two 
larches  is  =  the  fum  of  the  fquares  of  their  fines  -j- 
twice  their  re  El  angle  ^  multiplied  by  the  cofine  of  the  fum 
and  divided  by  radius. 

For  let  the  arches  A  +  E  rr  S,  their  fines  a\ez=is\ 
and  c  the  cofine  of  S.  Then  by  this  prop,  s  — 
aJrr  —  eeA-es/ra  —  aa      ,  •  laaee  .  2ae 

— and  sszi  aa  -\-ee- 


rr  rr 


ls/rr—*aaxVrr — ee,  But  by  Cor.  1.- 


V'  rr—aaxs/rr — 


ee 


■*-  —  n  c.    Therefore  ss  n  aa  +  ee  +  —ae. 
r  x  l    r 

Cor.  3.  Hence  if  A  4  E  rr  90°,  then  aa  -f  ee  =  rr. 

fA  -j-  E  =  60,  /i&f»  44  +  ^  4-  **  —  t  rr- 
A  4"  E  zz  45,  /i^#  ##  -|-  ee  -V  ^  ^2  =~rr. 
If  A  4-  E  =  30,  /£#/  44 4"  *  +  **V^3  ^f fr- 

Scholium. 

This  Prop,  and  Cor.  1.  hold  univerfally  for  all 
arches,  puting  negative  cofines  for  arches  greater 
fhan  a  quadrant. 

PROP.    VI. 

In  two  arches  (AD,  AE),  the  rettangle  of  the  fine 
if  the  greater  and  cofine  of  the  leffer  —  the  rettangle  of 

C  2  the 
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F I G.   the  fine  of  the  lejfer  and  cojine  of  the  greater  is  =  reff- 
3#      angle  of  radius  and  the  fine  of  the  difference  of  the 
arches. 

Demonstration. 

The  triangles  CDG,  CBI,  and  EBN,  are  fimi- 
lar  \  therefore  CG  :  DG  : :  CI  :  BI  =  — -^ — . 

AndCD  :  CG  : :  EB  or  EI  —  ^^  :    EN  = 

CGxEI  — CIxDG 
CD  * 

Cor.  In  any  two  arches  f  AD,  AE),  the  refitangle 
of  their  fines  +  the  rectangle  of  their  cofines  is  22 
reol  angle  of  the  radius  and  the  cofme  of  the  difference 
of  the  arches. 

For  BI  —  — ^ — ,  and  by  fimilar  triangles  CB 

=  S^gP.      And  CD  :  DG  :  :  BE   or  EI  — 

DGxCI  m  _DGxEI__DG^xCI_DGxEI 

CG  N   —     CD         CDxCG-     CD 

CD*xCI      CG*xCJ_  DGxEI       „R   ,   CGxCI 

CDxCG  +  CDxCG—      CD  UB  +     CD    ; 

therefore  DGxEI+OGxP  ^  CB  +  BN  =  CN. 

Scholium    L 

This  prop,  and  its  cor.  hold  univerfally  for  all 
arches,  puting  negative  cofines  for  arches  greater 
than  a  quadrant. 

Scholium    II. 

From  the  foregoing  propofitions  it  follows,  that  if 
radius  zz  i.     And 

S,  C  z=z  fine,  and  cofine  of  half  the  fum  of  two 
arches. 

Sy      C 
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sy  c  =  fine,  and  cofine  of  half  their  difference ;    FIG. 
then  3. 

Sc  +  Cs  =  fine  of  the  greater, 
Sc  —  Cj  =  fine  of  the  lefler. 
Qc  —  Sj  zz  cofine  of  the  greater. 
Qc  +  Sj  —  cofine  of  the  lefler. 
Alfo 
If  Z  zr  fecant  of  the  greater  arch,  z  —  fecant  of 
the  lefler. 
Y  ±  cofecantof  the  greater,  y  =  confecant  of 
the  lefler. 

YyZz 
Then        _  y    —  fecant  of  the  fum. 

cofecant  of  the  fum. 


Zy  +  Yz 
YyZz 

Yy  +  Zz 
YyZz 

Zy-Y% 


zz  fecant  of  the  difference, 
zz  cofecant  of  the  difference, 

PROP.    VII. 


If  three  arches  (AF,  AN,  AP),  be  in  arithmetic 
progreffon, 

The  fum  of  the  fines  of  the  extreme  arches  : 
¥0  their  difference  (S.  greater  —  5.  leffer )  : : 
As  tang,  mean  arch   : 
"To  tang,  common  difference  of  the  arches. 
For  drawing  the  lines  as  in  the  figure,  then  by 
fimilar  triangles,  2OB  or  PG  +  FH  :  2OD  or  PI 
: :  OB  :  OD  : :  OL  :  OF  : :  NM  :  NK. 

Cor.  1.  In  any  two  arches  (AF,  AP  ;) 
As  fum  of  their  fines   : 
"To  their  difference  (S.  greater  —  S.  leffer)  : : 
Tang,  half  their  fum  : 
Tang,  half  their  difference. 
For  the  mean  arch  =  \  fum  of  the  extremes. 

C  3  Cor. 
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FIG.        Cor.  2.  In  any  two  arches  (AF,  AP), 
4-  The  fum  of  their  cqfines  : 

"Their  diff.  (cof.  kjfer  —  cof.  greater)  : : 
As  cotang.  half  their  fum  : 
Tan%.  half  their  difference. 
For  CH  +  CG  or  2CB  :  CH  —  CG  or  2DF  :  : 
CB  :  BH  : :  RO  :  OF  :  :  SN  :  NK. 

Cor.  3.  In  any  two  arches  (AF,  AP),  as 
S.  greater  :  S.  lejfer : :  T.~fum  +  T.\  diff  :  T.  \fum 
—  T.\diff. 

For  by  the  demonftration  of  this  prop.  PG+  FH: 
PG  —  FH  : :  MN  :  NK.  And  by  compofition  and 
divifion,  PG  :  FH  : :  QM  :  KM. 

Cor.  4.  In  any  two  arches  (AN,  NP  \)  as 
The  fum  of  their  tangents  : 
Their  diff.  (tan.  greater  —  tan.  lejfer)  :  : 
Sine  of  their  fum  : 
Sine  of  their  difference. 
Let  AN  be  the  greater,  and  make  NF  ~  NP, 
.     then  by  fimilar  triangles,  QM  :  KM  : :  (PL  :  FL : :) 
PG  :  FH. 

Cor.  5.  In  any  two  arches  (AN,  NP  ;)  as 
Tan.  greater  :  tan.  lejfer  : :  S.  fum  +  5.  difference  1 

S.  fum  —  S.  difference. 

For  let  AN  be  the  greater,  and  make  NF  =  NP, 
then  AP  is  the  fum,  and  AF  is  the  difference 
of  the  arches  ;  and  by  Cor.  4.  we  have  QM  :  KM 
:  :  PG  :  FH.     And  by  compofition  and  divifion, 

QM  +  KM      XTA.    QM— KM         XTr.        pr,     . 

r= — ■ — — or  NM  :  •- —    ,-   ■;  or   NQj:  PG  4- 

FH  :  PG  —  FH, 

Cor.  6.  Let  A  be  any  arch  lefs  than  450  -9  then 

S.  45TA  +  cof45+  'A  : 
S.  45  +  A  —  cof  45  -f  A  : : 
Radius  : 
Tan.  A0 

This 
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This  appears  by  this  prop,   putting  AN  rr  45%    F I G. 
andNF~NP  =  A.  4* 

Scholium. 

The  propofitions  here  delivered  hold  univerfally, 
obierving  to  take  negative  cofines  and  tangents  for 
arches  greater  than  a  quadrant. 

PROP.  VIII. 

In  any  two  arches^  AE,  ED ;  5. 

Radius  fquare  —  rettangle  of  their  tangents  : 
Radius  fquare  :  : 
Sum  of  their  tangents  : 
Tangent  of  the  Sum  of  the  arches. 

For  by  fimilar  triangles  CB  or  CA  —  BA  :  CK 
or  CF  -KF  :  :  CF  :  CA.  Whence  CA*  —  BAC 
=  CF*  —  KFC,  and  KFC  -  CF*  —  CA*  +  BAC 
=  FA*  +  BAC.  Again,  CB  :  BK  :  :  CF  :  FA, 
and  BK  :  DG  :  :  KF  :  FD  or  FA,  therefore  ex  equo 
CBorCA  —  AB:  DG  :  :  CFK  or  FA*  +  BAC  : 
AF* ;  therefore  AC— ABx  AF2  =  DG  x  FA*  + 
DG  x  BAC.  And  AB  +  DG  X  AF*  =  AC  x 
AF*  -  AB  x  DG.  £.  E.  D. 

Cor.  1.  LetT,  t  he  the  tangent  s\  X,  #,  the  co- 

Tf       1  **  f  %t  xv  J^*  *~~*  TV 

tangents  of  two  arches;  then  -7^-1 —  =   y~ . — =  COm 

1    — j-/  xv  -j—  X 

tangent  of  the  fum  of  the  arches. 

For  let  r  zz  radius,   r  =  cotangent  of  the  fum. 

Then  AC  =  -,  andAB-j-DG  X  rr  25  -  x  rr— AB 

T  T 

r^r,        .  rr  -*■*■  AB  x  DG       reft.  cot.  —  rr 

X  DG,  whence  t  == 


AB  +  DG    <T       fum  cot. 
C  4  Cor. 
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FIG.        Cor.  2.  If  one  of  the  arches  he  45%  /  ps  tang,  other 

*  *      #ni>,  //fo#  — --  xr-  ta#£.  y^/^  of  the  arches. 

Scholium. 

What  belongs  in  general  to  the  addition  of  tan- 
gents and  cotangents,  is  delivered  in  this  prop,  and 
its  cors.  All  cafes  where  the  arches  are  greater  than 
a  quadrant  will  eafily  appear  by  puting  negative  tan- 
gents and  cotangents  for  thefe  arches. 

PROP.   IX. 

In  any  two  arches  AD,  AE;  as 

Radius  fquare  4-  re£i  angle  of  their  tangents  : 
Radius  fqu are  :  : 

Difference  (or  tangent  greater  —  tangent  leffer)  : 
tangent  of  the  difference  of  the  arches. 

For  you  will  find  as  in  the  laft  prop.  CB  :  DG  :  : 
CFK  or  FA4  +  BAC  :  FA2.  %.  E.  D. 

Cor.  1.  LetT,  t  be  the  tangents^  X,  x  the  cotan* 

r                  7           7      rr  +  T*        rr  4-  Xx 
gents  of  two   arches  \  then   ^ =  — — tt  =  co* 

tangent  of  the  difference  of  the  arches. 

TV 

This  appears  by  putting  —  for  the  tangent  of  the 
difference. 


Cor.  2.  If  one  of  the  arches  be  45%  /  rz  tangent  of 

T  — —  t 

the  other ,  then  ——  r  =  tangent  of  their  difference  = 

tan.  450  —  the  other  arch,  when  the  other  arch  is  leffer 

f  —  y  ' 

tpan  450:  or  — y—  r  zz  tan.  the  other  arch — 45°,  when 


7 . 


greata 

S  C  H  O 
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Scholium.  FIG. 

For  arches  greater  than  a  quadrant,  put  negative     5. 
tangents  and  cotangents. 

prop,  x; 

The  fecant  of  an  arc>j  is  equal  to  thefum  of  the  tangent 
of  it  and  the  tangent  of  half  its  complement. 

For  let  A  =  arch,  T  its  tangent,  /its  fecant.  a 
~  -  complement,  t  its  tangent.     Then  by  fchol. 

Pr.  II.  f=  — ^  ,  and  T  =  — — ,  and/—  T  =  t9 

whence  fecant  of  A  ==  tangent  of  A  +  tang.  4  com- 
plement of  A. 

Cor.  i.  The  fecant  of  an  arch  rz  cotangent  of  half 
the  complement  —  the  tangent  of  the  arch. 

TV 

For/+T  =  — =  cot.  <0r=cotang.  -Jcompl.  of  A. 

Cor.  2.  Half  the  fum  of  the  tangent  and  cotangent 
of  an  arch  is  =  fecant  of  the  difference  between  that 
arch  and  its  complement. 

For  by  fchol.  Pr.  II.  4  tangent  +  \  cotangent  =3 
cofecant  of  the  double  arch,  and  the  complement  of 
the  double  arch  is  the  fame  as  the  difference  between 
the  arch  and  its  complement. 

Cor.  3.  As  radius  +  fecant :  radius  : :  tangent :  tan- 
gent of  half  the  arch.     For  r  -{-  -^  r  or  - — -  :  r  :  : 

■  :  /.     See  fch.  Pr.  II. 


Cor.  4.  Secant  of  an  arch  A  =  tangent  of  '45  -f-  \  A 
■ —  tangent  of  A.     This  follows  from  Cor.  1. 

Scholium. 
From  what  has  been  before  laid  down,  it  will  not 
be  difficult  to  find  the  fines  of  as  many  arches  as  we 

Will, 
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FIG.  w;il,  expreffed in  furd numbers.    As  in  thefe  fellow- 
s'     ing,  where  the  prop,  in  the  margin  mows  whence 
and  how  they  are  derived,  either  immediately,  or  by 
help  ofwhatftep. 


Pr.  IV,  7.  Step  8. 
Pr.  IV,  7.  and  II.  3 

Pr.IV,7;  Step  6. 
Pr.  Ill,  Step  12. 

Pr.  IV,  7.  Step  2. 
Pr.  IV,  7. 

Pr.  IV,  7.  Step  2. 

Pr.  IV,  7.  Step  4. 
Pr.  IV,  7.  Step  6. 
Pr.  I,  1.  Step  2. 

Pr.  IV,  7.  Step  8. 
Def.  2. 


3 
4 

5 
6 

7 

8 

9 
10 

11 

12 


S.i5« 
S.  18 


•5-1 


rx 


S.  22-^    =4rrV/2  —  </2. 


S.  30 

S.36 

S.45 

S.  54 
S.  60 

S.674 

S.  72 

S-75 
S.  go 


•  5  +  1 

4 


~rV2  +i/z. 


=  ?y^  10+2^/5. 

=  4^2  +  ^3- 
=  r. 


.And  thus  you  may  find  as  many  fines  as  you  pleafe 
by  Prop.  III.  Cor.  6,  7,  8,  9.  And  Prop.  IV.  Cor. 
7.  and  Prop.  V.  Cor.  4,  5.  by  the  help  of  thefe  al- 
ready found ;  but  then  they  will  be  flill  more  and 
more  compounded  with  furd  quantities,  except  you 
chufe  to  extract  them.  The  fine  of  18  in  itep  the 
fecond  is  not  fo  eafily  derived  as  the  reft;  it  is  had 
thus.     Put  s  =  S.  18.     Then  by  Pr.  IV.  7.  8.36  = 


V 
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rr 


rs 


and  by  Prop.  II.  3,  the  fame  fine  of  36  = 


r-  Vrr — ss;  which  equated  and  divided  by  vV  —  j\> 
and  then  reduced,  you  have  a  cubic  equation,  8j*  -]p 
Brss  2=  r\     And  the  root  is  s  =i~iZlIx  r. 


SECT. 
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S  E  C  T.    II. 

%he  calculation  of  natural  fnes,   tangents,   and 
fecants  of  arches. 

■        i  ■  ii  '.I  I    I    JU"ii.     i  ■■    ■■      mi  '     — — ^w^— » 

PROP.    XL 

The  radius  and  fine  AI$  of  an  arch  DB  being  given  5   FIG. 
to  find  the  arch.  6. 

Take  the  arch  Bh  infinitely  fmall,  and  draw  Bs  \) 
CD,  and  hsu  ||  BA $  and  let  CB  or  CD  =  r,  AB 
—  yx  DB  =  z,  C A  ==  Vrr  —  yy,  Bh  =  Z,  sh  =  y. 
The  triangles  CAB,  and  Bsh  are  fimilar  :  therefore 
CA  {s/rr  —  yy)  :  CB  (r)  :  :  sh  (y)   :  Bh  or  z  = 

■  ;   ry  ■-%   And  the  fluent  is  z  =  y  +  ~-y—i  +    30>    ■ 
i/rr— yy  J   1    3-2r*       5.2.41* 

+  ^il  +  — ^|-8  &c   or  areh  DB  =  j  + 
7.2.4,6?*   '  9.2.4.6.8.^  * 

JZ_A  +  3_32!B  +  |l5i!c  +  £Z£fe&*  putting 

A,  B,  C,  &c.  for  the  firft,  fecond,  third  terms,  &c. 

Cor.  1 .  If  d  —  diameter,  c  —  cord  of  an  arch,  then 

the  arch  -  c  +  ~—  A  4-  ^B  +  f^~C,  &c. 
1   2.3^       '    4.5*/*      '  6.7^ 

Cor.  2.  jLtf  Qj=  #  quadrant,  then  the  arch  ivbofe 

cofme  is  y  is  =2  Q  —  y £ ^ -1^— z 

^w    y       2.3^       2.4.5^        2.4.6.71-* 

Or  /#£  arch  whofe  cofine  is  y  is  =  — -  -{ —  + 

I  2.Jr 

"  —  ys    .  r? — yi 


l^+3X'S^.p^ 


fcfr. 


PROP. 
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jtig,  PROP.     XII. 

6.  <Ihe  arch  BD  being  given  \  to  find  the  fine  BA. 

Let  CD  =  r,  AB  —  y,  arch  DB  =  %.     Then  by 

Prop.  XL  %  =  — -- — >  and  rr  —  jj  X  z%  =  rrf: 

vrr ' — yy 

this  put  into  fluxions,  making  z  conftant,  we  have 
- —  2yyz%  =  2rrvy,  or rry  =  — ypf.     Now  when  z 
is  infinitely  fmall,  z  =  y ;  therefore  affume, 
jy  =  2;  +  bzl  +  £Z5  +  dz7  &c. 
then  jr  =  z  -f  3^%22;  +  5^^  4-  ydz6z  &c. 
and  j/  =  2.2&zzz  +  4.$cz>zz  +  6.jdzszz  &c 
then  rry  =  —  jy^;  that  is,/ 

2.%brrzzz  +  ^arz'fc2,  +  6.jrrdzszz  -J-  &c. 

=  —  22*      —  bzzZz  —  CZSZZ  &C. 

Therefore  equating  the  coefficients,  b  = ,  c  = 

4-5rr  6.7^  8.9rr  y 

1  b  z3 

. 23 ■ -z5  &c.  that  is,  y  —   z 4- 

2.yr  ASrr  2.yr   ' 

z5  %} 

• — - — *  4-  &c.  that  is, 

2-34-5r4        2.3.4.5.6.7^    ■ 

vorfineAB  =  z~— A  — -— B  — -^C  — 
J  2.yr  ^Srr  o.jrr 

K—  D,  &c.  where  A,  B,  C,  &c.  are  the  foregoing 

b.qrr  °       P 

terms  with  their  figns. 

Cor.  1.  If  z  be  any  arch,  its  cofine  CA  =  r  — 

%Z        A  ZZ    T>  ZZ     r  ZZ     T^  fi 

A  — B r-  C ^ — D  —  &c. 

l.2rr  34™"  5-orr  7-orr 


ForC  A=Vrr—yy  =Vrr  -  zz  -Jr^rT^k+^p 

«  ZZ       ,  2,4-  ,  Z6  . 

i.2r    '    l.2.*.4r3    '    1. .  ..  6rs    ' 


z» 


—  &C. 


8r?         •"'  Cor, 
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Cor.  2.  If  d  be  the  diameter ',  z  any  arch  ;  then  the    FIG. 

cord  zz  z 77  A  -*-  — 77  r>  —  7 — 77U  —  77 — r, 

2.3^/  4.5^  6,7^  8.$<W 

PROP.    XIII. 

The  fine  and  cq/ine  of  an  arch  A  being  given,  and  if 
there  be  given  another  arch  z ;  to  find  the  fine  and  co- 
fine  of  the  fum  of  the  arches  A  -f-  z,  and  alfo  of  the 
difference  A  —  z. 

Let  j,  c  be  the  .fine  and  cofine  cif  A.     Arid  by 
Prop.  XII.  and  Cor.  1.  the  fine  of  the  arch  z  is  z  — * 

^—A &c.  =  B.      And  its  cofine  r  —  —  4- 

6r2        1 2  or4  2r    * 

— .  &c.  =  D.     Then  by  Prop.  V.  and  Cor.  1.  and 
247* 

Prop.  VI.    and   Cor.  s2±£  =  S.A+1.     And 

cD  —  sB  c  -r— ; ; A     ,  jD  —  dB       c  t 

=  col.  A  +  z.    And =  S.A  — z. 

r  r 

And  Ljil —  =  cof.  A  —  z  -,  that  is, 
r 

-— - — i    cz  sz*  ex1     ,        sz* 

S.A  +  %  -  s  -f-   -;         j  .^  j~j  -t-j234r4 

1    „     "'     -»-.&C. 
'    1.2.3.4.5^ 


sz        cz2         sz3  cz* 


Cof.  A +  2  =  C -  + ;  + 


''  —  &c. 


2r*       2.37*    '   2.3.4H 


2.3.4.5/-* 


r         2rz        2.3H        2.^4.r4" 


rc5 


•7  —  &c. 

2.3.4.5^ 


Cof. 
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FT  ft,         >«,    -  — - — -  ,   sz        ezz  sz3     .■       cz+ 


SZ* 


—  &a 


2.34-5^ 

Cor.  i.  If  there  he  given  j,  c,  the  fine  and  cofine 
of  an  arch  A  %  and  s  ~\-  x  be  the  fine  of  another  arch 


£Z  JZ= 


A  +  z  ;  then  the  difference  of  the  fines  x  —  —  —  — 


r         2r* 


CZ%      .  J** 


2.3r3  ~  2.3.4^ 

^i  /£*  difference  of  the  arches  z  =  —  x  :  x  + 

'i!  +  1±iiV  +  ££*£**  fifes 

For  by  this  prop,  the  fine  of  A  +  z9  or  s  +  x  =a 

j  4. &c.   and  #  =  - 1  &c.   and  by 

■     r         2rr  r         irr  * 

feverfion  of  feries,  z  is  found  as  above. 

Cor.  2.  The  fecond difference  of  the  fines  of  K  —  £j 

A,  A  +  z%  w  ~  2*  x  :  — rr t  + 

'  4      '  l.2r*         1.2.3.4^    * 

n?  —  &fo    (for  in  any  three  things,  the 

1.2.3.4.5.6^  v  J  to  ' 

fecond  difference  is  equal  to  the  difference  between 

twice  the  mean,  and  the  fum  of  the  extremes.) 

PROP.    XIV. 

s  The  v  erf ed  fins  of  anarchic  being  given ;  to  find 

the  arch* 

Let  CD  =  r.  DA  =  v.  Am  =  v.  DB  =  z.  Then 
ABrrV^n; —  w.  The  triangles  CAB  and  Bj^ 
are  fimilar,  therefore  <Jirv  —  vv  :  r  :  :v  :  Bh  or  J833 

■    -7==.     And  the  fluent  is  2;  =  v  zrv  x  :  1  + 

V2r«;  — -to 

3^2*r 
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JL  +  J&—  +     3-f ',  ..  &c.  that  is,  arch  t)B    *  I & 

3.2V T  23.4-.5r*       2*.4.6.7rJ>  5 

3*4r  5-°r  7»i2r       '    9«i6r    * 

&c.  Or  «tarDB  =  V*+i^A+^B  -r^C. 

&c.  puting  J  =  diameter,  where  A,  B,  C  are  the 
foregoing  terms. 

Cor.  1.  In  any  arch  a,  the  verfed  fine  is  —  —  — 
A  —  -%-B ZiC  —  &c.  where  A,  B,  C 


3«4r*  5.6r*  7.8r 

*zr£  /#£  foregoing  terms  with  their  figns* 

For  radius  —  cofine  is  equal  to  the  verfed  fine, 

and  by  Cor.  I.  Pr.  XII.  the  cofine  is  r 1- 

— £-,    &c. 

1.2.3.4^ 

Cor.  2.  The  cover  fed  fine  of  the  arch  a ,  is  —  r  — 

a  -\ 1 4 — 7 — 2  &c.    for  it  is 

:    2.3^        2.3.4.5^    »    2.3.4.5,6,7^ 

=  radius  — fine. 

Cor.  3.  Verfed  fine  of  the  fupplement  is  zz  2r  — 

——A -B -— C 5-D,  &c.   for  it 

l.2r*  34r*  5«6rr  7.8/"*    * 

is  =£  radius  +  cofine. 

PROP.    XV. 

^  !T^  tangent  DT  0/  ##  ^rr^  DB  &>/#£  ^w» ;  /*      6. 
find  the  arch. 

For  draw  Ct  infinitely  near  CT,  and  Tn  -*-  C/, 
and  let  CD  -  r,  DT  =  t,  Tt  =  /,  DB  r^CT  = 
V  rr  +  tt. 

The  triangles  CDT  and  Ttn  are  fimilar,  as  alio 

CB£3  and  CTn9  whence  CT  :  r  ::i::n  T  =  £~, 

and 


S2 


fbe  ELEMENTS         Book  I. 


FIG.  r/  ^7  rr/       «       . 

6#      and  CT  :  nT  or  ™  : :  r  :  B#  sc  ^^-,  that  is,  z-=z 


rrt 


rr-\-tt 

t1        ts          f? 
And  the  fluent  is  z  =  /  — =-j — r ^  +  &c. 

/3  t5  t7  ft 

that  is,  arch  DB  =  t -J \ s  A «  &c< 

Cor.  i.  In  any  arch  a^  the  tangent  is  -=za-\ {- 

I5r4     *""  315^  "**  2835^    »    155925^°  "*"  6081075^* 

1  638512875^*  * 

This  will  appear  by  reverfion  of  the  feries  a  =  t  — - ■ 

/s        t5 

— «-{ j  &c      Or  rather  by  multiplying  the  fine 

by  the  radius,  and  dividing  by  the  cofine:  thus 

r# —  ^  4-  ?  &c 

or    *     i20r3 

'  —  tangent. 

2r    l     24^ 

Cor.  2.  ST^tf  cotangent  of  an  arch  ais=>- — - — - 

az  2a5  a1  2a?  1382a11 

457»"945r4~%725r*"93555r«       638512875^° " 
4a<~ 


—  —  &c.  as  will  appear  by  dividing  radius 

fquare  by  the  value  of  the  tangent  in  Cor.  1 .     Or  the 
cofine  by  the  fine,  and  thtn  multiplying  by  radius.  . 

Cor.  3.   Hence  alfo  if  r  be  the  cotangent  of  an 

,       7         T           T          rr        r+     ,    r6         r*    t   r10 
arch,  then  the  arch  — -4 : — — ■ H — -— * 

&c.    For  /  =  —  • 

T 
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PROP.    XVI.  F  i  G# 

The  fecant  CT  of  an  arch  DB  being  given  j  to  find     6. 
the  arch. 

Let  CD  =  r,  CT  -fnt-f  DT  =  ///— 7P,  DB 
=  z>  then  by  fimilar  triangles,  DT  :  r  : :  / :  nT  = 

^,  and/^r^Tor^^^^^or^zr 

-■  >.    --rag,  and  the  Fluent  is  z  ss  — 7; ^— - 

fs/ff—rr"  f      2'3/3       2.4.57* 

^I^-tz  &c.  but  in  D>  z =± o,  and/—  r,  therefore 

2.4.6.7/7  y 

the  Fluent  corre&ed  is,  archDB  orz  =  r  X  : 


/ 


2.3J*    77    2.4.5/5    +    2.4.6.7/7     +  °CC- 

Or  /£# j,  In  the  point  F,  z  =  a  quadrant  Q^  and 
fzz  infinity.  Therefore  the  whole  feries  =  o.  There- 

fore  by   correction  z  —  Q  =  o  — >  ■—  —  —- «-=  &c. 

whence  arch  z  or  DB  =  O  —  -7 ^ ^— r, 

^     /       2.3./3      2.4.5/5 

2.4.6.7/7       ^c- 

Cor.   1.  If  v  be  the  cofecant  of  an  arch,  then  the 

arch  is  =  -  4-  A-4-  -i!:%4—1r— ;+&c-  M 

a-     l    2.3c?-3    '    2.4.5a-5    4    2.4.6.70-7    '  * 

this  is  the  complement  of  the  arch  whofe  fecant    is 
*>  by  this  prop. 

Cor.  2.  In  any  arch  ay  the  fecant  =  r  +  ^7+777$ 

J.  6l**    1,277^    1    50521*10    r    54Q553*1*     1    &c# 
*  720rs    ]  80647-7   '3628800^  "^*958oo320r11  ""*" 
For  radius  fquare  (rr),  divided  by  the  cofine  (r  — 

f  +  ^i)  &c'  is  =  fecant- 

D  Con 
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Cor.  3.  The  cofecant  of  an  arch  ais  — \-  ~  -j- 


36or' 


-f 


3i«» 


I5i20r 


4 


I2Ja' 


6O48OOH 


+ 


n*9 


342i44or 


i   + 


14*4477* 


+  &c.   for  radius  fquare  divided  by 


653837184000?^° 
the  fine  =  cofecant. 

Scholium. 

If  an  arch  be  given  in  degrees,  its  length  may  be 
found  thus.  When  the  radius  of  a  circle  is  1,  half 
the  circumference  is  3.14159265358979,  therefore 
3. 141 50  &c.  ,        ,      r 

^-^jg —  =5OI74532925i994  =  length  of  1 

degree.  Therefore  if  r  be  the  ratt/j  of  any  circle, 
then  r  X  5O1745  &c.  =  length  of  the  arch  of  1  de- 
gree in  that  circle.  Confequently  r  x  5oi  745329  &c. 
X  number  of  degrees  and  decimal  parts,  gives  the 
length  of  the  arch.  And  this  muft  be  taken  for  a 
or  z  in  the  foregoing  propofitions. 
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SECT.     III. 

The  calculation  of  logarithmic  Jines,    tangents, 

and  fecants. 

Tho5  the  finding  the  logarithmic  fine|,  tangents, 
&c.  is  no  more  than  finding  the  logarithms  of  the 
natural  ones  by  a  table  of  logarithms :  yet  thefe  lo- 
garithmic fines,  tangents,  &c.  may  be  found  without 
the  tabJe  of  logarithms,  or  elfe  without  the  natural 
fines  or  tangents,  and  fometimeS  without  either,  by 
having  only  the  arch  given. 

The  logarithmic  or  artificial  fines*,  tangents  and 
fecants  are  calculated  to  the  radius  i  with  10  cyphers 
annext,  viz.  ioooooooooo  ;  fo  that  the  log.  radius 
will  therefore  be  io»  But  in  calculating  thefe  fines, 
tangents,  or  fecants,  we  can  more  eafily  compute 
them  for  the  radius  i,  and  then  adding  10,  gives  the 
log.  fine,  tangent,  or  fecant,  to  the  radius  of  the 
tables.     Therefore, 

In  a  circle  whofe  radius  is  i,  the  log.  of  that  ra- 
dius is  o,  and  the  length  of  an  arch  of  i  degree 

?. 1415926536  ,     .  . 

—  ~  -  '  •  — ,  01745329252,  and  this  num- 
ber multiplied  into  any  number  of  degrees,  gives  the 
length  of  the  arch  of  thefe  degrees,  for  the  radius  i« 
and  this  length  mult  be  ufed  in  the  following  propo- 
fitions,  when  the  degrees  are  given. 

Now  if  you  put  M  :=  ,4342944819,  and  having 
any  quantity  given  (expreffmg  a  fine,  tangent,  &c.) 
you  have  no  more  to  do  but  to  divide  the  fluxion  of 
that  quantity  by  the  quantity  itfelf,  and  find  the 
fluent  by  infinite  feries,  which  multiplied  by  M  is 
the  logarithm  of  the  quantity  required. 

D  2  PROP. 
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PROP.   XVII. 

to  find  the  logarithmic  or  artificial  fine  of  the  arch  x. 

Let  jr  =  nat.  fine  of  at,  then  by  Prop.  XII.  y  rz  x — 

—  H &c.  wherer  =  i.  Andy  =  * 

6       1 20       5040  /  2 

A — r &c.  then  by  divifion  —  =  — — 

1    24  720  '  y         x  3 

— — —  &c.  and  Fluent  of  M  — ,  or  the 

45        945       47*5  %  y 

Iog^  =  log^-Mx:^+^  +  ^+^0 

+  &c.  to  which  add  10,  and  you  have  the  loga- 
rithmic fine  in  the  tables ;  and  that  without  knowing 
the  natural  fine. 

Otherwife. 

Let  z  r:  — r-^,  where  y  =  nat.  fine  •,    then  will 
i+y 

y  =  — — ,  and  £  = =  —  2  x  :  z  +  s1*  + 

s4£  +  z6z  &c.  whence  Fl.  M  -,  or  log.  y  =  —  2M 

X  :  z  +  4-z*  +  7  2s  4-  -fz7  &c.  And  the  log.  fine 
of  the  tables  =  10 —  2M  x  :  z  +  fz*  +  f  zs  -f- 
fz7  &c.  which  is  had  without  the  table  of  loga- 
rithms. 

Or  thus. 


Let  y  —  nat,  fine,  z  t=  cofine.  Then  _y  =  V 1  —  22f 
and  —  n  — ^— ?  —  —  zz — zrz — zsz  &c.   whence 

y  l« — zz 

R^z-tMx:^+-+-+^&c.     and 

jf  2        3        4 

Jog.  fine  of  the  tables  =  10  —  fMx:  zx  +  iz+  + 

fz*-\-  *z*  &c. 

And  thus  if  you   have  any  other  line  or  quantity 

in  the  circle  given,  by  which  you  can  compute  the 

fine, 
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fine,  you  may,  from  that,  find  the  log.  fine.     And 
the  like  may  be  done  for  the  tangent,  or  fecant. 

Cor.  Hence  if  s  =  log.  fine  of  4-A*  half  an  arch 
given  \  then  the  log.  verfed  fine  of  A  —  .3010300  -|- 
2s  —  10,  for  the  tables.  For  rad.  x  verfed  fine  — 
2  fine  fquare  of  the  half  arch,  by  Cor.  2.  Prop.  II. 
and  .3010300  —  log.  2. 

Or  thus.  Log.  verf.  of  arch  x  zr  10.3010300  + 

Xz  #*  x6 

%  log.  iff—  ?Mx  :— -f+    z  Tb  ^+T"^ —  + 
p  4.0       4z.i8o      4*2835    l 

x* 

7, —  &c.  for  s  (or  the  log.  fine  of  ±x)  =  10  -f 

44.378oo  K  °  J 

log.f^-Mx-^+^&c 

Or  lafily.  If  z  =  cofine,  then  log.  verf.  =  10  — 

Mx:z+-  +  -+-+-&c     Fori— 2  = 
2        3       4       5. 

verfed  fine,  and  its  fluxion =  —  z  —  zz  — 

1 — z 

zzz  &p.  whofe  Fluent  is—  M  X  :  z  -f  \zz  -j-  \z\ 

$zq.  kq  which  add  10. 

PROP.  XVIII. 

$he  arch  x  being  given,  to  find  the  kg.  cofine. 

xx 
By  Cor.  j.  Pr.  XII.  the  cofine  y  —  1  —  —  + 
'  2 

—  —  —  &c.  therefore  2-—  —  xx  —  f  x*x  — 
24       720  y 

JLxsx  —  21x7x  &c.  and  the  FI.  — 2  or  log.jy  =  — 
l5  3*5  y 

Mx:^  +  —x*  +  1-x* -L  JL-x* &c.  And  the 
12         45  2520 

tab.  log.  cof.  of  the  arch  x  is  =  10  —  M  X  :  ixz  + 

1  ** 

d  3  r% 
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JLv4  -{-  —  *6  +  -^--8  +'  &c.     And   that  without 

12  45         252° 

either  the  nat.  cofine  or  the  table  of  logarithms. 

Or  the  log.  cofine  may  be  found  in  the  fame  man- 
ner as  the  fine,  in  the  two  laft  methods  in  Pr.  XVI L 

PROP.    XIX. 

Chen  M  arch  z>  and  the  fine  and  cofine  of  an  arch 
A  ;  to  find  the  log.  fine  and  cofine  of  the  fum  A  +  z} 
andalfo  of  the  difference  A  —  z. 

Let  the  nat.  fine  and  cofine  of  A  be  j,  c.  y  = 
SXfz.    Then  by  Prop.  XIII.  y  =  s  +  £5  — £? 

-£*+'£&£  andi  =  ^-22  4-^- 
6        24  y        s        ss  s* 

liiffz'js  &c.  and  the  Fl.  M  lor  log. y  =  M  x : 

3^  y 

■2  -  E  +  c£  -  i±if-V  &c.  but  when  2  =  Qj 

J  2Ji  3JJ  I2J4 

jzj,  therefore  by  correction, 


«        2* 


Log.  y  —  log.  j  35  M  x  :  —  —  —  &c.   whence 

5  2SS 


the 


CZ         Zz     .    £z* 


Log.S.A  +  z  =  log.s  +  Mx:-  —  ~  + 

S  2SS        $S* 

Llllff z4  &c.  and  after  the  fame  manner 
L±2£5*&c. 

I  2  J4 
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Log.  cof.  A  +  s  =  log. c  —  M  x  :  -  +  ~  J. 

C  2CC 

g  +  l_±2SSz,  &c# 
%Cl  11CC 

ZV.  cof.  A  —  z=kf  +  Mx  : + 

d  £20" 

'£__i±Hv&c. 

PROP.  XX. 

iTfo  <zn:&  x  being  given,  to  find  its  log.  tangent. 

By  Cor.  1.  Pr.  XV.  the  tangent  /  =  x  -f-  L  x*  -f- 

.        .  3 

Lx<  +  11  x1  &c.  therefore  i  —  1  +  £**»  +  ii#5* 
15         3l5  t      x      3         45 

+  l^x'x  8fc,  whence  ]og.  tan.  /  —  log.  x  +  Mx: 

945 
I*1  4-  Ix*  +  -~L*6  +  J*2-xs  &c.   to  which  add 
3  90        2835         18900 

JO. 

Otherwife. 

To  find  the  log.  tan.  of  the  arch  A  -{-  x,  the  tan.  of 
the  arch  A  being  given. 


Let  tan.  A  zs,  a,  tan.  x  =  /,  jy  =  tan.  A  -f  #• 
Then  by  Prop.  VIII.  y  =  -i±l,  and  y  =ilZff/, 


I  —  a/  1  —  <?*' 


andl  = *ltf»*' -.    Let>=L±if, 

^       a  +  I  —  tf#  •  *  —  «  #  * 

*  =  LZff ,  then  £  =  £  X  :  /  —  f/i  +  i~+tt .  //> 
—  2c  +  f5.  /v'&c.  and  Fl.  M  2  or  log.  yzzfr  Mx: 

y 

D  4  /  — 
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/  _  4  at  -f  L±f£/«  J.  *£±flt*  &c.  but  when  x 

3  4 

and  t~o,y=zay  then  by  correction,  log.j>  —  log. 

fl  =  Mx:/  —  4^/  &c.  that  is, 


Log.  tan.  A  +  x  zz  log.  tan.  A  4-  blA  X  :  t  —- 

\ctt  +  I  +  eep  —  2C  +  c%t*  &c.  and  the  fame  fpr 

3 4 

the  %.  ta#.  A  —at,  changing  the  fines  of  the  odd 
powers  of  /. 

But  if  A  =:  45%  then  a  =  1,  and  £  = 


2; 


2*  -f  2W  -f  2t*'t  &c.    And  confequently  log.y  or  pi. 
5S  -  2M  X  :  /  +  f t*  +  f/s  &c.  that  is, 

y 

Log.  tan.  45 +  *  =  2M  X  :  /  +  -  +  - 4*  -,&«. 

3       5       7 

But  if  inftead  of  /  you  put  its  value  x-\-S *'  4- 
— xs  &c.  and  the  fluxion  for  the  fluxion,  then  will 

■  2t    =2x:i  +  u!i+  l$x*se  +  2±f*»*  &c. 

i—tt  3  45 

whence  logj,  or  log.  tan.45  +  xz=2Mx :  a?  +  -*'  -f- 

3 

2  x*  +  —x7  &c.  and  likewife 

3  3*5  7 


/'  .  /* 


Zog-.  ta«.  45  —  x  =  —  2M  x  :  t  4- 1  4.  L  &c. 

5=  —  2M  x  :  *  4-  -*'  4-  £**  &c.  to  each  of  which 

3         3 
add  10  for  the  tabular  log.  tangent. 

Cor. 
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Cor.  the  log.  cot,  of  x  =  10  —  log.  x  —  M  x  : 

3      90        2835 18900 

And  log.  cot.  A  +  x  =  i?  the  fame  as  the  log.  tan. 
of  A  —  #,  found  before. 

PROP.    XXL 

To  find  the  logarithmic  fecant  of  a  given  arch. 

Let  x  be  the  arch,  y  its  fecant ;  then  by  Cor.  2. 

Prop.  XVI.  y  ~   1  +  f  **  +  ^.x*  +  ii*6    &c. 

24         720 

whence  .2  r:  ##  +  fx^  +  —  xsx  +  -IZ-x7*  &c. 

then   log.  ^  orFl.  Ml  =  Mx  :^+— +-+ 
8  y  2      12     45 

— Z \-  JL — xl*  &c.   hence  the  tab.  log%  fecant  s: 

2520      J4175 

2       12      45      2520 

Or  /£&r. 
To  find  the  log.  fecant  of  45  +  z,  let  log,  fecant 
45  =  j.  By  Prop.  XIX.  log,  cof.  45  -f  z  zz  log.  cof. 

45  —  M  X  •  —  +  ■ — &c  :=  (becaufejzzr,  r=i) 
<:        2cc 

log.  cof.  45  —  M  x  :  *  +  **  &c.  but  by  Cor.  2, 
Pr.  I.  fecant  X  cofine  =  I-.  Or  log.  fecant  =  — 
log.  cofine.  Therefore,  log.  fee.  45  -f-  z  —  log. 
fee.  45  +  M  x  :  z  +  zz  -f  &c  that  is, 

t*4  &c 

Cor.  27*  log.  co fecant  of  an  arch  xis  =  10  —  log.: 

*+  M  x  :  ~  +  ~  +  -£-  +  -£-  &c.      For 

0      180      2835      37800 

log,  cofecant  =  *—  log.  fine,  when  radius  is  1. 

Or 
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Or  log.  c of e cant  0/4.5  *t*  z,>  or  ^'  fecant  °f  4-5  —  z 
—  s  —  M  x  :  z—z%  +  ^z*  —  f z*  &c.  by  this 
prop-  changing  the  figns  of  the  odd  powers  of  z. 

Scholium    I, 

Having  the  log.  fine,  tangent  or  fecant  given, 
the  arch  belonging  thereto  may  be  found  by  the  re- 
verfion  of  feries.     As  fuppofe  there  is  given  T,  the 

log.  tan.  45 -f  *•,   then  T  =  10  +  2M  X  :  x  -f- 
*  *  *  4.  4  xs  &c.   by  Pr.  XX  •,   and  x  +  ^  -f  £y5 

&c.  =  — ZlJ—  =3  /  fuppofe;  then  by  reverfion  xzzl 

2M 

s  —  \l%  4  -I Is  &c  and is  degrees  in  #. 

15  ^0174532 

Again,  let  there  be  given  K,  the  log.  fecant  of 

45  -f-  z9  then  by  Prop.  XXL  K  =  j-fMx:z  + 

s24-42;*  &c.  thznz±zzMZz>  &cc.~^— i  =/. 
.  T  M 

Then  by  reverfion,  z  =5  / —  11 -\+  \ll  &c.  which di- 
vided by  ,0 174532  will  give  the  degrees  in  2. 

Scholium    II. 

In  any   arch  let  log.  radius  =  r  S=  io, 

$  —  log.  fine.      /  ±:  log,  tangent,      f—  log.  fecant. 
c  —  log.  cofine.  t  st  log,  cotangent.  <r  5;  log.cofecant. 

Then 

jz:f-|-/ — r—  /+r — /r=^4-^— *  =  2r — <r. 

r  =  ^[-r — j=2r  —  /. 

f=  /  -\-r  —  j  =  %r — j — t  —  <r+r — T=  2r — f. 
<r  — T-j-r — czn^r — c — /  zzf+r — t—  ir — s. 
And  log.   verf.   =   2  log.  fine    of  i  arch  - — 
9.6989700. 

By 
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By  what  has  been  delivered  in  the  two  laft  fe&ions, 
the  fines,  tangents  and  fecants,  of  all  arches, 
whether  natural  or  artificial,  may  eafily  be  found  ; 
and  from  thence  the  table  of  fines  and  tangents  may 
be  conftru&ed,  with  great  eafe  and  expedition.  Or 
any  particular  numbers  in  the  tables  may  be  com- 
puted anew,  and  any  errors  correfted  therein.  But 
the  nat.  fines  and  tangents  being  firft  found,  the  ar- 
tificial ones  are  mod  eafily  had  by  a  table  of  loga- 
rithms ;  for  this  reafon  I  have  not  continued  the 
feveral  feries  in  this  laft  feftion  to  any  great  number 
of  places ;  intending  rather  to  give  the  reader  the 
principles  of  calculation  than  the  calculation  itfelf  5 
lince  in  all  probability  there  will  be  few  perfons  who 
will  take  the  pains  to  calculate  them  anew.  But  if 
any  has  a  mind  to  do  it,  he  may  himfelf  continue 
any  of  thefe  feries  as  far  as  he  pleafes. 


SECT. 
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SECT.     IV. 

$he  calculation  of  the  fines,  cqfines,  cords,  &ci 
of  multiple  arches. 


PROP,    XXII. 

F  l  G>       If  a  trapezeid  BCDE,  whofe  fides  BE,  CD  are 
*9'     parallel,  be  infer ibed  in  a  circle ;  and  the  cords  BD 
CE  be  drawn ;  /  fay,  BD1 «-  DE*=  BE  x  CD. 

Make  angle  EBO  =  CBD,  then  EBD  =  CBO  ; 
and  fince  BEO  =  CDB,  therefore  the  triangles 
BCD  and  BDE  are  fimilar,  and  BD  :  CD  ::  BE  : 
OE,  and  BD  x  OE  =  BE  x  CD.  Alfo  fince  angle 
BCO  =  BDE,  the  triangles  BCO  and  BDE  are 
fimilar,  whence  BD  :  DE:  ?  BC  :  CO,  and  BD  x 
CO  =  DE  x  BC  =  DE*.  ThereforeBD  x  OE  +  OC 
=  BE  x  CD  +  DE1  -,  that  is,  BD  x  CE  or  BD1  = 
BE  x  CD  +  DE%  or  BE  x  CD  =  BD1  —  DE*  = 
BD  +  DE  x  BD  —  DE. 

Cor.  i.  If  A  be  any  arch,  and  BC  or  DE  =  2? 
times  A,  and  BD  =  m  times  A.    Then, 
As  cord  of  m  —  n  .  A  : 
Cord .  mh  +  cord .  nA  ; : 
Cord .  mA  —  cord  .  » A  : 
Cord  .  m  -J-  n .  A. 
For  CD  is  the  cord  of  m  —  n  times  A,  and  BE  of 


Cor.  2.  As  cord  of  A  : 

Cord .  »  +  1  •  A  +  cord .  nA:: 

Cord,  n  +  i  .  A  —  cord .  nA  : 

Cord  .2n-\-  i  .  A. 
This  appears  by  putting  m  =  n  +  i,  or  CD  =  A. 

Cor, 
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Cor.  3.  As  cord  of  m—  1  .  A  :  FIG. 

Cord .  m  A  +  cord  .  A  : :  *9* 

CW  .^A  —  cord  .  A  • 

Cord  m  +  *  •  A. 
This  appears  by  puting  n  —  1,  or  CB  or  DE  as  A. 

Cor.  4.  if  three  arches  CD,  BCD,  BCDE  are 
in  arithmetic  progrejion,  BD2  — BC2  =  CD  X  BE. 

PROP.    XXIII. 

In  the  circle  AEB,  whofe  diameter  is  AB,  //  the 
arches  AD,  EF,  FG  be  taken  equal  to  one  another^ 
*nd  the  cords  BD,  BE,  BF,  BG  drawn.     I  fay, 

As  radius  CB  :  cord  BD  : :  fo  the  middle  cord  BF  : 
BE  +  BG,  the  fum  of  the  extreme  cords. 

For  produce  BE  to  H,  and  make  FH  =  FB;  then 
<lBHF  =  HBF  =  FBG  ;  and  draw  the  cords  EFf 
FG.  Then  the  angle  BEF  =  BFG  +  FBG,  both 
Handing  on  the  fame  arch  FGB.  Alfo  BEF  = 
EFH  +  EHF  =  EFH  +  FBG,  therefore  EFH  ss 
BFG.  And  the  triangles  EFH,  FBG  are  fimilar 
and  equal.  Whence  HE  s  GB,  and  HB  =  EB  + 
BG.  Alfo  the  triangles  DCB  and  HFB  are  fimi- 
lar,  therefore  BC  :  BD  : :  BF  :  BH  or  EB  +  BG. 

Cor.  If  arch  AD  =  A,  arch  BF  =  n  X  A.    Then 

As  rad : 

Cord  .  fup.  A  : : 

Cord  .   nA  : 

Cord  .  n  —  1  .  A  +  cord  .  n  +  1  .  A. 
And  the  fame  holds  in  refpe6t  of  the  cords  of  the 
fupplements  of  thefe  arches,  if  AF  be  fuppofed  to 
be  made  equal  to  nA. 


S  CH  O- 
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SCHOLI  V  M. 

If  the  cord  BG  lie  on  the  other  fide  of  B,  then 
BG  is  negative. 

PROP.    XXIV, 

The  firte  and  cofine  of  an  arch  being  given  $  U 
find  the  fine  of  n  times  that  arch. 

Let  x  ==  cofine,  y  —  fine,  given.  And  A  the 
given  arch,  and  at  prefent  let  radius  =  i.  Then 
by  Cor.  7.  Prop*  III.  2xx  S.  nA  =  S>n  —  1 .  A  +  S. 
n+  1  .  A,  whence  S.  n  +  1  .  A  ==  2x  x  S. n A  —  S* 
n —  1  .  A.  Or  becaufe  xx  +  yy  =  1  .  S.»  +  i.A=2# 
X  S.  nA —  xx  +  yy  X  S.  n — 1  *  A.  That  is,  if  any 
line  be  multiplied  by  2#,  and  the  next  preceding  one 
multiplied  by  xx  +  yy9  and  fubtradted  from  it,  gives 
the  next  following  fine.     Thus  you  will  have 

S.    A  —  y. 

S.2A  =  2xy. 

S.  3 A  —  sxzy  —  y\ 

S.  4A  r=?  4Xzy  —  4#y*. 

S.  5 A  =  5^ —  ioxzy>+ys. 

&c. 

In  what  follows,  if  a  denotes  any  variable  quanti- 
ty, then  I  denote  its  firft  and  fecond  fucceeding  values 
by  a,  a,  &c.  and  its  firft  and  fecond  preceding  values 

by  a^    *z,  &c.  and  fo  of  others.     And  with  thefe  I 

proceed  according  to  the  method  of  increments  in 
calculating  the  following  propofitions. 

Suppofe  then  any  arch,  as  »A,  is  reprefented  in 
general  thus,  S.  nA  —  nxn~  Jy  —  axn  —  ty>  +  bxn  —  rf 
—  &c.  then  according  to  the  conftruftion  of  fines, 
before  mentioned,  we  fhall  have 

2nxny 
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2nx"y — 2ax«  —  ^y3  -|-  2bx«  —  4yi  —  &c.  —  S.  n  A  X  2xt 


— nxny  -f-  axn—*f —  bx*  —  **y* —  &c. 

!  — j  —I  I    "ZZZ  XX  +  VV  X  b, 


—  n  +  tf 


J      /z-w.A. 


—i 


5S#-f-  i*xny—»ax»  —  7'y3  +  bx*—4ys  —  &c.  r=S.«-J-  i  .  A. 

i  i 

Hence  equating  the  coefficients  of  the  homologous 
powers, »+  *  =  2n — »jandi  =  » — #S  that  is,  »=  i. 


—  i 


Likewife  a=za — a+n,ora  —  2a — a-\-n,vihencea — 

I  ~-  I    —  121  2 

2a  +  a  =  n  \  that  is,  a  =  # .    And  the  integral  is  a  = 
— ,  and  the  integral  of  this  is  a  =  r2"""1  (for  when 

2  2  .  3 

»  =  3,  a—~~*"~x  —  i).   Again,  bzzib  —  b-{-ay 
2  -  3  i  —i  —  i 

ox  b=  lb  —  £  +  <z,  whence  b  —  zb  -f-  £  =  a,  or 

2  1  2  1 

n   nn  n    n   nn 

bzza  —  ZJJZLL.,  whence  b  =  ZLL"Hni-5  and  £  = 
2.3  I         2.3.4 

n    n    n    nn 

r.*"3'"7""1  ..     In   like  manner  c ■=  £,  and  c  zr 
2.3.4.5 

—6—5-4—3-*— I    &C-  ^^  S.  #  A  ~  nxn-  Jy 
2  '  3 • 4-5  •  6-7 

#  .  n —  1  .  n —  2  ,   , 

— #«  —  3  y>  4- 

, I  >2  .  3 * 

2 Zx»-sy\  &c.    Or 

1-2.3.4.5  

putingr  =  rad.  S.#A=r- — — =£ — /^A—- 

_____  ^— J  2  .  3x# 

fl— 3  .0  —  4  ,/tt  _  0  —  5  .  n  —  6  pyP    &(V 

4  .  5##  6  .  7** 

where  A,  B,  C,  &c.   are  the  preceding  terms  with 
their  figns,  Cor. 
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Cor.  If  you  fuppofe  r  to  be  the  diameter,  y  the 

tord  of  an  arch,  x  the  cord  of  the  fupplement-*  then 

the  foregoing  feries  will  be  the  cord  of  the  multiple 

arch. 

PROP.    XXV. 

The  fine  of  an  arch  A  being  given  %  to  find  the  fine 
if  nA,  or  n  timtis  that  arch; 

Let  s  =  fine  of  A,  z  —  firie  of  n  A,     Proceeding 

as  in  Prop. XI.  we  fliall  have  A=. — Tf_    amj 

Vtr--ss 

»**  —  *7=— — :  =  - — ;-rrrr>  whence  rr  —  ss  V 
Vrr  —  zz       Vrr  —  ss 

z  —  tins1  x  rr  —  zz,  this  in  fluxions  (puting  }  con- 
ftant),  will  be  rr  —  ss  X  2Zz—2s'szlzz—  znnVzZi 
and  rrjs  —  ssz  —  ssz  +  »»zi*  =  o. 
Affume  z  —  as-{-bs>  +  css  -f.  if7  &c. 
then  z  =  d-j-fisis  4-  5cs*s-\-  yds*s  &c. 
and  z  =s  2.3^>-f-4.5aV  +  6.7^**  &c. 
Then  by  fubftitution, 

i.o,brrs'sz  +  $.$crw  +  6.7<£m5>&c/ 

^  —  i.3fo'>   —  4-5«V&c. 

—  ««*  —  3fo*i*    —   scs's*  &c. 

+  »/ra.w4  -f-  nnbsh1  4-  nncsssl  &c. 

Now  when  A  is  infinitely  fmall,  s  =  A,  and  z  = 

»A  -  »j  -  «,  therefore  a  =  ».    And  equating  the 

coefficients, £  3  _  m  ~  la  f  —  _  mb  —  i^b—ib 

2*3?T  4-5?"/' 

=  -  =zi£&,  *  =  -  2£-|A,  ,  „  _ 

4-5^  6.7IT  ~ 

7;#  7    7 

onw-^  &c:-  therefore  2  =  w  —  *!lZl±asi  ^ 
0t9n  i.$rr 

nn — 3.3, 

4,5^ 


rrz 

—  ssz 

—  ssz 
-f  nnzsz 


=0; 
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Zzztiu  &c  =  m  -  gtgs.-ir.yjf  4. 

4.5rr    _    _  2.3^ 

fl.Kfl  —   I-OT  — 9  ^    &c#     and     fmce    cof#     A    ^ 

^3-4.5^  a 

^rr—*ss  rr— i;-^—  -4—  &c.   therefore 
2r       or*        1  or5 

—  111  —mmmmmmtmmmtm  ■    ■■  mi        m 

ns — si  +— , , 2j5&c. 

2r       8r' 

■  '  wl  1  if*       ■    ^ 

_ns      nn —  2.2    •  .n.nn  —  2.2. nn — 4.4*0  - 

r  2.3rJ  2.3.4.5^ 

whence  we  have 

5;  <?r  5.  #A  =  #J -  xj  A  — AssB  — ■ 

2.3rr  4-5?r  * 

fa  —  SS^r  _  7^Zllss'D  &c.  wi^  A,  B,  C 

&c.    #  n?  /£*  preceding  terms  with  their  figns ;  there- 
fore if  n  be  an  odd  number,  the  feries  will  be  finite* 

r\    o     a        J "~  ^     ns       nn  —  2.2    A 

Or  S.  #A  —  vrr  —  ss  X  :  —  — ■ ssA  — 

r   '        2.3JT 

g  -  ***B  -  fLzi^C  -  **  "  °^D  &c. 
4#5rr  6,jrr  H.yrr 

and  therefore  if  n  be  an  even  number  the  feries  will  be 

finite. 

Cor.  If  s  be  the  cord  of  an  arch,  x  the  cord  of  the 
fupplement)  d  =  diameter ;  then 

Cord  ofnA  a  ns  —  5£S#A  —  ^^i!jjB  - 

2.%dd  4.5^* 

n%c~£**C  —  *-Zl2!jsD  &c.  *r 

67^  8-9^ 

E  Cord 
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Cord  of  n  arch  =  gg.—  £jTJL>A— £Z1*jjB 

a  2.3d*  4-5-dl 

6.7^ 

Scholium. 

If  2:  the  fine  of  an  arch  was  given,  and  the  fine  s9 
•  of  the  nth  part  of  the  arch,  was  required  ,  you'll 
have  by  reverfion  of  feries, 

s  =  £  +  ZZLrA  +  W  -  'iL*  + 

•f!l=ic^&c. 

6.7rz»z 

PROP.    XXVI. 

fT£<?  /#£  awi  £<?/&£  0/  *z#  ^r^  king  given ;  /<?  jfoi 
/&£  £0^  0/  0  /M0&;  /£<3/  #rd?. 

Let  A  =  arch,  jy  =  fine,  x  zz  cofine.  Radius  =  1 . 
Then  by  Cor.  7.  Pr.  III.  2x  x  cof.  nA  =  cof. 
»  —  1 .  A  +  cof.  n  4- 1  •  A,  therefore  fince  xx  +yy  =  1, 
cof.  n+  i.Az2^x  cof.  #A  —  xx  •+  jjy  X  cof. 
^ — 1.  A.  Therefore  if  you  multiply  any  cofine 
by  2  x9  and  from  it  fubtradt  the  foregoing  one  mul- 
tiplied into  xx  -j^jyjy,  the  remainder  is  the  next  fuc~ 
ceeding  cofine.     Hence 

Cof.  oA  =  r 

Cof.  iA  =  x 

Cof.  2  A  —  xx  —  yy 

Cof.  3A  zz  x>  —  gxyy 

Cof  4A  =  x*  —  6xy  4.  y* 

Cof.  5 A  zz  #5  —  io#y  ~j-  5^y4 

Cof.  6 a  zz  x6  —  i5#y  +  i5#y  —  y 

Cof.  7  A  =  x7  —  2ixsyz  +  35^4  —  yxy% 
&c.  Therefore  in  general,  let  the 

Cof. 
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Cof.0^1 . k—xn~~ 1 — ax*  -  tyz  +  bxn  —  5jy4— > cxn  -  if 
&c. 

Cof.    nA   Zzx*    — axn  —  *f,  +  bxn~ty*  —  cx"—^ 

ixi 
&c. 

Now  if  the  latter  be  multiplied  by  2X9  and  the 
former  by  xx  -\-yy9  and  this  produd  fubtra&ed  from 
the  firft,  you  will  have 

2xn  +  l  —  2axn  —  1yl~\-fibxn  —  3jy4  —  2cxn~ Sy6 &c.  *) 

i  i  i  ( 

—  x*  +  i  -j-  ^«  —  *jz  —  ^.vw— ?jy4  4-  cxn  —  sy6         r 

X*  —  Jjyz  -J-  **■'■*■  3y4  —  £#«  —  Sy6  J 

—  #»  +  i  —  ax«  —  *yz  +  bxn  —  3jy4  —  cxn  —  5j6  &c. 

2  Z  2 

=  cof.  n  -j-  i  .  A.  Then  comparing  the  coefficients, 
we  have  a—  2a  —  a  -|-  i,  that  is,  by  the  method 

of  increments,   ^  4-  2^  4" a  —  2^  "h  2^  —  a  +  *> 

•       « •  . 

or  ^  =  i  zz  n\  therefore  a  =  0,  the  integral,  and 
••  •  • 

a  es  ^i-s  for  when  0=2,  ^  or  — ^-  =  1.     Like- 
1         2  1         2 

0    0 

wife  b  as  2b  —  b  +  <?,  and  b  zz.  a  —  ~~2"~~\    and 
*  1  -2 

0     0     0  0      0      0      0 

^  =  T-s-*-1,  and  Js-*-*-*-1,  (for  whcn 
2.3  2.3.4 

0000 

0  =  5,  ^r  1.)  and  £  =  vy?)rlr,    Again,  <r  = 

1  2-3-4 

0.  .0  0 . . 0  0  .  .  0 

b  -  Zi£?f    r  =  ^''fr,*',  and  c=nLjU-5and 
2.3.4     .       2  .3.4.5  2.  . .  .6 

0...0  0..,0 

therefore  c  =  2i — ~,     Likewife  d  =  Z2 ,  &c. 

1      2 , ...  6  !       2 ...  7 

E  2  then 
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then  fince  n  —  i,  therefore  n>     n,    n,  &c.  are  equal 

—  I  ~z 

to  »,   n —  i,  # —  2,  &c.   whence  puting  r   for 
radius, 


Cofnh^  — —  x:xn  ~  ^J=_V  -  *y*  4- 

2-3-4 

n  .  n—i  .n—2  .n  —  3  .n—4  .  n  —  s„„ _ 6  6 

&c.  or 


■*  rn~  *  1.2       *#  3.4 

B^f  —  n  —  ±.n  —  sryy_n  —  6.  n—y^yy 
xx  5.6  xx  7.8  XX 

&c.  ^£tfr£   A,  B,  C  &c.   are  the  foregoing  terms 

with  their  figns. 

Cor.  If  youfuppofe  r  the  diameter  >  y  the  cord  of 
an  archy  x  the  cord  of  the  fupplement ;  then  the  fore- 
going feries  will  be  the  cord  of  the  fupplement  of  the 
multiple  arch. 

PROP.  XXVII. 

The  fine  s  of  an  arch  a  being  given  \  to  find  the  cofme 
$f  nay  or  n  times  that  arch. 

Let  z~  cof.  n  a<>  rad.  =  1,  then  by  Cor.  1.  Pr.12. 

n*az    .    nW      n6a*  .      n%a%    ,       ,       u 

zzz  1  —  —  +  — - —  -i &c.  but  by 

2  24       720      40320 

Prop.  II,    a    r=  i  4-  —  -f  —  4-  —  &c. 
r  o       40       112 

whence       aa   =  jj  +  —  -J j-  —  &c. 

3        45       IS 

and 
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and  a*  =  s*  +  \?  +  77rs*  &c. 

a6  =  J6  +       J8 


.8    c* 


&c. 
then  all  thefe  values  of  .the  powers  of  a  being  fub- 
ftituted  in  the  value  of  z,  gives 

"2  6  45  35    '" 

"*"  24     36       369 


720      720 

4.-1L.&C. 
4O32O 

whence 

__  »*  .■!»».»*  — 2*  +         »*.»*— 2z.tfz  —  4*  6 

2»  ^— --  I  -  •■-   — — j    ""T~         ■■'»■■         S    mm*m  ■         1     1  1  j 

2  ?.3-4  2.3.4.5.6 

&c.  that  is,  if  r  =  radios. 

6/    *?   =   r  —    —A  —  £—£ssB   — 

i.2r*  3  .  4T2, 

**~4*jjC  -  !!—SssD  &c.  where  A,  B,  C  &c. 
5.6r*  y.8r* 

are  the  foregoing  terms  with  their  figns.     Therefore \  if 

n  be  an  even  number^  the  feries  will  be  finite. 

V*    fj.  j4  £> 

rr  —  ss  =  r~—  —  — -  -*•  — —  — 
ir       8r*       i6r5 

—£ —  &c.  —  cof.  A,   therefore  dividing  the  fore- 

i28r7  & 

going    feries    by    this,     and    then    multiply    by 
vVr  —  jj,  and  you  will  have  cof.na  =  Vrr  —  ss  x : 

i.2rz  3.4^  5-6rx 

E  3  7  •  ** 
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.*  Mt 


—ssD  &c.  and  therefore  if  n  be  an  odd  number* 

y.Sr*  .   J        J 

the  f cries  will  be  finite. 

Cor.  The  foregoing  feries  will  exprefs  the  cord  of 
the  fuppkment  of  the  nth  arch ;  pitting  s  for  the  cord  of 
the  Jingle  arch,  and  r  for  the  diameter. 

PROP.   XXVIII. 

The  cord  of  an  arch,  and  the  cord  of  its  fuppkment 

being  given  -,  to  find  the  cord  of  n  times  that  arch. 

Let  A  be  the  arch,  y  the  cord,  x  the  cord  of  the 
fupplement,  radius  =  i  ;  then  by  cor.  Pr.  XXIII. 

x  X  cord  .  nh  =  cord  .  n  —  i .  A  -|-  cord  .  n-\~  i  .  A, 
and  cord.  »+  i  .A  =  #xcord.  »A— -cord.» — i.A; 
that  is,  if  any  cord  be  multiplied  by  x9  and  the  fore* 
going  one  fubtra&ed,  will  give  the  next  following 
cord.     Whence 

Cord.    A—y 

Cord  .  2  A  zz  xy 

Cord .  3 A  =  xzy  — y 

Cord .  4 A  =  x%y  —  ixy 

Cord .  5  A  =  x^y  —  %xzy  -}-  y,  &c. 

And  in  general,  let  the  cord  of  nA  be  —  yx"  —  1  — 
axn~~  iy  -f  bxn  —  ty  —  cx«  —  7y  &cc.  then  will 

yxn  —  ayxn  —  *  Irk  byxn  —  4  —  cyxn  —■ 6  &c.  1 

t —    yxn  ~  2  -j-  ayxn  —  4  —  byxn  ~~  6  &c.  f  = 
—  1  —  1  ■) 

yxn  —  ayx"—*  -f-  byx*  —  *  —  cyxn-~*>  &c.  t±  cord. 


1 


n  -f-  i.A.  Then  equating  the  coefficients  a ;  =  ^  +  1, 

1 
and  a  —  a  ox  a  —  1  =  /?,  and  the  integral  is  a  —n 
1  •  •  —  % 

(for  when  n  =  3,,    *z  or  »=  1),     Again,    b  or 
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n    n 
b  4-  b  =  £  -f- a>   or  b  =  az=.  #,    and  b  =  ~Z£Z±f 
—  i  •   — 1—3  2 

n    n 

alio  c  =.  c  -\-b>    ov  c  —  b  z=l  Z±Z-?5    and  c  = 
1  —  1  •     —  1  2 

n    n    n  n    n     n    n 

-*-5:zi.     In  like  manner  J  =  -5-6-7--S  &^ 
2.3  2.3.4 

7Z  —  2 

whence  the  cord  .  nA—yx"—1 -yxn-  3  4* 

1  .  2  1  .  2  .  3 

J 2 —L ~-yx*—9  &c.  that 

1.2.3.4 

is,  pitting  radius  zz  r>  then 

Cord  .  »  ara&  =   %£ll  —  ^  ~  2A  2  — 

r" "~ x  1  ## 

n  —  $.n  —  4R    rr   __    n  —  5  .  n  —  6       ^r    _^ 
2  .n  —  2  #*  3  .  »  — •  3  *# 

»  —  7  .  » —  8  D2^ Jil  LiL'  ^  """  IO  F  rr  Rr 

4 .  »-f4         **  5 . »  — 5         ## 

Cor.  Ifrzz.  radius,  y  ~fne,  x  zz  r0/?#<?  0/  an  arch* 

then  the  fine  of  the  nth  arch  zz  VL y  —  n      2rrA 

^  rn— J 4XX 

»  —  3  •  »  —  4  •  r?fi 0  —  5  .  aT^"6  .  r;> 

4.2.  # —  2  .  xx  4  •  3  •  #—-  3  .  xx 

n—y.n — ^8-rr-p.o  ...          .   ' 

== JJ  oar.  this  is  plain  by  puting 

4.4.0  —  4. .  xx 

~  r  for  r  in  the  foregoing  feries. 


E  4  PROP. 
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PROP.    XXIX, 

The  jquare  of  the  cord  of  an  arch  being  given  j  to 
find  the  Jquare  of  the  cord  of  n  times  the  arch. 

Let  #,  £,  c  be  the  cords  of  three  archesjn  arith- 
metic progreflion,  rad.  =  i,  x  =  cord  of  the  com- 
mon difference,  and  </&  —  m  r=  cord  of  the  fup, 
common  difference.  Then  by  Prop.  XXIII. ,  rad. 
X  fum  of  the  cords  of  the  extreme  arches  =  cord  , 
mean  x  cord  fup.  common  difference;  that  is, 
h  ^4  —  xx  =  a  -f.  c.  And  by  Cor.  4.  Pr.  XXII: 
ac  =  bb  —  xx.  Whence  ^bb  —  bbxx  =  aa  + 
cc  +  zac  zs  aa  +  cc  ~|-  2bb  -r-  ixx%  therefore  bb  X 
2  —  xx  -f  2  ##  —  aa  z=z  cc\  that  i$,  in  any  feries  of 
the  fquares  of  cords,  if  the  fquare  of  any  cord  be 
multiplied  by  —  xx  4-  2,  and  the  preceding  one  fub- 
traded,  and  ixx  added,  you  will  have  the  fquare  of 
the  next  following  cord.     Thus,  fquare  of  the  cord 

of  A  =      xx 

2A  =  —  ^4-{-    4xz 

3A  =      x6  —    6x*  +  gx% 

4A  —  —x*+     Sx6  —  2o#*  +  j6*» 
,    5A  =      x10  —  io#8  +  35>r6  —  5p#4  +  35** 

&c. 

therefore  let  any  one  in  general  be  exprefled  thps, 

xv  —  ax?—*  +  bxv~ 4  —  av~6  &c. 
then  the  next  fucceeding  one  (changing  the  figns)  will 

be  —  a?1      +  tf*1  —  bxl         +  £*"       &C  =? 


I  1 


(by  conftru&ion  to) 
V-yv  +  2  +  ^v-—    bxv  —  *-\~    ex*  — *1 
+  2*v  —  2^xy-a4-  >zbxy~*l  0 

y_4  >&C.  +  2*X 


xy~~*-—   ax" 
—  1 


j 

Then 
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Then  comparing  the  homologous  terms,  we  have? 
v  as  v  4-  2,  or  ¥  —  v,  that  is,*  =  2  rs  2;/,  and  v  =  2n. 

Again,    a  as  tf  +  2,    or  ^  —  tf  or  *?  r=;  2  ~  *, 

whence  4  =  t>  =  20.    Alfo  b  ~  £  +  2a  «—  1,  or 

1 

£  =  24  f—  x  =  2v  —  4'  «£  *  *■*■  tk5  therefore  £  *g 

•  •        •       ■  • 

r- 1  v 

2  2* 

Again,  c  zz  c  +  ih  —  #,  or  c  =r  v  y— v  **-  v  — 

J  M|  #       —    I  —    I 

v      v  r 

*  v  — 2V-U?  =  v  y — 2*  4-  v,  and  f—  ra"!-  — 
-  x  —  1  ■  2.3 

V  V 

T-  +  - 

In  like  manner  d  —  ic  —  b  =  lii-Hi ~L  4. 

5V  v      v      *v  ¥     vv         gvv 

?  _  -•,  and  j=-»-^-',  —  OU5L  +  ZH 

?        2  2.3.4  2.2         2.2.2 

5" 

2 


But  fince  v  —  2  .  v  —  v  —  2  .  v  —  y  —  4  &c.  we 


— a 


ihall  find  b-v  x  v 2,  f  »,,  x - — J  X  f-=-* 

_*_ 2  3 

^  =  vX  V~5X  v"~  6x  v~?&c.    therefore  if 

2.3.4 
#  14  fik  r<?rJ  of  an  arch,  and  b  the  cord  of  71  times  the 

arch,  then  will 

x**  —  2rixzn—z  4-  2n  X  — H-?^2»  — 4  —  2n  X 

2  

20  4 
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i — 

2n —  a.  .  in — 5™_fi    , 

_£_'  2 

in  ■ —  5  .  in  —  6  .  in  —  7  -„ _ o  «.  ,    7 r 

2.3.4 
cording  as  n  is  odd  or  even ;  and  the  feries  continued  to 
n  terms.    The  laft  term  being  always  nnxx. 


Or    -f!l    -    221 A  -  *5^l3rrB 

r2"  — Z  tftf  2tf# 


2/z —  ±.2n —  5    ~  in — 6.2^—7    _ 

^        — -rrC — === '-rrD  — 

3.2% —  $.xx  4*2% —  4  .  xx 

in  —  8  .  in — o    .«        in  —  10  .  in  —  n    _, 

■  ■   .  - — -ro  —  • rrV  — 

5.20 — 5-xx  6.in —  6.xx 

&c.  =  ±  bb. 

Otherwife. 

Since  the  law  -  of  the  continuation  of  the  feries  of 
the  fquares  of  the  cords  is  this,  that  any  cord  mul- 
tiplied by  2  —  xx,  and  the  foregoing  one  fubtracted, 
and  ixx  added,  gives  the  next.     Therefore 

□  1  Cord  —    xx 

2.  zz    \xz  — »      x* 

3.  =     qxz  —    6x*  -f      X6 

4.  c  i6*2 —  2o#4  -f    8a;6  —  x* 

5.  =  25**  —  50X*  +  35X6  —  io#8  -W# 
&c. 

and  in  general  axz  —  bx*  +  a;6  —  dx*  Sec.  =  fquare 
of  the  cord  of  the  nth  arch.  Whence  by  the  con- 
ftruftion, 

iaxz  —  2bx*-\--2cx*  —  2dx*^ 

4-  2xz  •—  ax*  4-  bx6  —  <:**    }>  = 

1  1  1       I 

« —  axz  -J-  £#4  —  r #6  4*  ^8  J 

*W*  —  bx*  +  C#6  —  dx*  &C. 

2  2  2  9 

Here 
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Here  then  a  —  2a  —  a  +  2,  that  is,by  the  method 

2  I 

of  increments,  a  ~\>  ia  +  a  =  ia  +  ia  —  a  4-  2, 

•       •  •  • 

that  is,  a  =  2  zz  20,   and  ^  =  20  +  A,  and  a  = 
••  •  • 

2  00 

Hi — Y  An  -,  and  when  n  ss  I,    A  =  i,    therefore 

2 

#  —  /*0  -f  0. 
—  i 

Again,    #  =  2#  -f-  ^  —  ^>   and  their  increments 

2  11 

£-]..  2#-|-£  =  b  -J-  2#  -f  *+* — £>  and  £=#  +  #, 

likewife  c  zz  b  +  £,  i  =  £  +  •*  and  fo  on ;  that  is, 
•  •  •    •  •  « 

b  z=a,  czz  b,  d  =  c  &c.  therefore  b  =  nn  +  n>  and 
••      i     ••      i     ••      i  ••         i      i 

nnn       nn  n    nnn  nnn 

b  =  -1— 1  +  -J*  and  b  -  -»-'_?  +  HI—1. 
3  2  3-4  2.3 

0000       0 nn  n    nnnn 

Again,  <  =  HL_L?  4.  -JL*  and *  =  HLH2_L?  + 
3-4  2.3  .         3.4-5 

nnnn  n...n         n..n 

~J    '  »,  and  <:  =  =^— 4  +  =4^5.     In  like  man- 
2.3.4  3-  •  •  6       2--5 

0  .  .  .  0  n . .n  n .  .n 

ner  <*  =  Hi J  +  H2 — *,  and  *  =  Hi — i  -f 

3  ...  8  2  .  .  7  3 . t  10 

0. .0 

Hi — ?f  and  fo  on.     Then  fince  0  =  1,  and  0,  0,  0^ 
2 . . 9  •  —11 

»,  n  &c.  =  0,  0  —  1,  n  +  1,  0  —  2,  0  +  2  &c. 

refpeftively.     Therefore  by  reduction  will  be  found 

„  _  «„    ,  _  00 .  00  —  1          nn  .  nn  —  1 .  00  — 4. 
azznn,  b  z=z 9  c  = 3> 

2  .  2.3         3^ 1.2.3.4.5 

d  =  **•**-*  -™-4r-™-9  &c.  «**wt  /* 
4  •  I  •  •  .  •  7 
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Jguart    of  the   cord    of  the    nth   arch  zz  nnx%  — 
nn  .  nn  —  i  4   \nn  «  nn  —  i  .  nn  —  4  6 
2  -  1  .2  -  3  3  *  *  •  2.3.4.5   '* 

. 2— -2#*  &c.  or  puttnz  r  =2 

4.1.2.3.4.5.6.7  *       * 

radius,  D  cord  #th  arch  zr  nnxz  —  '  .—A  — 
_                     2 . 2 .  3r* 

Ll£1Z±l£b  —  3  •  »»■—  3V»  c_4»^—  4*-*xp 
3>4-5j/r  4-6.7^  5-8-9r* 

hv-  5 jJ!Lrill?lE  &c.  that  is,  D  cord  of  the  ** 
6  .  10  .  1 1  ■ .  rz 

arch  =  nnxx  -  nn~  l  '  XXA-  m~  %  iL*B  ^ 

7  .  8rr  9  .  10  11  .  i2rr 

&c.       . 

/Fiw*  #2*  w'//  always  £*  /&  /^  /#7»,  #  &/'//£  ^» 

integer. 

Cor.  1.  If  x  le  the  cord  of  an  arch,  radius  zz  rf 
and  c  the  cord  of  n  times  the  arch  \  then  — £L-  — 


yTl 


—  I 


nrt 


*  jl„v»  ~  3  •  »"-*  -„v*-4.»-5.x"-6 


rn  —  3  2rn  ~*  5  •  2  .  3^     7 

,         n    -5.11  —  6.n  —  7V»_2 
-f  #  x 2 Lxn  —  »  —  #  x 

2  *  3  .  4r"  -  9 


^-6.»-7.»-8.«-v_io&Ct  = 

2.3.4.5^  —  "  ~ 

according  as  — -~  is  odd  or  even,  the  feries  continued 
2 

/<?  !Li-£  /irmr  :   /£#/  jV,  +  £  wfo#  lit/,  aw*/  —  c 
2 

Or 
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Or  thus ;  V \rr  —  xx  :  x  into  ' — * • 


xn~ l       n  —  2  .  xn—t 


yn  —  I  y>n  —  3 


4.  »l—3  •»  — 4Y„  _  5  _  n  —  Ar  -n—i.  n~-6rn~, 
1  .  zrn  —  5  1  .  2  .  3»"!  —  7 

+  "-1"? •  g"-^  •  "—~7  •  w  ~  8*"~9  -    &c.  = 
1.2.3.  \rn "  9 

+  <r5  according  as  ~n  is  odd  or  even,  and  the  feries  con- 
tinued to  —  terms. 
2 

For  the  former  feries  is  the  root  of  xzn  —  2nxln—* 

4.  2n  x -tfa«  —  4  &c.  the  fquare  of  the  cord, 

2 

found  above  by  the  firft  method.  And  the  latter  fe- 
ries is  found,  by  dividing  the  feries  xzn  — •  2nxzn-~z 
&c.  by  —  xx  -h  4  (or  rather  by  xx  —  4),  and  ex- 
tracting the  root  of  the  quotient. 

Cor.  2.  If  vie  the  verfed  fine  of  an  arch,  V  the 

verfed  fine  of  n  times  the  arch,  then  will 

_______  2r'~t 

inr  A  _  2«  —  3  .  rR  _  in  —  4  .  ^"^  .  rr  __ 

2V  2.2^  3.2n—o.2V 

•    ■  ■«  _   _______  ______________  1  \J 

2n  —  6.2n  —  j.r^  __  2»  —  8  .  2n —y.  r£  & 

4.2^  —  4.2^  5  .  20  —  5.2^ 

rz  +  Vr  according  as  n  is  odd  or  even,  the  feries  con- 
tinued to  n  terms. 


OrY  —  n%v — A — -  B 

2-Zr  3  •  5^ 


#  -  3'-«C- »'  -  4-^D_^  This 

4  •  7r  5  •  9r 

appears  by  fubftituting  2rv  for  *w,  and  arV  for  ik9 
to  which  they  are  equal,  by  Cor.  8.  Prop,  I. 

Cor. 
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Cor.  3.  The  feries  in  Cor.  1.  will  give  the  fine  ofn 
times  the  arch  \  puting  x  —fine  ofthefingle  arch,  ^  r 
for  r  in  the  feries. 

PROP.     XXX. 

The  cord  of  the  fupplement  of  an  arch  being  given  \ 
to  find  the  cord  of  the  fupplement  of  n  times  the  arch. 

Let  radius  zz  r  —  1,  x  zz  cord  of  the  fupplement, 
A  =  arch  5  then  by  cor.  Prop.  XXIII.  1  :  x: :  cord. 

fup.    n  A  :  :  cord  .  fup.    n  —  1  .  A    +   cord  .  fup. 

n+  1  .A.  Whence  cord. fup.  n-\*  1 .  A  =x  x  cord. 

fup.  n  A  —  cord  .  fup.  n  —  1  .  A ;  that  is,  if  the 
cord  of  the  fup.  of  any  arch,  in  a  feries  thereof,  be 
multiplied  by  x>  and  the  preceding  cord  of  the  fup. 
fubtra&ed,  you  will  have  the  next  fucceeding  one. 
Hence 

Cord  fup.  oAz:2 
iAzzx 

2  A  zz  xz  —  2 

3A  zz  #3  —  3# 

4  A  zz  x* — 4-x*  -\-2 

5A  zz  xs  —  5#5  -f-  5# 

6A  zz  x6  — -  6x*  -f  9**  —  2 

&c. 

and  in  general,  nA  —  xn  —  axn~z  4"  £#"""4  — 
cxn  —  6  &c.  then 

n+ 1 .  Azz  xn+*  —  axn  — x  -|-  bx*  —  *  —  cxn  'y  5  &c. 
_  txn  +  l  —  ax"-1  +  £#«  — 3  —  ^"  —  5 1 

by  conftru&ion.  Hence  0  zz  0+ 1 ,  and  0  zz  1  zz  #, 
whence'*?  =  ». 

Alfo 
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Alfo  b  =  b  +  <z,  and  b  —  a  =  ■»,  whence  £  zr 
,  —  1  *     —  1    —  1 

n    n 

~2~I  —  1,  for  when  0  =  4,  *  =  2;  therefore  £=5 
2 
#    #  n  n  nn 

—  3--*  +    0  —  1  =  ~3~"a  +    »  =  —  2-  • 
2-2  2-32 

Again,  r  —  c  4-    ^  and  c  ±3  3  =  II±ZI  -(-    »f 

1  —x  •    —i  2  —4 

n    n    n  n    n       nn    n 

2.3  2  1-2.3 

n    n    n  n    n 

Again,  J  =  r,  =  -*~<-6  4  =££*   and  i  = 
•  —  1  2  •  3  2 

n    n    n    n         n    n   n        n  n    n   n 

-4-5-6-7  X  rS-6-7  =  l-S-<-7a       In  Kke 
2.3.4  2.3  I.2.3.4 

0  n    n    n    n 

manner  e  =  —6-7  —  8  —  9  &Ct  whence 

2 -3 -4  •  5 

7j&*  ft?rd  0/*  the  fuppktnent   of  the  n^  arch  is  =  xn 

1.2  I.2.3 

+  8rc.  =  -ii-  -  LlJTa—  iZLilB  - 

n  —  4.  •  n  —  5  .  rrc  ^     n  —  6  .  n  —   7  .  fry*  ■ 

3.0  —  3  .  ##  4.0  —  4..  xx 


n-S.n-g.rry  _  &c     ^^   ^   «+_! 

5  .  »  —  5  .xx  2 

terms  when  n  is  odd,  or  to  ~T_  terms  when  even. 

2 

Con 
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Cor.  Hence  if  radius  —rt  x  —  cofwe  of  an  arch% 


2x"  nrr 


then  the  cofine  of  the  «,h  arch  =  — - - — .  — A  — 

irn  "7 «       4  .xx 

n  —  i-rr B  __  n  —  4  ; '  »  —  5  •  ^C  — » 
4.2X*  4 .  3  .  a  —  3  .  ## 

n  —  6.n—7-rrn  —  &c.  continued  to  l±-i  /*rai 

4  .  4  .  #  — ■  4  .  xx 
when  n  is  odd,  or  to  ~n  +  i  terms  when  even. 

This  follows  from  the  foregoing  feries,  puting  \r 
for  r. 

PROP.    XXXI. 

Given  the  cord  of  an  arch,  and  the  cord  of  the  fup- 
plement  of  twice  the  arch  ;  to  find  the  cord  of  im-\-i 
times  the  arch. 

Let  radius  =  r  =  T,  arch  =  A,  cord  ofA=jy, 
cord  fup.  of  2  A  =  z.  Then  by  cor.  Pr.  XXIII.  i  : 
z  :  :  cord  of  2m  +  1  .  A  :  cord  of  <im  —  1  >  A  + 
cord  of  2m  -}-  3 .  A.  Therefore  cord  of  2m  4-  3  .  A 
=  2;  X  cord  of  2m  +  1  •  A  —  cord  of  im —  1  .  A; 
that  is,  in  a  feries  of  thefe  cords,  if  any  one  be  multi- 
plied by  z,  and  the  foregoing  one  fubtra&ed,  you 
will  have  the  next  following  one.     Whence 

Cord  A=y 

3A=z+  i;xy 
5A  =  zz  +  z—  1  :  x  y 
jAzzzl  +  z?  —  2Z  —  1  :  x  Jf 
gA  —  z++z*~-  3zx —  2Z  +  1  :  X  y 
nAz=:zs  +  z* — 423 —  32*  +  32  -f-  l  :  >0 
i3A  =  z64-z5 —  5z4 — 42*  +  6z*  +  32;  —  i:xjy 
i5A  =  27  +  %6  —  6zJ  —  5z*+  ioz*  -f  6z2  — 
42  —  1  :  x  jy  •, 


and  in  general,  cord  2m  +  1  .  A  =  zw  4-  zW~" *  ~~" 


5ecfl.IV.     of  TRIGONOMETRY.  65 

azm  —  z  —  bzm  —  i  -f-  ^w~4  +  dzm  —  5  —  ezm— e — . 
fzm  —  7  &c.  then  by  conftruftion, 
f  zm+1  +  zm  — azm—1  — bzm-*-\~czm-i -\-dzm-4r —  ezm  —  $ 
1  —  zm—i —  zm—z-\-azm—3-\-bzm—4 —  czm  —  5 


—  I 


=  #»  +  *  +  %w  —  £2W— *  —  few~2  +  czw— 3  ~\-dzm-~*  —  ezm  —  5 

1 F  ■  x  «    &c. 

&c.  zz  cord  of  2^  -J-  3.  A.  Whence  a  —  a  -4.  1, 

1 

and  £  —  #  or  ^  =  1  =  m>  whence  a—m^  for  when 
1  •  •  —1 

02  =  2,    0=1. 


Again,    £  —  b  or  b—i-zzm^    and  b—m,  for 

1  •  •  —  a 

when  #z=  3,  £=  1. 


Alfo  £  =  f  +  <z,  and  r  —  c  or  c  —  ni>  whence 

I  —  V  J  •      —2 

^    m 


c--Z± 


mm 

Likewife d  —  d  or  d—h  —  m,  and  i  =  ZllZJ, 
1  •   —  1    —3  2 

^    m  m   m   m 

Alfo  *  =  c,  =  J^UI^  and  *  =  -s-*-%  like- 
.  _i  2  2.3 

m     m     m  m    m    m   m 

wife/r=  J3  and  /=:  —6  -  $  —  4?  ^  _  ~  7  —  6  --  5  —_^ 

•    -1  2.3  2.3.4 

m    m    m  m  m...m  m  . .  .m 

2.3.4  2.3.4.5  2.3.4.5 

whence  the 


Cord  of  the  im  -f- 1  .  ^/r£  =  jy  x  /#/0  %w  4-  zm-~l  — 
2;m     -  —   — zm  -J4.   ... ~zm    4 

II  2 

F  4- 
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4-.       JZ             ^zm—  s- , — 2 

2 

.w  —  4.^— 

2-3 
w — 4 . . . .  w— 

■J  rvttl'—  6 

m — 4-^ — 5-tn — 6     t^  j 

""7^w— -8 

■  '"■- ■"■          j          i  ■ 

2  -3 

2.3.4 

-5 ™  — 

2 • 3-4-5 

.  confirmed  f 

,   m — 5 m—  8^,_,_»- 

'            2-3-4 
ni--6....m—  iorB_n. 

■  9.2m— 10 

O  02-J-  I 

2  .  3  -4-5 
terms. 

PROP.     XXXII. 

G&/*#  /£*  cord  of  the  fupplement  of  an  arch,  and  the 
cord  of  the  fupplement  of  twice  the  arch  j  to  find  the 
cord  of  the  fupplement  of  2m  -j-  1  times  the  arch. 

Let  radius  zr  i,  arch  =  A,  cord  fup.  A  zz  #,  cord 
fup.  2A  =  2;,  then  as  in  the  laft  prop.   cord.  fup. 

im  +  3  ,  A~  2  X  cord. fup.  2^^  i.A  —  cord. fup. 
2m—  1. A  ;  that  is,  if,  in  a  feries,  any  one  be  multi- 
plied by  z,  and  the  foregoing  fubtra&ed,  you  will 
•have  the  next  following  one.     Hence  cord .  fup. 
of     A  zz  x 

3  A  zz  z —  1  :  x  x 

5  A  zr.  Z1  —  Z  —   I  X  X 

7A  ZZ  %3  —  Zz — 2Z    +  I  XX 

9A  ZZ  Z+ Z> — 3*1  +  2*+  I  X  X 

nAz  z5 — z* — 42:*  +  zzZjr  3Z — ink 
And  in  general,  cord  .  fup.  2m-f-i  .  A  =  zm  —  zm—  * 
—  azm~  2  -j  -  bzm  —  3  ~\-  czm  —  4  —  dzm  —  s  —  ^w—$ 
&c.  therefore  by  conftruftion 

—  izm~1-{-izm'-z-\-azm-s  r  ^c*  ~ 
s*  i  *  —  2*  -v-  0g«—s  J^-  bzm~~2-\-£Zm—s  —  cord.  fup. 


2m  -f  3  ,  A  ;  hence  #  zz  0  +  i,£  =  £  +  i,f  =  *  +  ^ 

1  1  1  —1 
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d  n  d  4-  ^  &c'  a^  as   *n  ^ie  ^a^  prop,  and  there* 
i  —  i 

fore  the   coefficients  a,  £,  c,  &c.  will  be  ihe  very 
faine,  whence  the 

Cord .  /^.  2w  +  i  ^  A  =  x  X  into  a*  —  z*->  — 


z  m—*    -f    —    £w     3  + 


I 


tn  ; —  2.  m  —  4  m-*—  \.m  —  4 .  h 


9         ) 


.   ,  w— 4.m  —  £.';« —  6  ,  03 — 4....W  —7 

2.3  J  2.3.4 

Cor.   1.  If  rad.  =  i,  £  =  ^ri  .  y#/>.  0/ 


2  to  -r  1 
^07*/  of  the  circumference,  thin  o  =  zm  —  2"—;  — 

#z  —  1  .      m  —  2  m  —  2  .  m  •  --   ^ 

II  2 

2»-4  &C. 

For  if  Tm  +  1  X  A  —  femicircumference,  then 
the  cord  of  the  fup.  and  the  general  feries  is  =  c, 
and  may  be  divided  by  x.  And  in  that  feries  z  7^ 
cord.  fup.  ?.A,  or  of  the  2m  \-  Ith  part  of  the  cir- 
cumference. 

PROP.     XXXIII. 
The  tangent  of  an  arch  A  being  given  •,  to  find  the 
fine  and  cqfme  of  n  times  the  arch. 

Let  /  =  tan.  A,   then  by  Prop.  XXIV\  S   »A  a= 

y . £-  A  &C.   but  -  =  -,  and 

r*  ~~ A  2  .  3  .  ,vx  #        r 

rr  ##n  —  T v      nxvry  _   fr#"*   : 

#  —  —r - — >  therefore-- ~  or — = 

V  rr  ■+•  //  r*  — *         r\v  r 


w*/           ,          0     A            rr"/        .   ?z — u* — 2  ?/ 
-, ,  whence  S.#  A  =  -  _  - a ~*~ 


—- — — — .,    '  . 1 — —  n  »         o     orr 

rr  \-itY  rr  +  tt  >  * 

A  ike. 

F  2  Like- 


68                            ffe  ELEMENTS         Book  I. 
Likewife  by  Prop.  XXVI.   Cof.  nb.  =  — 

7*»— —  I 

i-A  csV.  that  is  =  ■■  — Aar, 

whence  . 

c    a—      *w"*'        ;* — l'n — 2titA—n — 3%n — 4"ft  P. 
~r7T7HT  2'3^  4-5"" 

_^Z— ,— ^//c^-7.»-8.//D_^   and 
6  .  7rr  8  .  grr 


Cof  nA^-r—-n-n-lMA-n-2-n-3M  B 

0—4 .  n—5  .  ttr_n-  6  .  n—7  .  tt  p  ^ 
5  .  6?r  7  >  8rr 

G?r.  1.  Hence  fince/=~,    therefore  ta».   »A  = 


^  -  3         2  •  3  •  4  •  5 _ 

rn — r*~2//-{-« 2r*"-4/4  tsjV. 

1.2  2.3.4 

CV.  2.  If  /*zz  fecant  of  A,  and  /  =  tan.  A,   then 

fn 

fecant  nA  = £ 


-» — 1 


n.n—i  „_ 


rn-3tt+n'-n   3r*st*-&c. 


2  1  •••.4 

rad. 


For  *Jrr*±tt^f%  and  — L.=  fecant. 

cofine 

Scholium. 
Tho'  the  principal  ufe  of  the  foregoing  propofi- 
tions  is  when  #is  an  integer  number,  in  which  cafe  the 
feries  will  always  terminate.  Yet  moil  of  thefe  feries 
will  be  equally  true  when  n  is  any  fractional  num- 
ber, if  they  do  but  converge.  For  the  inveftigation 
of  any  of  thefe  propofitions  docs  not  fuppofe  that  n 
is  always  an  integer,  it  only  fuppofes  that  n  is  1. 

SECT. 
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'      SECT.     V. 

Angular  fe£l  ions,  the  infer iption  of  pollygons,  the 
properties  of  the  cords  or  fubtenfes  of  arches. 


PROP.    XXXIV, 

If  any  arch  of  a  circle  as  AR  be  given,  and  there  be   FIG, 

taken  the  arch  AD=-.  the  arch  AR  •,  n  being  any  in- 

n 

teger  number ;  and  if  the  whole  circumference  of  the 
circle  be  divided  into  n  equal  farts  at  the  points  D,  E, 
F,  G,  H,  &c.  beginning  at  D :  Then  I  fay  any  of  the 
arches  AD,  AE,  ADF,  AEG,  AEH,  &c.  repeat- 
ed n  times,  from  A,  will  always  end  as  R. 

Call  the  whole  circumference  C,  then  by  con- 
ftrudtion,  n  X  ADr:  AR,  alfo  n  X  DE  =  C,  and  n  X 
DEF=  2C,  and  n  X  DEG  =  3C,  n  x  DFH=  4C, 
&V.  therefore 

72XAE  or»xAD^»xDE  =AR+  C 
and  n  x  AF  or?z  x  AD-f-  nxDF  =AR~j~2C 
and  n  X  AEG  or  n  X  AD-f-  n  X  DEG  =  AR  +  3C 

«XAFHor»xAD+»xEFH=AR+4Ct?r. 
Therefore  n  x  AE,  n  X  AF,  nx  AEG,  &c.  =1,2,3, 
&c.  entire  circumferences  +  the  arch  AR.  And 
fince  any  number  of  circumferences  will  end  at  the 
point  A  where  they  began  ;  confequently  by  the  ad- 
dition of  the  arch  AR,  they  will  neceffarily  all  end 
at  R. 

Cor.  If  the  cords  AR,  BR,  AD,  AE,  AF,  &V. 
are  drawn ;  then  the  cord  AR~  cord  of  n  times  AD, 
or  of  n  times  AE,  or  of  n  times  AEF,  or  of  n  times 
AEG,  &c.  and  BR  is  the  cord  of  the  fupplement  of 
each  of  thefe. 

F  3  PROP. 
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PROP.    XXXV. 

FIG.       To  divide  an  arch  AR  into  any  number  of  equal 
parts,  as  n* 

7.  Let  the  radius  =  1,  b  —  cord  of  the  fup.  of  AR, 

or  the  cord  of  BR,  #=rBD  the  cord  fup.  firft  part 

AD.  Then  by  prop.  XXX.  x"  — -nx*~* -{-"•"— 3 x*-+ 

2 
&c.  —  +  b9  according  as  the  arch  AR  is  leffer  or 
greater  than  a  femicircle.     Therefore  #,  the  greateft 
root  of  this  equation,  being  extra<5ted,  will  give  BD, 
the  cord  of  the  fupplement  of  the  arch  required. 

EXAMPLE. 

If  the  arch  AR  be  lefs  than  a  femicircle,  and  is 
to  be  divided  into  7  equal  parts  ;  then  n  e  7,  and 
you  will  have*7  —  yxs  +  14** — jxz=:b,  whofe greateft 
root  x  is  BD,   the  cord  of  the  fupplement  of  AD 

required, 

*, 

Ojberwiji. 

Tetrad,  si,  cord  AR—b,  cord  AD  =  ^,  then, 
by  prop.  XXIX,  you  will  havex2*  — 2nxzn~'z-\-  znx 

^— i~v-~~3,  cpc^  ton  terms  _ +bb9  according  as  n 

2 
is  odd  or  even.    Then  extraft  the  leaft  root  xx  of 
this  equation,  and  then  its  fquare  root  x  will  be  =t 
AD,  the  cord  of  the  firft  of  the  equal  parts.    Or  thus> 

nn.  nn — 1       .  nn.nn — i.nn — 4    6     co 

put    nnxx-« : x * h-- 3  x      csfr, 

2.1-2.3  3.1.2.3-4.5 

=  bb'%  &c. 

EXAMPLE. 

If  AR  was  to  be  divided  into  5  equal  parts,  then 
».==.  5,  and  x  ° — 10^+35/ — 56^*-J-25X*t=W;  whofe 
leaft  root  *#  is  the  fquare  of  AD,  and  >;~AD,  the 

cord  of  —  part  of  the  arch  AR, 
n 

Cor- 
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Cor.  If  you  continue  to  extract  all  the  roots  x,  you   FIG. 
will  get  the  values  of  all  the  cords  BE,  BF,  BG,  &c.       7. 
by  the  former  method ;    or    of   the  cords  AE,  AF, 
AG,  &c.  by  the  latter  method  -7   as  appears  by  cor. 
Prop.  XXXII. 

Scholium. 

If  n  is  not  a  prime  number,  but  compounded  of 
two  or  more  primes  ;  it  will  be  eafier  to  divide  the 
arch  into  a  number  of  parts  denoted  by  one  of  thefe 
compounding  numbers,  and  then  the  firft  of  thefe 
parts  into  as  many  parts  as  is  denoted  by  another  of 
them,  and  fo  on  to  the  laft, 

PROP.     XXXVI, 

*fo  infcribe  any  regular  polygon  in  a  circle. 

Let  the  number  of  its  fides  be  ==  2m  -j-  1,  an  odd      8, 
pumber.     Radius  zz  1,  z  —  the  unknown  cord  BD, 
or  the  cord  of  the  fupplement  of  one  part  AD.  Then 

by  cor.  Pr.  XXXII.  z™  —  %m  -  ■  —  ?  ~  **»  -  *  -f 


m  —  2 


zm  —  3  &c.   zz  Gs  therefore  the  greatefi  root 


will  give  BD,  and  V4  —  zz  zzjide.  of  the  polygon  AD, 
required. 

EXAMPLE. 

In  a  heptagon,  2m  +  1  =  7,  or  m  zz  3,  then  by 
the  former  equation  zl  — zz  —  2Z  -}-  1  zz  o,  and 
the  greatcft  root  z  gives  the  value  of  BE,  and 
^4 — zz  zz  AE,  the  fide  of  the  heptagon. 

Otherwife. 

Let  n  ==  number  of  fides,  rad.  zu,  x  zz  cord  of 
the  fup.  of  the-  nlh  part  of  the  circle.     Then,  finee 

F  4  thQ 
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FIG.    the  cord  fubtending  the  whole  circle  is  05  therefore 

9.       by  Prop.  XXVIII.  yxn~*  —  IZL?)w«-3,&c.  =  o, 

therefore,  dividing   by  y,    you  will  have  xn~  ■*  — 

iz^-s  +  iELiZf^-5  &c.  =  o,  «*- 


trail  the  great  eft  root  x  of  this  equation,  then  1/4  —  xx  — 
fide  of  the  'polygon. 

EXAMPLE. 

In  a  pentagon  n  =  5,  then  a;4  - —  3#2  -f-  1  —  Q« 
and  #*  =  2-  ~*~    ..5,  the  greateft:  root,  and  ^4— ##  r: 


,V  5 ^5  the  fide  of  the  pentagon. 

■v  2 

Scholium. 

When  the  number  of  fides  is  not  prime;  it  will 
be  eafier  to  divide  the  circumference  into  a  number 
of  parts  denoted  by  one  of  the  primes  that  compofe 
it ;  and  then  one  of  thefe  parts  into  as  many  parts 
as  is  denoted  by  another  of  the  compounding  prime 
numbers,  and  fo  on  till  all  the  primes  which  com- 
pofe the  given  number  be  exhaufted. 

PROP.    XXXVII. 

10.  If  the  arch  D  AF  of  a  circle,  whofe  diameter  is  AE, 

he  divided  into  an  even  number  of  equal  parts  at  C,  B, 
A,  H,  G,  &c.  and  there  be  drawn  the  lines  BH, 
CG,  DF,  &c.  perpendicular  to  the  diameter  AE  ; 
andlikewife  the  cords  AB,  BE  :  I  fay,  the  fum  of  the 
lines,  BH,  CG,  &c.  +  half  the  left,  that  is,  BH  -£. 

CG-l-DQz:A0^EB. 
AB 

For  draw  the  lines  CM,  DG,  &c.  then  all  the 
triangles  BAK,  KHL,  LCM,  MGN,  NDO,  &c. 

are 
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are  fimilar.  Therefore  BK  :  KA  :  :  HK  :  KL  FIG. 
:  :  CM  :  ML  :  :  GM  :  MN  :  :  DO  :  ON,  8fc.  10. 
therefore  BK  :  AK  :  :  BK  +  KH  -f  CM+GM  + 
DO  :  AK  +  KL  +  LM  +MN  +  NO::  BH  + 
CG  4-  DO  :  AO.  But  EB  :  AB  :  :  BK  :  AK  :  : 
BH  +  CG  4-  DO  :  AO,  therefore  AB  x 
BH  +  CG  ^  DO  =  AO  x  EB. 

Cor.  I.  If  the  circle  ADG  be  divided  into  an  even 
number  of  equal  parts  at  A,  B,  C,  D,  E,  F,  &c. 
and  all  the  lines  BH,  CG,  DF,  &c.  be  drawn,  and 
alfo  AB,  BE.     "Then  the  fum  of  all  the  lines  BH  ~j- 

CG  +  DF,  &c.  -  AE  *  EB. 

For  here  the  bafe  of  the  fegment  is  o3  and  the 
points  D,  O,  F,  E  coincide. 

Cor.  2.  If  a  femicircle  ABE  be  divided  into  any 

number  of %  equal  parts,  as  n,  at  the  points  B,  C,  D,  &c. 

and  the  fines  BK,  CM,  DO,  &c.  be  drawn  \  then  I 

fay,  the  fum  of  all  the  fines ^  BK  -f-  CM  -f  DO,  &c. 

_  AE  x  EK 

2BK 

EB       EK 

For  by  fimilar  triangles =  — -  ;  and  taking 

y  5      AB        BK  * 

half  of  the    quantities  in   Cor.  I.     BK  -^  CM  4- 
AE.LB^AI^EK  ' 

■      zAB  aBK 

t 

Cor.  3.  Let  radius  —  r,  — 1  zz  A,    n  being  any 

n 

integer,     s  —  S.  A.  c  =  cof  A,  then  the  fum  of  all  the 

fines  of  A,  2  A,  3  A,  4  A,  &c.  in  the  femicircle,  is  = 

r  -f-  c 


r. 


Cor. 
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FIG.        Cor.  4.  Hence  the  area  of  the  curve,  made  by  erecting 

all  the  fines  perpendicular  to  a  line  equal  to  the  femicir- 

10.      cumference,  or  as  it  is  commonly  called,  the  area  of  the 

figure  of  fines,  is  =  2rr. 

For  if  n  be  infinite  and  A  be  =  1  =  s,  then  c  -=ir, 
and  the  fum  of  all  the  fines  or  area  of  the  curve  — 

irr 

—  —  zrr. 


PROP.  XXXVIII. 

*o.  If  the  circumference  of  the  circle  ADG  be  divided 
into  an  even  number  of  equal  parts,  at  the  points  A, 
B,  C,  D,  &c.  and  the  parallel  chords  AB,  CH,  DG, 
&c.  be  drawn  •,  I  fay,  the  fum  of  all  the  cords  AB  -f. 

CH  +  DG  4.  EF,  &c.  =  &§£ 

T         -      .  AB 

For  by  fimilar  triangles,  AE  :  AB  :  :  Afi  :  AK 
:  :  HL  :  KL  :  :  CL  :  ML  :  :  GN  :  MN  :  :  DN  : 
NO  :  :  FE  :  EO ;  and  by  compofition  AE  :  AB  :  : 
AB  +  CH  +  DG-J-FE:  AE. 

Cor.  1.  If  a  circle  is  divided  into  an  even  number 
of  equal  parts,  and  A  be  one  of  the  parts.  'Then  the 
fum  of  all  the  cords  of  2  A,  4 A,  6  A,  8  A,  &c.  is  to 
the  fum  of  all  the  cords  of  A,  3  A,  5A,  7  A,  &c.  :  : 
as  EB  :  to  EA. 

For  BH,  CG,  DF,  &c.  are  the  cords  of  2 A, 
4A,  6A.  And  BA,  CH,  DG,  &c.  are  the  cord? 
of  1  A,  3 A,  5 A,  &c.     And  the  firft  fum,    is  to 

the  laft,  as  AE  X-~  to  —,  or  as  EB  :  to  AE. 
AB  AB 

Cor.  2.  If  a  femicircle  is  divided  into  any  even  num- 
ber of  equal  parts,  asn-,  and  if  Abe  one  of  thefe  parts, 
and  s  =  S.  A,  radius  —  r  ;  then  the  fum  of  the  fines 


rr 


of  A,  3  A,  5 A,  7  A,  &e.   =  —  =  cofec.  A 


This 
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This  follows  from  this  prop,  taking  half  the  cord    FIG. 
for  the  fine  of  half  the  arch.  10. 

Cor.  3.  If a  femi  circle  is  divided  into  an  even  number 
of  equal  parts,  and  A  be  one  of  thefe  parts,  and  rad. 
-r,  S.  fizz  s,  cof  A  =:  c ;  then  the  fum  of  all  the 
even  fines  in  the  femicircle,  that  is,  the  fum  of  the  fines 

of  2A,  4A,  6A,  8A,  &cc.  —  CL  —  cotan.  A. 

For  by  Cor  f Pr.30  A  2A,3A,4A&c.  =  r-±£r 

fum  of  the  fines  ot  f  'J    ,T  s 


And  by   the  laft  cor.|  *        q\ 
fum  of  the  fines  off     * 


rr 


5A&c.  =  i: 


Therefore,  dif.  =  2 A     4A,     6A&C.  =  —. 


PROP.  XXXIX. 

If  the  circumference  of  a  circle,  whofe  diameter  is  7; 
AB  and  center  C,  be  divided  into  any  odd  number  of 
equal  parts,  as  n,  at  the  points  D,  E,  F,  G,  H,  I,  K ; 
and  if  from  any  point  A,  there  be  drawn  the  cords 
AD,  AE,  AF,  AG,  AH,  &c.  and  if  there  be  taken 
the  arch  ARz  «  x  arch  AD,  avd  the  cord  AR 
drawn  ;  /  fay,  the  produSl  of  all  the  cords  AD  xAE 
x  AFx  AG  x  AHx  AI  x  AK  =  ARxCB*-1. 

1.  Let  the  line  QAP  be  fuppofed  to  revolve  about 
the  point  A,  the  common  origin  of  all  the  arches  ; 
then  will  the  part  AP  pafs  thro'  the  circumference 
of  the  circle  AEBH  A.  And  if  the  line  ftill  con- 
tinues to  revolve  about  A,  then  the  other  end  AQ^ 
will  alfo  pafs  thro5  all  the  points  of  the  circumference 
AEBHA.  And  if  the  line  ftill  revolves  forward, 
then  the  part  AP  pafles  again  thro'  the  circle 
AEoHA,  &c.  and  fo  on  alternately.  Now  if  from 
A  to  any  point  of  interfe&ioo  as  R,  the  cord  AR  be 

drawn, 
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FIG.  drawn.,  this  cord,  AR  will  be  affirmative  in  going 
7*  the  firft  time  about  the  circle;  but  negative,  the 
fecond  time  about;  beeaufe  then  AR  will  lie  from  A 
towards  Q,  in  the  revolving  line,  which  is  the  con- 
trary way  to  what  it  laid  before;  likewife  in  going 
the  third  time  about,  AR  will  be  affirmative,  and 
the  fourth  time  negative,  and  fo  on  alternately. 
Therefore  "in  general,  let  C  zz  circumference,  A  = 
any  arch  lefs  than  C  ;  then  the  cords  of  A,  2C  +  A, 
4O+  A,  &c.  or  of  any  even  number  of  C*s  +  A, 
will  be  affirmative.  And  the  cords  of  C-f  A, 
3C  4-  A,  5^  +  A,  &c.  or  of  any  odd  number  of 
C's  +  A,  will  be  negative. 

2.  Let  AR  =  c,  x  =  cord  of  the  fingle  arch. 
Now  fince  n  times  the  arch  AD,  AE,  AF  &c.  all 
end  at  R  (by  Prop.  XXXIV.)  and  therefore  have 
the  fame  cord  AR  ;  confequently,  by  Cor.  1. 
Pr.XXIX.  wefhall  have 

Cafe  1.  tc*  —  r/xn~~2  &c.  rr  +  c>  the  cords  of  A, 
2C+ A,  4C  + A&c. 
or  the  cords  of  u  x  AD,  n  x  AF,  n  x  AH  &c. 

Cafe  2.  xn  —  nxn  — 2  &c.  =  —  ^,    the  cords  of 
C  +  A,  3C  + A,  5C  + A  &c. 
or  the  cords  of  n  x  AE,  n  x  AG,  n  x  AEH  &c. 

And  in  cafe  ift,  the  root  AD,  being  affirmative, 
the  others  AF,  AH  &c.  are  affirmative  for  the  fame 
reafon. 

And  in  cafe  2 d,  the  root  AE  is  affirmative,  and 
likewife  the  roots  AG,  AI.  But  it  is  fhewn  in  al- 
gebra, that  if  the  figns  of  all  the  even  powers  in  an 
equation  be  changed,  the  affirmative  roots  are 
changed  into  negatives,  and  the  contrary.  And  in 
cafe  2d,  all  the  even  powers  of  x  are  wanting,  except 
r,  therefore  in  cafe  2d,  changing  —  c  into  +  cy  we 
have  xn  — fix***2  &c.  =  +  r,  in  which  equation, 
AE,  AG,  A I  &c.  are  negative  roots.  But  this 
equation  is  now  the  fame  as  Cafe  1.  therefore,  in 

general, 
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general,  in  the  equation  xn  — nxn  — 2  &c.  =  f,  the  FIG- 
affirmative   roots    are  AD,  AF,  AH  &c.  and  tfre      7. 
negative  one  AE,  AG,  AI  &c. 

3,  It  is  fhewn  in  algebra,  that  in  any  equation,  as 
xn  — nxn  —  z  &c.  =  cy  or  rather  xn  —  nrzxn  —  z  &c. 
ssa*""S  ^e  abfolnte  number  is  equal  to  the  pro- 
du6t  of  all  the  roots  j  therefore  AD  X  AE  X  AF  x 
AG  &c.  —  crn-J. 

Cor.  1.  The  fum  of  all  the  odd  cords  is  equal  to  the 
fum  of  all  the  even  ones,  AD  -f  AF  4-  AH  4-  AK 
s=AE  +  AG-f  AI. 

For  it  is  fhewn  in  algebra,  that  the  coefficient  of 
the  fecond  term  is  =  fum  of  all  the  roots ;  and  here 
the  fecond  term  is  wanting,  and  therefore  AD  — 
AE+AF-  AG&c.  =  0. 

Cor.  2.    If  the  femicircumference  he  divided  into    11, 
any  odd  number  of  equal  parts,  as  n ;  whereof  the 
two  firft  are  BF,  the  two  next  EF,  the  two  next lED 
&c.  and  if  the  cords  AF,  AE,  AD  &c.  be  drawn: 
then  the  product  of  all  thefe  cords,    AF  x  AE  x  AD 

n  —  1 

==    CB— • 

For  if  AD  -  AK,  then  R  and  G  fall  in  B,  and     7. 
AE  —  A  I,  AF  =  AH  &c.  therefore  by  this  prop. 
AD4  x  AE1  X  AFa  x  AB  =  AB  x  r»~K 

Cor.  3.  The  fame  things  fuppofed  as  in  the  laji  cor. 
I  fay,  AF  —  AE  +  AD  &c.  =  CB. 
For  by  Cor.  1.  2AD  +  2AF  =  2 AE  +  AB. 

Cor.  4.  If  arch  BR  =  n  x  BG,  and  the  cord  AR 
drawn,  and  the  reft  be  done  as  is  fuppofed  in  the  prop, 
then  the  produSl  of  all  the  cords  AD  X  AE  x  AF 
&c.  =  AR  x  CB«->,  and  AD  +  AF  +  AH  + 
AK  =  AE  +  AG  -f  AI. 

For 
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FIG.       For  it  will  appear  with  a  little  confideration,  that 

7#      AD  +  BG  =  half  of  DEr-,or«xAD+«x 

is 

BG  =  £  C.    But  n  X  BG  =  BR,  therefore  »xAD 

ss   i  C  —  BR  =  AR,    therefore  this   car.  comes 

to  the  cafe  of  this  propofition. 

Cor.  5.  If  a  quadrant  be  divided  into  any  odd 
number  of  equal  parts,  as  n  ;  and  A  be  one  of  thefe 
parts,  radius  =  r.  Then  the  produft  of  all  the  fines , 
of    1  A,    3  A,    5 A,  7 A  &V.   in    the    quadrant  = 

"71  % 

This  follows  from  Cor.  2.  taking  half  the  cord 
for  the  fine  of  half  the  arch,  and  half  radius  for 
CB,  and  multiplying  both  fides  by  r. 

PROP.    XL. 

gl  If  the  circumference  of  a  circle \  whofe  center  is  C, 

be  divided  into  any  odd  nnmber  of  equal  parts,  as  n, 
at  the  points  A,  E,  F,  G,  H,  1,  K,  and  from 
anyone,  as  A,  to  all  the  peft,  there  be  drawn  the  cords 
AE,  AF,  AG  &c.  I  fay  the  produft  of  all  the 
cords,  AE  X  AF  x  AG  X  AH  x  AI  x  AK  =  ^ 
XAC»-i, 

For  let  the  arches  AD,  AR  be  infinitely  fmall, 
and  they  will  coincide  with  their  cords  5  then  the 
cord  AD,  is  to  the  cord  AR,  as  1  to  n,  and  with 
this  ratio  the  cords  AD,  AR  vanifh  when  A  and 
D  coincide,  and  therefore  by  Prop.  XXXVII.  1  x 
AE  X  AF  x  AG  &c.  =  n  x  CB—'. 

Otherwife. 

If  AD  be  c=  o,  then  n  times  the  arch  AE,  AF, 
AG  &c.  always  ends  at  A,  and  therefore  c,  the  cord 

of 
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of  thefe  multiple  arches  is  =  o,  therefore  if  s  =  cord  FIG. 
of  the  fingle  arch,  we  fhall  have  (by  Cor.  2.  Prop.      7- 

XXV.)  ns : —  j5  &c.  zr  o,  wherein  one  root  s 

2^rz 

is  no,  and  the  equation  being  divided,  we  have  n — 

sz  &c.   —  o,  wherein  the  abfolute  number  is 

2qrr 

n  or  rather  nrn—J,  which  therefore  is  equal  to  the 

produd:  of  all  the  roots,  whofe  number  is  now  n  —  1. 

Cor.   1.  If  the  femicircumference  AEB  be  divided     5; 
into  any  odd  number  of  equal  parts,  as  n  ;  whereof  the- 
two  firft  is  AE,  the  two  next  EF,  the  two  next  FG 
&V.     And  the  cords  AE,  AF,  AG  &c.  be  drawn : 
I  fay,  the  product  of  all  the  cords  AE  x  AF  x  AG 

n —  1 

&c.  =  CB~  X  \fn. 

For  AE  =  AK,  AF  =  AI  &c.  therefore  AE2  x 
AF*x  AGz:z  «xAC»-x. 

Cor.  2.  If  the  quadrant  of  a  circle  be  divided  into 
any  odd  number  of  equal  parts,  as  ny  and  A  be  one  of 
them  •,  then  the  product  of  all  the  cofines  of  A,  3  A, 

n  —  I  St 


X\/». 


5A,  7  A  Wc.  -  t 

This  follows  from  the  Jaft  cor.  becaufe  fAG, 
fAF  &c.  are  the  cofines  of  iBG,  fBF  &c.  or  of 

A,  3A&C. 

Cor.  3.  Hence  alfo,  the  fame  things  fuppofed  as  in 

this  prop,  the  fum  of  the  fqtiares  of  the  cords  AE1  -f- 

AF2  +  AG*  +  AH1  +  AP  -f  AK1  —  ^n  x  CB*. 

n^ — n 

For  in  the  equation  ns sl  &c.  =s  o,  or  ra- 

247T 

ther  by  Cor.  1.  Prop.  XXIX.  xn  —  nxn~*  &c.  =  o, 

one  root  x  =  o,  which  being  divided,  xn— *  —  nxn~~  3 

&c.  5=  o,  fince  here  the  index  decreafes  by  2,  there- 

l  fore 

V 
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F  I G.    fore  xx  is  the  root  of  the  equation,   and  n  or  nrz  the 

9.      coefficient  of   the  fecond  term  is  the  fum  of  the 

roots,  that  is,  of   the  fquares   of  AE,  AF,  AG  5 

which  doubled  gives  the  fum  of  all  the  fquares. 

PROP.    XLL 


12. 


If  the  circumference  of  a  circle,  whofe  center  is  C, 
and  diameter  AB,  be  divided  into  any  even  number  of 
equal  parts,  at  the  points  D,  E,  F,  G,  H,  I ;  and 
from  any  point  A,  there  be  drawn  the  cords  AD,  AE, 
AF  &c.  And  the  arch  AR  be  taken  =  n  x  arch  AD, 
and  the  cord  AR  drawn  •,  then  the  product  of  all  the 
cords  AD  x  AE  x  AF  x  AG  x  AH  x  AI  =  AR 
X  CB*-1- 

Let  cord  AR  =  c,  and  x  =  cord  of  the  fingle  arch, 
then  by  Prop.  XXIX.  we  have  —  xzn  +  2nxzn  —  2  &c. 
=  cc.  But  xx  or  the  roots  of  this  equation  are 
AD%  AE*,  AF2  &c.  and  therefore  their  produft 
ADZ  x  AE2  &c.  zz  cc  or  rather  or2*--2,  and  ex- 
tracting the  root,  AD  x  AE  X  &c.  =  crn~J. 

Cor.  1.  The  fum  of  the  fquares  of  all  the  cords  AD* 
+  AE2  +  AFZ  +  AG2  +  AH2  +  AP  =  in  x  CB\ 

For  the  coefficient  of  the  fecond  term  is  the  fum 
of  all  the  roots  zz  in  or  inrz. 

jo  Cor.  2.  If  the  femi circle  AEB  be  divided  into  an 

even  number  of  equal  parts,  as  n  ;  and  the  odd  cords 
AD,  AE,  AF  drawn  ;  I  fay  their  product  AD  X 


12. 


AE  x  AF  =  CA^  x  V2. 

For  in  this  cafe,  AD  =  AI,  AE  =  AH,  and  AF 
=  AG,  and  AR  =  2CB,  therefore  AD2  X  AE*  X 
AF*  =  ARx  CB«~*  m  2CB\ 


PROP. 
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PROP.    XLII. 

If  the  circumference  of  a  circle,  whofe  center  is  Cf    F  J  **• 
he  divided  into  any  even  number  of  equal  parts,  at  A,        •■ 
D,  E  &c.  and  from  one  of  them  as  A,  there  be  drawn 
to  all  the  reft  the  cords  AD,  AE,  AB,  AG,  AH  ; 
I  fay  the  produSl  of  all  the  cords,  AD  X  AE  x  AB 
X  AGx  AH=  «xCB»-'. 

For  n  X  AD,  n  x  AE  &c.  all  end  at  A,  and  their 
cords  =  o,  therefore  by  Cor.  i.  Prop- XXIX.  xn~ * 

—  n  —  2  .  xn~  3  &c. ...  +  4-  »#  •  X  ^4  -  -  #*,  =  o, 
and  one  root  #  =  o,  and  dividing  the  equation  by 
it  and  the  correfpondent  cord  of  the  fupplement 
^4 — xx  (which  here  is  AB),  and  we  fhall  have 
+  #*-*  ~  n  —  2.  #n-^4#...  +  4^  —  0,  where  4#  or 
^nr*— 2  is  the  re&angle  of  the  remaining  roots  AD, 
AE,  AG,  AH,  which  multiply  by  2r,  and  you 
have  AD  X  AE  x  AB  &c.  ~  nrn-K 

This  prop,  is  alfo  evident  from  the  laft  prop,  by 
fuppofmg  AD,  AR  infinitely  fmall,  and  to  vanifh 
in  the  ratio  of  x  to  n. 

PROP.   XLIII. 

If  the  circumference  of  a  circle  AFHA,  whofe  i* 
diameter  is  AB  and  center  C,  be  divided  into  any  jc 
even  number  of  equal  farts,  as  nr  at  the  points  D,  E, 
F,  G,  H,  I ;  and  from  any  point  B  in  the  circum- 
ference, there  be  drawn  the  cords  BD,  BE,  BF  &c.  and 
if  the  arch  AR  be  taken  =  n  x  anb  AD,  and  the 
tord  BR  drawn ;  /  fay, 

'The  produft  of  the  fquares  of  the  odd  cords  BD2  X 
BF*  x  BH1  =  BA  +  BK  x  CB"-1,  when  in  is  an 
odd  number  ;  and  =  BA  —  BR  x  CB*-1,  when  ~n 
is  an  even  number. 

G  And 
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FIG.  And  the  produft  of  the  fquares  of  the  even  cords 
J4-  BEZ  x  BG*  xBI>=BA  —  BR  x  CB*->,  when 
159  in  is  odd,  and  =  BA  +  BR  X  CB*-1,  when  in  is 
even. 

For  let  A  be  the  common  origin  of  the  arches ; 
and  let  the  line  PQ^  revolve  about  B,  beginning  at 
A,  and  going  through  the  femicircumference  AEB, 
in  which  any  cord  as  BR  being  drawn,  will  be  affir- 
mative. But  after  the  point  of  interferon  paffes 
through  B,  the  other  part  BQ^  paffes  through  the 
whole  circumference,  in  which  any  cord  BR  will  be 
negative  ;  then  the  part  PB  paffes  through  the  next 
circumference  from  B,  and  any  cord  drawn  in  it 
will  be  affirmative  ;  and  fo  on  alternately.  There- 
fore if  C  =  circumference,  A  =  arch  AR  lefs  than 
iC ;  then  will  the  cords  of  A,  2C  +  A,  4C  +  A 
&c.  be  affirmative,  and  the  cords  of  C  +  A,  3C  +  A, 
5C  4"  A  &c.  negative.  Put  a  =  cord  of  BR, 
then 

Case    I. 

In  the  arches  AD,  AF,  AH,  whofe  fup.  cords 
are  BD,  BF,  BH;  we  have  n  X  AD  =  A,  n  x  AF  = 
2C  +  A,  n  X  AFH  =  4C  -f  A  &c.  wherefore  the 
cords  of  n  X  AD,  n  x  AF,  n  x  AFH  are  affir- 
mative.   Whence  by  Prop.  XXX, 

#*  —  nx*—*  &c.  —  2  —  -}-  a,  when  \n  is  od^| 
and  xn  —  nxn—z  &c.  +  2  =  -f-  *z,  when  f  is  even, 
thatis**  —  nxn~ 2  &c.  =  a  +  2,  according  as  in  is 
odd  or  even.  In  which  equation  the  fquares  of  BD, 
BF,  BH,  the  odd  cords,  are  the  roots ;  therefore 
their  produdt  is  2  +  <2,  or  rather  2r  +  a  X  fnmmm  *> 
according  as  \n  is  odd  or  even. 


Case 
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Case   IL 

In  the  arches  AE,  AEG,  AEI,  whofe  fup.  cords*    FIG. 
are  BE,  BG,  BI  -,    we  have   n  x  AE  =  C  +  A,      14- 
n  X    AEG   =  3C  4.  A,    n  X  AEI  =  5C  +  A.     15* 
Therefore  the  cords  ofnx  AE,  n  x  AEG,  n  x  AEI, 
are  negative,  whence  by  Prop.  XXX, 

xn  —  nxn~7'  &c.  —  2  zz  —  a9  when  J-n  is  odd, 
and  xn  — •  nxn~2  &c.  +  2  =  —  #,  when  i#  is  even; 
that  is,  #»  —  nxn—2>  &c.  +  ^  +  2  z^z  o,  as  f#  is  odd 
or  even.  Wherein  the  fquares  of  BE,  BG,  BI,  the 
even  cords  are  the  roots,  and  therefore  their  pro- 
duct is  a  T  2  or  rather  2r  +  a  x  r*"" x,  according  as 
in  is  odd  or  even. 

Cor.  1 .    The  fame  things  fuppofed ,  the  fum  of  the     1 4; 
fquares  of  the  odd  cords ,  *w  ^^0  /#*  yaw  of  the  fquares 
of  the  even  cords,  BD2  +  BF2  +  BH2  or  BE*  + 
BG2  +  BP  =  n  X  CB\ 

For  the  coefficient  of  the  fecond  term  in  both 
equations,   is  n  or  »r\  the  fum  of  the  roots. 

Cor.  2.   The  produ5l   of  the  fquares  of  the  odd. 
cords  +  the  product  of  the  fquares  of  the  even  cords, 
that  is,   BD*  x  BF2  x  BH2  +  BE2  x  BG2  x  BP 
=  4CB*  . 

Cor.  3.  Hence  alfo  if  the  circumference  he  divided  16, 
into  an  even  number  of  equal  parts  as  n  ;  and  cords  be 
drawn  from  any  point  B  to  all  the  reft,  then  the  fum 
of  the  fquares  of  the  alternate  cords  will  be  equal  to 
each  other,  and  to  n  X  CB2 ;  BA2  +  BF2  +  BH2  + 
BL2  +  BN2  =  BE2  +  BG2+  BM2  +  BO2  =  n  X 
CB2. 

This  follows  from  Cor.  1.  fuppofing  the  point  G 
to  coincide  with  B,  and  D  with  A  in  Fig.  14,  15. 

G  2  Cor, 
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FIG.       Cor.  4.  If  the  arch  AR,  the  multiple  of  AD,  be 

1 6.     greater  than  half  the  circumference  •,     then  the  cord 

of  the  fupplement  will  be  —  a.     In  which  cafe  you 

mujl  write  —  BR  for  -f  BR,  and  +  BR  for  —  BR, 

in  the  prefent  proportion. 

Scholium, 

Since  the  fquare  of  the  cord  =  verfed  fine  x  di- 
ameter, therefore,  in  the  foregoing  propofitions,  and 
their  corollaries,  you  may,  by  fubftitution,  find  the 
fums  or  produ&s  of  the  verfed  fines  of  arches,  in- 
Head  of  the  fums  or  produ&s  of  the  fquares  of  the 
cords  correfponding  to  them. 

PROP,   XLIV. 

\j.  If  the  circumference  of  a  circle \  whofe  diameter  is 

y%.     AR,  and  center  O,  be  divided  into  any  number  of  e- 
qual parts  as  n\  at  the  points  A,  C,  E,  G  &c.   begin- 
ning  at  A  ;  and  from  any  point  P  in  the  diameter  AR, 
"  be  drawn  the  lines  PC,  PE,  PG  &c.  Ifayy  the  pro- 
duct of  all  the  lines  APxPCxPExPG  &c.    thro' 
■  the  whole  circle  is  —  AO  —  OP77. 

For  draw  the  cords  AC,  AE,  AG  ;  and  from 
C,  E  £s?f.  let  fall  perpendiculars  upon  the  diameter 
AR,  as  CI  &c.  and  let  AO  or  ORnr,  PO=tf, 
AP=r>  =  r— as     Then  PC^AP'+AO-^PAx 

AIzzyy+AC1— J  AC* 

thatis,PC2~y-L- AO 
1  r 


likewife  FEz=y+ -  AE*  y  thefe  multiplied 


alfo      PG1=y+-AGft&V. 

J     r  J 

together,   produce  PC1  xPE*  xPG2=/-f  *  >*4  X 

AC 


T\M.pa*4 
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AC*+AE*-fAG*+^/  xACxAE*  +  AC*xAG*  F J  G* 

+AE*xAG*+-X  AexAE^xAG^PCxP^x 

PExP^xPGxP^.  But  in  the  fecond  term  of 
this  equation,  AO+AE2+AGz  is  the  fum  of  the 
fquares  of  all  the  cords  (AC,  AE,  AG)  which 
call  A.  And  in  the  third  term  is  the  fum  of  all 
their  rectangles  ziB.  In  the  fourth  term,  the  fum 
of  all  the  folids  =C,  and  fo  on.  Likewife  the  in- 
dex of^y  in  thefirft  term  is  n — 1,  when  n  is  odd,  or 
n — 2  when  even.  This  being  premifed  ;  the  equa- 
tion will  be  expreffed  in  general  thus,  PCxPo<PE 

Pe  &V.  = j»-»4-Z.jf»-3  A+~y,-sB  +  -y»-7C  + 
1  r  rr  r> 

x* 

~y»-9  D  fcfr.  when  n  is  odd.     And  PC  x  Pq  x  PE  x 

Pe  &c.  ==y—«4.-y-4A  +  ~yn-*B+~y—*C8zc. 
1  r  rr  rl 

when  n  is  even.      Let  x  =  cord  of  AC,  AE,    &c. 

then, 

Case     I. 

If  n  be  an  odd  number;    then  by  Cor.  1.  Prop.      I7# 

x71 
XXIX.  the  cord  of  n  times  that  arch  =  ■ 

nxn~ a 


&c.=o  in  this  cafe.  But  here  one  root  is  #:=o, 

by  which  dividing  the  equation,  and  multiplying  by 

f*~i9  you  will  have  x"-*1 — »r^"J-f- — 2r4x"~-5 — 
z 

„ Z 2rpx"""7  &c.  =0,  wherein  the  roots  are 

0 

AC,  AE,  AG,  Ag-,  Ae,  Ac.  But  fince  AC= 
Ar,  AEzzA^,  AG=Ag,  and  fince  in  this  equati- 
on there  are  only  the  even  powers  of  x  \  therefore  xx 

Q  3  is 
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FIG-    is  the  algebraic  root  of  it,  and  all  the  particular 
17-     roots  are  AC2,  AE\  AG1. 

But  in  every  equation,  the  coefficient  of  the  fecond 
term  is==  the  fum  of  all  the  roots,  therefore  AC* 
4-AE*+AG*=:iW*=r  A.    The  coefficient    of  the 

third  term  —  fum  of  all  the  redangles  zz  — -V* 

2 

=  B,  the  coefficient  of  the  fourth  term  .:=  fum  of 

all  the  folids  =  C  =  »•»— 4-*-5  r\  ancj  fo  on. 

6 
Therefore  puting  for  A,  B,  C  &c.  thefe  their  va- 
lues, and  we  ftalJ  have  PC  x  PEx  PGx_P^&c.= 

r-i  -L  Hy-3xm*-\-— y'—5Xn-n~3ri&c.=z 
r  rr  2 

y—t  4.    nrxy"-  3  +    n  '  n  ~~~  3rtx*y  _  s    ^. 

\'n~~4r;n~~5rWy*--7  &c.  that  is  (puting  r  —  x 

6  .      * 

forjy  and  involving) 


■'  n—x.n  —  2  n -    .      n — \.n — z.n — 2  n — 4.     „  „ 


6 


#  «  » —  3 


•Mf**-**/ 1 -rn~  Sxi+n.n—  3. ft—  4  «-~4v^ 


^tf 5^-3  ^  +  __5 5 -'■* — 4^3esTr. 

r  2  ^ | 

n.n—  \*n  —  5    «— 4 


»&fr. 


.  11  —  1 

+ AT 


Then  multiply  by  PA  or  r  —  * ,  and  you  will  have 
PA  x  TC  X  PE  X  PG  X  P£X  P'X  Pc  =r»—x«- 


Case 


rV*-8  &c.  =  o,  in  which  there  be- 
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Case     II. 

If  n  be  an  even  number ;  then  by  Cor.  i.  Prop.    FIG. 
XXIX.  the  cord  of  n  times  the  arch  —  \/^rr~xx  x 

. — i &c.  2:  o,  in  which  is  one  root 

y*  —  i  pn  —  3 

x—oy  and  dividing  the  equation  by  x  and  the  cor- 

refpondent  cord  of  its  fupplement  *J  ^rr—xx  (which 
here  is  AR),  and  multiplying  by  r"  —  1,  you  will 

have  x*  ~  *  ~!ZZ2:r-x»  -  4  +  n~ 3'n~~  4r4^6^ 

I  2 

n — 4.0 — 5.0 —  6 

ing  onlv  the  even  powers  of  #,  the  roots  are  AC% 
AE*,  AG*, 

But  in  this  equation,  the  coefficient  of  the  fecond 
term  is  =  fum  of  all  the  roots  AC*  +  AE*  +  AGa  = 
n — 2  xrz= A.  The  coefficient  of  the  3d  term  is  the  fum 

of  all  their  redtangles  =  n  ~ ' 3  '  *  ~  V  =  B.  Theco- 

2 

efficient  of  the  fourth  term  is  the  fum  of  all  the  fo- 

lids  =  n~4r.n-s.n- 6^     Q  and fo  Q^   Ther£. 

6 
fore  puting  for  A,  B,  C,  &c.  their  values  in  the  ge- 
neral equation,  we  have  PC  x  PE  X  PGxPg  &c. 

x            — —         xz            n — 3.0 — 4 
—  y  — a-^-J*  — 4X0  —  2.r*-J-~y»  — 6x r* 

&c.  —yn"9'  -f-  0-^2".  r*y»  —  4-f*      3  • **  ~^r*xzy*  —  * 

z 

r — rJ#Jj>«  — *&c,  that  is  (puting 

r — #  for  y  and  involving) 

G  4  —  r»— * 
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=r«^*—  »— *.i-"-*x+ — V~4**_ ■ — ~ r*-"5*«    &c. 

+« — 2.  —    .  -3  +  -" &C. 

1  2 

» — %.n — 4-  * — V* — ut.«-~  <$, 

+      ■■     .  \  *--  - — — —  &C* 


4.;/ — c.» — 6 


6 


;-.  i.fte.  +  **~* 


•  .  .  +  #*-* 
Multiply  by  PA  x  PR  or  rr  —  xx,  and   you  wilt 
have,  PA  X  PC  X  PE  x  PG  X  PR  X  P^  X  P^  X 
P<r=r»—  x\     QE.D. 

FIG.  Cor.  1.  If  the  femicircumference  AER  be  divided 
*8.  into  any  number  of  equal  parts  as  n\  at  the  feints  A, 
B,  C,  D  &c.  and  from  any  point  P  in  the  diameter 
AR  be  drawn  lines  to  all  the  even  points  of  divifwny 
asYC,  PE,  PG;  I  fay,  the  produtt  of PA  into  that 
of  all  thefquares  of  thefe  lines,  PAx  PC*x  PE*x  PG% 
if  n  is  an  odd  number,  or  of  PA  and  PR  into  thefe 
fquares,  PAxPRxPC*xPEsxPG*  if  n  is  even,  is 
=AO— OP\ 

For  if  nx  AC  =  whole  circumference,  then  n x  AB 
rr  half  the  circumference,  and  P*=PC,  P<?=PE  &c. 
Cor.  2.  If  a  femicircle    be    divided  into  n   equal- 
parts,  and  one  of  them  be  K,  and  s,  /,  u,  &c.  be  put 

for  the  cofines  of  2K,  4K,  6K  l£c.  to  n~>\  .K,  if  n 
is  odd,  or  to  n — 2 ,  K  if  even  ;  then  I  fay,  r — x  X 
rr — isx+xxxrr — ztx-\-xxxrr — zux-\-xx,  &c.  if  n 
be  an  odd  number,  or  r—xxrA-xXrr — isx-\-xx 
Xrr — ztx+xxxrr — zux-\-xx&c.  (if  n  be  even)  rz 
rn—xn. 

For  let**,  b>  c  &c.  be  the  fines  of  2K,  4K,  6K  &c. 
or  of  AC,  AE,  AG  &c,  then  C\—a>  0\~s,  PI 


1 8. 
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=  s-x9  AP=r— #,  PR=r+#,  and  PC*=^+  FIG. 
j — x1  zzaa+ss — 2sx-\-xx=rr — 2sx+xx,  aft  r  the 
fame  manner  PEz=rr — 2tx+xx9  and  \JGzzzirr — 
2ux4-xxy  &c.  and  by  Cor,  i .  the  produfl:  of  chefe 
into  r— x>  orelfeintor — xxr+x*  is=r" ■■  x\  \\A 
obferve  that  the  cofines  of  arches  greater  than  .  % 
will  be  negative. 

Cor.  3.  Hence  alfo  if  d>  e,  f  &c.  be  the  fines  of      , 

2K,  3K,^.  thenyxf+^xy+^  Xff  '.I 

&? c .  if  nbe  odd,   ________ 

Or  yx7+^xyt+^-Xf+^—  Xf+Mt  &c. 

t  r  r 

if  n  be  even9  rsr">»>**« 

This  follows  from  the  demonftration  of  this  Prop. 

for  idzz  AC,  ze  =  AE,  2/=  AG,  &c. 

Cor.  4.  Alfo*  if  a9  b,  c  be  the  verfed  fines  of  2K, 

4K,  6K  Gfr. 

thenif  n  be  odd^     l^rj^^p^^yT^^ 

tf n  be  even,yxr-\-x      \ 

.  ,  idd    .      zee         iff 

iSc. ■  ±s  r»  —  x".    iw  *=  — »  »■=■  — ,  c=z  — . 

Cor.  5.  y/»*/  */  P  be  taken  without  the  circle  at  irt 
the produSl  of  all  the  lines  jtAxtCxtEx a-G  fcf<\  =_ 
nO"  — AO". 

For  let  Off :  OA : :  O A  :  OP.  And  let  the  lines 
PC,  PE  &c.  be  drawn  -,  then  fince  ttO  :  CO : :  C  O 
:  OP,  and  angle  O  common,  therefore  the  triangles 
ffOC  and  COP  are  fimilar,  and  for  the  fame  rea- 
fon,  ttEO,  and  EOP,  &c.  Whence  *0:CO:: 
ffC :  PC  : :  ttE  :  PE  &c.  : :  *R  :  PR : :  vA :  PA. 

Therefore  PA  —  — -r-,  PR = — rr-,  PC  =      „    , 

jrO  nU  arO 

PE  =  r^L  &c.  PO  =  ^3.    Whence  APxPC 

X 


i8. 


90  ^ELEMENTS         Book  I. 

FIG.   X  PE-X  PG&c.  =  «Ax«Cx»Ex«G  &c  y#=y^> 

p2« 

-T^oraAx^Cx^E  &C.  ZiarQ" — K 

PROP.     XLV. 

h  If  the  circumference  of  a  circle  AEG,  whofe  diameter 
rJ'  is  AR,  and  center  O,  be  divided  into  any  number  of 
tqual  parts  as  n,  at  the  points B,  D,  F  &c.  <2#i  /A* 
^zr/  B£  be  bifeftedby  the  diameter  AR  ;  and  from  any 
point  P  therein  there  be  drawn  the  lines  PB,  PD,  PF 
&c.  I  fay,  the  produft  of  all  thefe  lines  PBxPDxPF 
&c.  thro9  the  whole  circle  is  =AO"4-OP*. 

For  let  all  the  parts  BD,  DF  &c.  be  bife&ed  in 
C,  E,  &c.  and  PC,  PE  &c.  drawn,  and  then  the 
circle  will  be  divided  into  2n  parts,  therefore 

by  the  laft  1  ?Ax  pBxPCxPDxPE&c.= AO«— OP*« 
prop.      J 

anfamehe  }  PA*  PCx        PE&C=AO»-OP* 

therefore  by  >         PBx  PDxPFxPRxP/xP</xP£ 

divifion     J  when  n  is  odd, 

or  PBx    PDxPFxPHxP£xP/xP^xP£, 

,       .  .     A02»_OP2«      A^     ^n 

when*  is  even,  is=  _Q       =AO«-{-OP*. 

Cor.  1.  If  the  femicircumference  AER  be  di- 
vided into  any  number  of  equal  parts  as  #,  in  the 
points  A,  B,  C,  D  &c.  and  from  any  point  P  in  the 
diameter  AR,  the  lines  PB,  PD,  PF,  &V.  be 
drawn  to  all  the  odd  points  of  divifion :  then,  the  product 
of  aft  their  fquares\  if  n  is  even,  PB2xPDaxPF2X 
PHZ;  or  that  product  xd  by  PR,  that  is,  PB2X 
PDaxPFxxPR,  if  n  is  odd,  is  —  AO*-f  OP*. 

For  if  #xB£~  whole  circumference,  then  #xAB 
=4.  circumference  ;  and  P^rrPB,  Pd=PD  &c. 

Cor.  2.  If  a  femicircle  be  divided  into  any  number 
of  equal  parts,  as  n,    and  one  of  them  be  K,    and 
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s,  t,  u,  &c.  be  the  cofines  of  iK,  3K,  5K  &c.  to  FIG. 

n — i.K  when  n  is  even,  or  to  n—2.1L  when  n  is  odd.  J7* 

Then  I  fay _____  # 

rr—2sx+xxXrr-2tx~\rxxxrr—iux-\-xx&c.—rn-\~xn) 
when  n  is  even,  or 

■■■  ■  H  ■  11  ■        ii       ■■  111  1  1    ■  1    1 

r-|-#X rr  —  2sx~\-xxxrr — 2tx~\~xxxrr — 2ux+xx  &c. 
=  rn  +  xn  ,  when  n  is  odd. 

For  if  a,  b,  c  &V.  be  the  fines  of  1 K,  3K,  5K  fc?r . 
then  the  fame  way  as  in  Cor.  2.  Pr.  XLIV.  will  be 
found  PBZ— rr — 2sx+xx>  PD1=rr—2tx+xx9  PF* 
—rr — 2ux+xx  fcfr.  whofe  product  alone,  or  elfe 
multiplied  by  r+#,  is,  by  Cor.  1.  =rn  +  xn. 

If  P  be  without  the  circle  as  at  Tty  it  will  fiill  be 
TrBx^Dx  *F  &c.  =  AO'-fO**. 

For  by  this  Prop,  and  Cor.  5.  of  the  laft  5  that 

produft  will  be  °*2"-A°2*  =  On-  +  AO». 
r  On"—  AO 

PROP.   XLVL 

If  the  arch  he  of  a  circle  be  divided  into  any  20. 
number  of  equal  parts  as  #,  of  which  AB  is  one% 
and  if  the  whole  circumference  be  divided  into  the  fame 
number  of  equal  farts,  at  the  points  B,  C,  D,  E&ta 
beginning  at  B ;  and  if  from  any  point  P,  taken  in 
the  diameter  AR,  the  lines  PB,  PC,  PD  &c.  &? 
drawn,  and  e¥  be  let  fall  perpendicular  to  AR  to 
interfeft  it  in  F,  between  the  center  O  and  R.  yfW  */ 
AO=r,  OP~  #,  OF=  £ ;  /£<?#  7/^  /£*  product  of 
all  the  fquares  PB2xPC2xPD*X  PE*  &c.  =  r*«+ 
2brtl—1xn  +  #*?. 

For  let  AOzzrzzi.  AP=jyzri — #,  then  you 
will  find  as  in  Prop.  XLIV.  PB?=^  +  xx AB% 
PO=y-f*xAC%  PD*=f-L*xADa  &c.  which 
multiplied  together,  produce  PB*x  PC1  x  ?DZ  &c. 

~/4- Aay-2 -f  B^y-4+c^y~6  &V.  +  F*%  put- 

ing  v  s=  20,  A  =  fum  of  the  fquares  of  the  cords 

AB4 
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F  I  G.  ABl+ AC*+ AD*  &c.  B=  fum  of  their  rectangles, 
20.     C  =  fum  of  their  folids  GV.  and  F  produft  of 
them  all. 

Now  if  z  be  the  cord  of  an  arch,  e  the  cord  of  n 
times  the  arch,  then  by  Prop.  XXIX.  z' — vz*-z-\-v. 

— -22v^4— f . « — Z— — 2^-6  £fo  _  +  rr 
2  2.3  — 

In  which  equation,  the  root  zz  reprefents  indif- 
ferently the  fquare  of  any  cord  AB,  AC,  AD  6?<r. 
Therefore  by  common  algebra,  the  fum  of  the 
fquares  of  the  cords,  AB2  +  AC*  +  AD1  &c.  —  v, 

v  —  2 
the  fum  of  their  products  zr  v . ;  fum  of  their 

y .A   ,  y tZ 

folids  zz  v  x -,  fcfc.  and  the  product  of  all 


5=  ce.  Whence  we  get  A  =  v,  B  =  *j£ — ~>  C  = 

2 


v  .  v — 4 . » — 5 
2-  3 


&V.  and  Fzzcc.    Confequently  PB2  x 


PC*xPD*&V-  —f+*xyv-*+v.v— ^-44 


v*v-4«v-5 


2  2.3 

X  #*y~~6  &V.  +  ccxn  ;  and  puting  1  —  x  for  jfc  and 
involving,  we  have  PB2  x  PC1  x  PD1  &V.  == 

l ytf-Ly  .  ILZltf* V  .  !lli    .  V^-Xz  &C.  .  . .  &C.  — V*V~I+*1' 

2  23 

4.vx— v .  *Hlx*+  v .  !Hi  .  ^*3  GV.         £&.  +**>-' 
112 

4  2  2  1 

Hence  it  will  appear,  by  fuming  them  up,  that  the 
coefficients  of  the  fecond,  third  &c  terms  are  o, 
till  you  come  to  the  middle  term,  where  you  have 

it** 
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ccxn  (the  index  n  being  £  v)  5  likewife  beyond  the   FIG. 
middle  term  they  are  o,  becaufe  the  coefficients  are     20. 
the  fame  at  equal  diftances  on  each  fide  from  the 
middle  •,  whence  they  all  vanifh  till  the  laft  x\ 

Now  to  find  the  coefficient  of  the  middle  term, 
it  muft  be  obferved,  that  ccxn  fupplies  the  place  of 
the  firft  term  of  the  next  horizontal  feries  ;  which 
term,  if  it  were  there,  then  the  fum  of  the  coeffi- 
cients (in  that  perpendicular  column)  would  there 
alfo  be  =  o,  as  before*    Hence  it  follows,  that  if 

v  =  2,  4,  6  &c.  that  the  term  w,  v. v  ~~  3x%  *. 


■2 
—  5 


\v*  &c.  will  be  wanting,  relpedtively,  which 

3 
term  is  2xy  2xz7  2x\  &c.  rcfpedtively.   And  in  gene- 

1    ,                     .      .     1           1.2.3...;* — IX*, 
ral,  the  term  wanting  is  always - — x* 

1.2.3  •  •  •  8-— l  •  * 

=  -x"  —  2x\    Confequently  the  middle  term  will 
n 

be  found  to  be  —  2xn+ccxn.  But  cc  —  AR  x  AF 
=  2  +  2#,  therefore  —  2xn  +  2  +  2b  .  xn  ~2bxn  is 
the  middle  term.  And  therefore  PB1  X  PC2  x  PD* 
&c.  thro*  the  whole  circle,  =  1  ^  2bxn  +  xz\  or 
rather  r2n  -f-  2rn~lbxn  +  #2\ 

Cor.  f .  If  the  arch  Ae  be  lefs  than  a  quadrant ,     21* 
and  F  lie  from  O  towards  A  ;  then  will  PB*  x  PC* 
xPD;x  PE2  &c  =  r2n  —  2brn~Jxn  +  x2n. 

This  follows  from  this  Prop,  putting  —  b  inflead 
of  +  bj  as  lying  on  the  contrary  fide  of  O. 

Cor.  2.  If  P  be  without  the  circle  as  at  ar,  then     20. 
will  nBl  x  ttC2  x  ttD1  &c.  =  r2n  +  2£r"-~I#*-{-tf2%     2  u 
according  as  F  /#/&  beyond^  or  on  this  fide  of  O,  i# 
n$>a5Z  /*  P. 

The  demonftration  of  this  Prop,  equally  proves 
this,  fince  the  even  powers  of  x  —  1,  are  the  fame 
with  thofe  of  1  —  x,  and  v  or  in  is  an  even  number. 

Cor. 


94 
FIG. 
21. 
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Cor.  3.  Letb—  ccfine  of  an  arch  A  tfr  A*,  to  the 

radius  r ;  and  —  =  B,  & —  =  C,  and  s,  /,  #  &c.  /£* 

eofinesofB,  B  +  C,  B  +  2C,  B+3C,  &c."^B  + 
# — i.C,  to  the  radius  r,  x  =  i»y  quantityjtbenl  fay9 
rr < —  25x  +  ##  X  rr—  2tv  +  ^X  rr —  2ux  +  ##  &c# 
to  n  terms,  is  a*  r2n  —  2brn-xxn  4-  #2*- 

For  let  a  =  BI  the  fine  of  B,  j  =  OI  the  cofine, 
then  PB>  =  BP  +  PP  =  aa  4  7-=^2  —  **  +  jj  — 
2.W  -\~xxz=zrr  —  2  j#  4  xxt  for  the  fame  reafon, 
PC*  =.rr  —  2tx  +  xx,  PD2  =  rr  —  2ux  4-  #*> 
&c.  but  by  Cor.  1.  the  produft  of  thefe  is  =  r2*  — 
ibrn  ~r  Jxn  -\-x2n. 

If  A  be  greater  than  a  quadrant,  write  4-  b  for 
— -  b.  Likewife  any  of  the  cofines,  s,  t,  u,  &c.  of 
arches  between  90,  and  270,  is  negative,  and  there- 
fore in  that  cafe  write  4**j  +  f»  4a  inftead  of — s9 
—  t,  —  U,  &c. 
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TRIGONOMETRY. 

BOOK      II. 

Plain  trigonometry \  or    the    doffirine    of  plain 

triangles. 


TT\LAIN  trigonometry  teaches  the  relation  of  the 
J^  fides  and  angles  of  plain  triangles,  and  how 
to  calculate  their  fides  and  angles. 

A  plain  triangle  is  made  by  three  right  lines, 
which  are  called  it's  fides,  and  if  one  fide  be  perpen- 
dicular to  another,  or  makes  a  right  angle  with  it ; 
then  it  is  called  a  right-angled  triangle*  otherwife  it 
is  an  oblique  triangle, 

A  right  angle  is  meafured  by  an  arch  of  90%  an 
acute  angle  is  lefs,  and  an  obtufe  one  greater  than  a 
right  angle. 

In  a  right-angled  triangle,  the  fide  oppofite  to  the 
right  angle  is  called  the  hypothenufe  ;  and  the  other 
two,  the  legs  or  fides*  or  fometimes  the  perpendicular 
and  bafe. 

In  all  plain  triangles,  the  fum  of  the  three  angles 
together  is  180  degrees :  and  in  a  right  angle-trian- 
gle, the  fum  of  the  two  oblique  angles  is  900. 

When  three  letters  denote  an  angle,  the  middle 
letter  is  always  at  the  angle. 

SECT. 
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SECT.   I. 

ftbe  relations,  and  feveral  proportions  among  the 
Jides,  and  angles  of  plain  triangles. 

PROP.    I. 

f  IG.       In  any  right-angled  triangle  CAB,  let  the  hypotbe- 
*•      nufeCK  —  h,    and  CA  —  CB  or  BD  =v,    then, 

si-v&fl  ^ +—A  +  &»+ -Ac.  &c. 

Vl     yjf         h         3.4b  5.8b         J. lib 

es  angle  ACB  /»  degrees ;   st^r*  A,  B,  C  #r?  the 

preceding  terms. 

For  with  the  center  C  defcribe  the  arch  AD,  then 
BD  or  v  is  the  verfed  fine  of  the  arch  AD,  and 
radius  h ;  therefore  (by  Prop.  XIV.  B.  I.)  arch  AD  =3 

\fibv  +  -^-r A  +  -^7B  +  J^LQ  &c.  but  as  half 
3.4£        5.8£        7.12A 

the  circumference  3.14.159b  :  180  degrees  :  :  AD  : 

i*£A2.  =  degrees  in  the  arch  AD  =  57^95779 
3.14159^  h 

x  AD,  that  is,  Z.  ACD  =  £7:^  x  VI^+  JLA: 

&c.  =  5^  y«S  +  JL  A  +  i^B  &c. 

#         3.40         5.0/? 

Cor.  1.  ^>  the  fum  of  the  hyp.  and  4  longer  leg 
AC4-4CB: 

To  86  :  : 

&>  the  jhorter  leg  AB  : 

To  its  oppofite  angle  C,  nearly. 

Let  CB  =  £,  and  AB  rr,  ^  =  /lC  in  degrees, 
then  by  the  nature  of  the  circle,  c  ~  ^ihv  —  vv  = 
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Jzhv  —  —  Jihv  &c.  by  evolution.  Then  by  thisprop.    FIG. 

azzP'lx:^2bv^r  ~^2bv:  nearly,  makiply  this 
b  12b 

equation  by  the  former,  and  you  have  a  x  :  >/ibv  — 

—  i/2bv  —  Zt3i  x  :  Jibv  +  JL  V2kV9    and    di- 
4"  b  lib  b 

viding  by  fabv,  a  x  1  — ——  £L$i  xi4-— ,. 

40  h  *   120 

And  £Mf  =  *  x 4*_  -    (by  divifion)  a  x 

x  +  JL 

12b 

1  —  _  &c*  =  ax  ° — j —  —  ax  2 ■■  ~  .   =-= 

Zh  Zh  Zb 

O  rt  -  1  -  h 

ax — J_,  whence #  x  2b  +  ^  c  171*9^  =    172c 

3^      >i 

nearly,  or  b  +  ^b  x  a  —  86c. 

Scholium. 

If  r  =  i,  n  —  57.3,  then  40  =  86,  and  by  Cor.  1, 
h  -\-\;b  :  1  :  :  in  i  ab  and  2b  -\-  b  —  2-,   and£  = 


%n       b        %n       ^bb  —  1       ,  on  7 

2-  — —  =—  - — — •>  whence  °—  —  2  b  52 

2a       2       2a  2  a 

vbb —  1.   This  equation  reduced  gives,  b  = « 

^/"l  —  JL.    Whence£  =  2?  —  2*;   which  is 
aa  a 

Forjltr's  rule. 


&  PROP. 
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PROP.    II. 

FIG.      In  any  right-angled  triangle  CAB,  let  a  =  degrees 

lt     in  the  letter  jL  C,  m  = .     Then 

57*957* 
As  i  : 

To  i  —  —  —  —A  —  _- C  —  —  D  &c.  :  : 
1.2        3.4  5.6         7,8 

£0  /#£  hypothenufe  CA  : 

jH?  /^  adjoining  Jide  CB. 
where  A,  B,  C  &c.  are  the  foregoing  terms,  with 
their  figns. 

For  let  radius  C  A  or  CD  =  h.     Arch  AD  =  z9 

sty) 

then  2  = — zzmhyznd  by  Cor.  1.  Pr.XII. 

57.29$  &c. 

B.  I.  cofine  CB  =  b  —  — ,  + 1*— -  &c.  =  6— 

1.20      1.2.3.40* 

«•*•       _^M_  _&c.  =  CA  x   1-  ^1  + 

I.2#  1. 2.3.4^  1.2 

0Z4  *»*  f  *»8  £ 


>w 


1.2.3.4 


I    ....   O 


Cor.  1.  If  a  be  the  lejfer  angle,  in  degrees,  then  it 
will  be. 

As  !lL1  +  Ji-  :  1  :  :   £#.  CA  :  op.  fide  AB? 
a  1000 

For  let  n  —  57.3,  then  CB*  —  hh  —  21  +  ~ 

0 

&c.  and  AB*  =  CA*  -  CB1  =  z1  —  ™  and  ex- 

trading 
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tracing  the  root,  AB  =  z  —  ^1  =  mh  —  ^  =    F  J  G- 
° obb  6  I# 

£  X    -  —  —  5    and  dividing  both  fides   by  f  — 

£,  *  =  ABx?  +  -±=:5Z2  +  -lfLX:AB. 

072*  #        on  a  103 1 

Cor.  2.  If  a  be  the  lejfer  angle  in  degrees ',  /£*# 


4r  1  :  1  —  .****  :  :  hyp.  CA  :  adjoining  JdfBC, 
10000  ° 


neatly. 

. '  it.  1. 1.,.      1  ,1        L 

ForCB  =  CAx  i  —  -    =CAXi-- 

2  2/Z» 


CAx  1  — 


ugiaa 


10000 

Scholium. 
Let?  —  90%  y—q  —  a,  then  fince CB  =  CA  x 

1  -  «o  by  divifion  CA  =  CB  X  i-f— ,     and 

2  ##  2  ## 

CAxj  =  CBx^  +  lff.     But!^=J^-^ 

y 

—  + &c.   =  292  +  3*»     Therefore  C A  x 

?         ?? 

y  =  CB  xjy  +  — — — ,  nearly,  which  is  Wilfon'% 

300  +  30 
rule. 

Since  in  a  right-angled  triangle,  the  fquare  of  the 
hypothenufe  is  equal  to  the  fum  of  the  fquares  of  the 
fides.  And  in  any  triangle,  the  bafe  is  to  the  fum 
of  the  fides,  as  their  difference,  to  the  difference  of 

H  2  the 
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FIG.  the  fegments  made  by  a  perpendicular.  Therefore 
by  thefe  and  the  two  foregoing  propofitions  and 
their  corollaries,  all  the  cafes  of  plain  triangles  may 
be  refolved,  without  any  tables  whatever :  dividing 
oblique  triangles  into  two  right-angled  ones,  by  a 
perpendicular  let  fall  from  the  end  of  a  given  fide, 
and  oppofite  to  a  given  angle. 

PRO  P,   IIL 

i.  In  any  right-angled  triangle  CAB,  any  cne  of  the 

three  fides  being  made  a  radius  •,  and  a  circle  defcribed 
from  the  end  of  it  as  a  center  ;  then  the  other  fides  will 
reprefent  fines ,  tangent  s^  fecants,  &c.  of  the  refpeftive 
angles:  then  it  will  be>  as  any  fide  :  to  what  it  repre- 
fents  in  the  table  :  :  fo  is  any  other  fide  :  to  what  it  re- 
prefents  in  the  table. 

Defcribe  the  arches  AD  and  BE,  from  the  cen- 
ter C  5  then  if  CA  be  made  radius,  AB  will  be  the 
fine,  and  CB  the  cofine,  of  the  angle  C.  And  if 
CB  be  made  radius,  AB  will  be  the  tangent,  and 
CA  the  fecant  of  the  angle  C.  And  becaufe  the 
fines,  tangents  &c.  of  any  angles  may  be  found  in 
the  tables  \  therefore,  when  any  triangle  is  propofed, 
there  may  always  be  found  a  fimilar  one  in  the  ta- 
bles ;  and  confequently  the  fides  about  the  equal  an- 
gles are  proportional.  Therefore  it  will  be, 
As  radius  :  AC  :  :  S.C  :  AB  :  :  cof.  C  :  CB. 
and  rad.    :  CB  :  :  tan.  C  :  AB  :  :  fee.  C  :  CA. 

PROP.     IV. 

2 .  In  any  right-angled  triangle^  CDE, 

As  the  fum  of  the  hyp.  and  onejide^  CE  +  ED  : 

Radius  :  : 

So  the  other  fide \  CD  : 

To  tan.  half  the  opK  angle  y  CED. 

Produce 
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Produce  DE  to  B,  fo  that  EB  =  EC,  then  l  B  FIG. 
s=  i_  BCE,   and  angle  DEC  =  l.  B  +  BCE  =; 
2  L.  B.     But  in  the  triangle  CDB,  by  Prop.  III.  it 
is,  as  DB  :  radius  :  :  CD  :  tan.  B  j  that  is,  DE  -f  EC  : 
fad.  :  :  CD  :  tan.  4-  E, 

P  R  O  P.  V. 

The  fides  of  any  triangle,  are  proportional  to  the      o, 
fines  of  their  oppofite  angles,  AB  :  S.  F  :  :  AF  ;  S.B 
: :  FB  :  S.A. 


On  AB,  AF  let  fall  the  perpendiculars  FH,  Bh  j 
then  by  Prop.  III.  AF  :  FH  :  :   R    :  S.A 

FH  :  FB    :  :  S.B  :    R 


therefore  ex  equo,  AF  :  tE 

Jgain, 

As  AB  :  Bh 
and  Bh    :  BF 


S.B:  S.A, 


and  ex  equo,  AB  :  BF 


:    R 

:  S.F 


S.A 
R 


S.F  :  S.A. 


Cor.  t.  If  a  line  AD  he  drawn  from  the  vertex  of 
any  triangle  cuting  the  bafe  ;  the  rettangle  of  the  fides 
and  fines  of  the  'vertical  angles,  are  direflly  as  the  fig- 
ments of  the  bafe. 

For  S.CDA;CA : :  S.CAD:CD=  S^i^S^- 

S.CDA 

And  S.CDA  or  BDA  :  AB  :  :  S.DAB  :  DB  55 
AB  x  S.DAB^  therefore>  CD:DB  :  :  CA  x  S.CAQ 

b.LUA 
:  AB  x  S.DAB. 

Cor.  2.  If  in  a  triangle  two  fides  AC,  CB,  and 

the  angle  A  oppofite.  to  the  leffer  fideCB,  be  given  \ 
the  angle  oppofite  to  the  greater  may  be  either  lefs  or 

H  3  greater 
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FIG.  greater  than  a  right  angle  *,  alfo  the  bafe  and  ifs  op- 
5-      finite  angle ',    will  have  each  of  them,   tvco  feparate 
values.    Therefore  the  three  things  required  are  am- 
biguous. 

For  make  CD  —  CB,  then  a  CDB  =  L  B,  and 
there  are  the  two  triangles  ACB,  A  CD,  wherein 
two  fides  and  an  oppofite  angle  are  given  the  fame 
in  both ;  therefore  the  other  three  things  may  be 
found  in  either  triangle;  for  the  angle  oppofite  to 
AC  may  be  either  B  or  it's  fup.  ADC,  and  the  bafe 
may  be  either  AB  or  AD,  and  it's  op.  angle  may  be 
either  ACB  or  ACD. 

P  R  O  P.   VI. 

6.  In  any  triangle  ABC, 

As  thefum  of  any  two  fides  BC  -4~  AB  : 
To  their  difference  BC  — :  AB  :  : 

A  -4-  C 

Tan.  half  the  fum  of  their  op.  angles,  tan.  — -L—  ; 

2 

Tan.  half  their  difference,  tan.  - . 


Make  BD  =  BA,  and  draw  AD,  and  BFG  -^  to 
it ;  likewife  FE  |]  AC,  then  will  AF  =  FD,  DE  = 
EC.     t^haf-BAD+BDA.BAC  +  C 

2  2 

and  z.  GAF  =  BAC  —  BAF  =  BAC""C. 

2 

The  triangles  BFE,  BGC  are  fimilar,  whence 
BE  :  EC  : :  BF  :  FG.  But  AF  :  R  :  :  BF  :  tan. 
BAF  : :  FG  :  tan.  FAG,  or  BF  :  FG  : :  tan.  BAF  : 

tan.  FAG.    Confequently  BE  or  BD  +  —  :  EC  or 
^— ~ :  :  tan.  BAF  :  tan.  FAG. 

X 

Other- 
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Otherwife. 

BC  :  BA  :  :  S.A  :  S.C,  andBC  +  BA:BC  —  FIG. 
BA  :  :  S.A  +  S.C  :  S.A  —  S.C::  (by  Cor.  1.       6- 

Pr.  VII.)  tan.  ^dl£  :  tan.  £——. 

2  2 

Note,  In/lead  of  the  tan.  half  the  fum  of  the  op. 
angles,  you  may  take  the  cotangent  of  half  the  included 
angle,  which  is  equal  to  it. 

Cor.  1.  As  the  bafe  CA  : 

Sum  of  the  fides,  CB  +  BA  :  : 
So  diff.  fides  CD  : 
Diff.  fegments  of  the  bafe  made  by  a  perpendicular 

(or  the  alternate  bafe)  :  : 
So  cof   4  fum   op.    angles,    or  S.  ~  the  vertical 

angle  : 
Cof.  ~  diff.  op.  angles,    or  cof  idiff.  vertical 

angles,  made  by  a  perp. 

For  fince  DF  =  i  DA,  FE  =  i  AC  ;  and  in 
the  triangle  FBE,  FE  :  BE  :  :  S.FBD  or  cof.  BDF 
:  S.BFE  or  GFE  or  cof.  DFE.  But  DFE  or 
DAC  =:  BDA  — C  =  BAD  —  C,  and  2DAC  = 

£  AC  —  C,  alfo  i  B  =  comp.  ^S,  and  A  —  C 

2 

=  diff.  vert.  z.s  made  by  a  perpendicular. 

Likewife  it  is  evident  from  geometry,  that  CA : 

CB  -}-  BA  : :  CD  :  diff  fegments  of  the  bafe.   Sup- 

pofing  a  circle  defcribed  with  center  B  and  radius 

BA. 

Cor.  2.  As  the  bafe  CA  : 

Difference  of  the  fides  CD  : : 
So  fum  of  the  fides  CB  -f  B  A : 

Biff  .fegments  by  a  perpendicular  (or  the  alternate 

bafe)  : 
H  4  So 
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FIG.  A  +  C 

£  So  fine  half  fum  op.  angles ', 


Sine  of  half  their  difference. 


2 

A  — C 


For  in  the  triangle  ADC,  AC  :  DC  ; :  S.ADB 
:  S.CAD. 

Cor.  3.  Asfquare  of  the  bafe  AC2  : 

Difference  of  the  fquares  of  the  fides,  BC*  — 

BA*  :  : 
S.  fum  $p.  angles,  A  +  C  : 
S.  their  difference,  A  —  C. 


r. 


For  by  multiplying  the  two  proportions  in  Cor. 

and  2.  AC4 :  CB  +  BA  x  CB  — BA  :  :  cof. A  ~KC 

2  ' 

xS.^:  cq{.A~CxS.——    :    :    (by 


Cor.  3.  Pr.IL  B.I.)  S.A  +  C:S.A  — C. 

Cor.  4.  As  half  the  fum  of  the  fides  : 
Tan.  half  the  fum  of  the  op.  angles  : : 
Greater  fides  : 

Tan.  ifum  4-  tan.  f  diff.  op.  angles  :  : 
Lefferjide  : 
Tan.  7  fum  —  tan.  ~  diff.  op.  angles. 

For  fince  BC  ^BA  :  BC  — BA  :  :  T.  Ji±£  : 

2 

J^ Q 

T .  Therefore,  by  compofition  and  divifion, 


bc+ba^ba-J! 


T  A-fC.jT--T-  +  T'— ~ 

2  2 

Cor. 
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Cor.  5.  In  any  triangle  ACB,  if  CD  be  drawn    FIG. 
bife&ing  the  vertical  angle  C ;  it  will  be,  7°- 

As  twice  the  retlangle  of  the  Jides,  2  ACB  : 
To  the  reSlangle  of  the  bifetling  line  and  fum  of  the 

fides,  CDxAC  +  CB:: 
So  radius  : 
Cof.  half  the  vertical  angle  C. 

For  produce  AC,  and  make  CF  ==  CB,  and 
draw  FB  and  CP  -u  to  it.  Then  AFz:AC  + 
CB,  and  L  F  =:  l.  CBF,  and  l  ACB  =  F  + 
CBF  =  2F,  or  ACD  =3  F.  And  the  triangles  ACD, 
AFB  are  fimilar,  therefore,  AC  :  CD  :  :  AF :  FB  = 

S£2L4£.     And  CF  (CB)  :  rad.  :  :  FP  (^FB)  : 

S.FCP,  .or  cof.  F-,  that  is, 

CB :  ^D  x^  :  :  rad.  :  cof.  *  ACB. 
2  AC 

Cor.  6.  As  the  lefferfide  :  to  the  greater  :  :  & 

So  radius  :  to  tan.  of  an  arch  A. 

From  A  take  450,  then 

As  radius  :  tan.  A  —  45,  the  remaining  arch  :  : 
So  tan.  ^fum  of  the  op.  angles  :  to  tan.  4-  their 
difference. 

For  let  L  be  the  leffer,  G  the  greater  fide,  then 
fince  —  =  tan.  A,  we  (hall  have  (by  Cor.  2.  Pr.  IX, 

rG  _ 

T      r,     ,  L  G  —  L 

L.  I.)  the  tan.  A  —  45  =  ^ x  r  =  g-rjr, 

—  +  r  "*" 
L 

and  therefore  r  :  tan.  A  —  45  :  :  G  +  L  :  G  —  L  :  : 

tan.  4  fum  of  the  oppofite  angles :  tan.  half  their  dif- 
ference (by  this  prop.) 

The 
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FIG.  The  fame  will  hold  good,  if  you  make,  as  the  greater  : 
to  the  leffer  fide  :  :  rad.  :  tan.  A,  and  then  take  rad.  : 
tan.  45  —  A  : :  tan.  ^fum  :  tan.  ~  diff.  op.  angles. 

PROP.    VIL 


7- 


In  any  triangle  AFB, 

As  twice  the  reft  angle  of  the  legs,  2  AF  x  FB : 
Sum  of  fquares  of  the  legs — fquare  bafe  :  : 
Radius  : 
Cof.  vertical  angle,  F. 

On  FB  let  fall  the  perpendicular  AC,  then  (by 
Geom.  II.  23)  AB2  -f  2BF  x  CF  =  AFZ+  FB\ 
and  2BF  x  FC  =  AF*  +  FB*  —  AB\  But  by 
Prop.  III.  AF  :  FC  :  :  rad.  :  cof.  F.  And  multi- 
plying the  two  firft  terms  by  2FB,  then  will  2AF  x 
FB  :  2BF  X  FC  or  AF*  +  FB*  —  AB*  :  :  rad.  : 
cof.  F. 

Cor.  1.  Hence  thefe  are  refpeflively  proportional* 
As  twice  the  reffangle  of  the  legs  : 
Reftangle  of  the  bafe  +  diff.  legs,  and  bafe 

—  diff.  legs  : 
Reflangle  of  the  fum  of  the  three  fides,  a?id 

futn  legs  —  bafe  :  1 
So  radius  : 

Verfed  fine  of  the  included  angle  : 

Verfed  fine  of  -the  fum  of  the  oppofite  angles. 

For  let  m  zz  AF,  n  =  BF,  b  =  AB,  then  by  this 
prop. 
r  :     cof.  F     : :  linn  :  mm -\-nn—~bb\  and  by  corn- 

pofition, 
r  :  r  +  cof.  F  : :  imn  :  2mn  4:  mm  -\^nn~+  bb> 
that  is,  by  fchol.  Prop.  I, 


t  ver£  fup,  p    j  f  m-trn'—  bb  —  m^n-V  bym-^-n  -h 

''    1  t     U  t  -    :    27?in  l    \  l ■"— 

*•  J  i^bb — ?/r~ n  zzb~rm~nxb — m — n. 


b 

Cor. 
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Cor.  2.  From  half  the  fum  of  the  three  fides  >    FIG. 
fubtrafl  each  fide  feveralty,   and  note  the  three  re-      7. 
mainders.     Then, 

As  half  the  reftangle  of  the  legs  : 

To  fquare  root  of  the  produEl  of  this  half  fum  and 

the  three  remainders  : : 

So  radius  : 

Sine  of  the  vertical  angle. 

For  let  s  —  b  -j-  m  +  n%  v  =  verf.  F.  V  =  verf. 
fup.  F.     Then  by  Cor.  1 . 

b  4-m —  nX  b  +  n  —  m         s  —  2nxs — 2m 

v  —  — ! 1 r  = r9 

2mn  2tnn 


...       b-\-m  -\~  nxwi~+-n — b         sxs—2b 

and  V  sr  — — r  as r. 

2mn  2mn 

And  by  Schol.  I.  Prop.  I. 

r    > —  ' ■ —        ■  ' » 

VVv  =  S.F  =  —*sxs  —  2bx  s  —  2mxs—2n 
2r  s      s~2b      s  —  2m      s  —  2n 

Cor.  3.  As  the  re 51  angle  of  the  legs  : 

Radius  fquare  : : 
So  the  rettangle  f  fum  3  fides  —  one  leg,  and  that 

f  fum  —  other  leg  : 
Sine  fquare  of  half  the  vertical  angle  : : 
And  fo    the  rettangle   t  fum   3  fides,    and  that 

\  fum  —  bafe  : 
Cofine  fquare  of  half  the  vertical  angle. 

For  multiplying  the  three  laft  terms  in  Cor.  1.  by 
\r  \  then  2mn  \b  -f  m  —  n  X  b  ~\-  n  —  m  :  s  x  s  —  b 
:  :  ~rr  :  £rv  :  irV.  But  by  Prop.  II.  \rv  =  fine 
fquare  of  half  F,  and  jrV  =  cof.  fquare  of  \  F. 
Therefore  2 mn  :s  —  2mxs--zn\s  X  s  — b:  :irr: 

fine2 : 
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PIG.                                        s—2m      s — in     s     s — b 
7.      fine*  :  cofine\   or  mn  :  ■ —  x  ' — :  -  X  — ~ 

:  :rr  :  fine4  :  cofine%  of  ^F.     And  hence  alfo  fol- 
lows, 

Cor,  4.  As  four  times  the  rettangle  of  the  legs : 

To  radius  fquare  :  : 
So  rcBangle  of  the  baft  +  diff.  legs,    and  bafe 

—  diff.  legs  : 
Sine  fquare  of  half  the  vertical  angle  :  : 
And  fo   reftangle  of  fum  legs,  4?  bafe,   and  fum 

legs  —  bafe  : 
Cofine  fquare  of  half  the  vertical  angle. 

Cor.  5.  Re5langle  of  fum  of  the  three  fides,  and, 

fum  legs  —  bafe  : 
Reftangle  bafe  +  diff.  legs,  and  bafe  -r  diff. 

legs  :  : 
Radius  fquare  : 
Tangent  fquare  of  half  the  angle  at  the  vertex. 

This  follows  from  Cor.  4.  becaufe  cofine  :  fine  : : 
rad.  :  tangent,  by  Prop.  I.  B.  I. 

Scholium, 

Inflead  of  the  reflangle  of  the  legs,  you  may 
take  a  quarter  of  the  rettangle,  of  the  fum  +  ^he 
difference  of  the  legs,  into  the  fum  —  diff.  legs  \  which 
is  equal  thereto. 

Likewife  inflead  of  half  the  vertical  angle,  you 
may  take  the  complement  of  half  the  fum  of  the  Qp- 
fofite  angles,  which  is  alfo  equal  to  it. 


PROP. 
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PROP.    VIII. 
In  any  triangle  AFB,  lfay,  FIG. 

AB  — ^-T1 — :  S.  A : :  AF :  tan.  oppofite  L  B. 

For  let  fall  the  perpendicular  FR  on  the  bafe  ; 
then  in  the  triangle  AFR,  rad.  :  AF  :  :  S.A  :  FR 

=  AFxS-A::cof.A:AR=^^.     And 


.  *         AF  x  cof  A    ;      '1^         ,      „*j 

BR  =  AB  — l — i  then  BR  :  rad  : :  FR  or 

r 

:  tan.  B.     Or  BR  :  S.A : :  AF  :  tan.  B. 


r 
AFxS.A 


Cor.  V  :  AB*  +  AF4  —2ABxjAF x  cof.  A :  =FB. 

rad. 

For  FB*  =  AB*  +  AF2—  2AB  x  AR. 

PROP.    IX, 

In  the  triangle  AFB,  draw  FR  perpendicular  to     g# 
the  bafe>  and  make  BR  =  RD  \  theny 
As  the  bafe,  AB  : 

To  the  difference  of  the  fegments  AD  :  : 
So  fine  of  the  vertical  angle  F  : 
To  fine  of  the  diff.  vert,  angles  y  or  S.  diff.  angles 
at  the  bafe  B,  A. 

For  AB  :  S.AFB  :  :  FB  or  FD  :  S.A  :  :  AD  : 
S.AFD. 

And  Z.B— z.A=z.FDB— l  A=aAFD. 


PROP. 
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PROP.     X, 

FIG.  As  cof  diff.  angles  at  the  bafe  ~  cof  fum  : 

9«  Sine  of  the  vertical  angle  :  : 

So  perpendicular  : 
Half  the  bafe. 

For  let  ADB  be  the  triangle,  DP  the  perpendi- 
cular, C  the  center  of  the  circumfcribing  circle, 
draw  ECG  perpendicular,  and  DF  parallel  to  AB, 
&c.  the  jl  ECB  (  =  2EBA)  is  the  fum  of  the 
angles  A,  B,  whofe  verfed  fine  is  EG,  and  ECD 
or  2EBD  is  the  difference  of  the  angles  A,  B,  whofe 
verfed  fine  is  EF  ^  therefore  the  difference  of  thefe 
verfed  fines,  or  the  difference  of  the  cofines,  is  FG 
or  DP.  Alfo  GCB  or  ADB  is  the  vertical  angle, 
whofe  fine  is  GB.  And  therefore  DP  :  GB  :  :  diff. 
cofines  :  S.  vertical  angle. 

Cor.  As  fine  of  the  diff.  angles  at  the  bafe  : 
Sine  of  the  vertical  angle  :  : 
Difiance  of  the  perp.  from  the  middle   of  the 

bafe  : 
Half  the  bafe. 

For  FD  is  the  fine  of  the  difference  of  the  angles 
A,  B  ^  and  FD  or  GP  :  GB  :  :  S.  diff.  :  S.  vert, 
angle. 


8. 


PROP.    XL 

As  radius  : 

To  fum  of  the  cot  an.  half  the  angles  at  the  bafe  : : 

So  the  perpendicular  : 

To  fum  of  the  three  .fides. 


Put 
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Put  FR  =  p,  radius  =  r,  then  by  Prop.  IV.  F I G. 

tan.  iA:r::r:  cot.  4-A  :  :  p  :  AF  -|-  AR,  8- 
and      r  :  cot.  iB  :  :  p  :  BF  4.  BR  ; 

^      „„       .         cot.  f  A  +  cot.  fB 
whence  AF  +  BF  +  AB  = —!- p. 


PROP.    XII. 

In  a  right-angled  triangle  ACB,  10. 

As  radius  : 

Sine  of  double  one  acute  angje,  A  or  B  : : 
Square  of  the  bypothenufe  : 
Four  times  the  area. 

Draw  CD  J-AB,  and  bifed  the  hyp.  AB  in  E, 

and  draw  EC ;  then  AE  =  EC=EB,  becaufe  ACB 

may  be  infcribed  in  a  femicircle ;  then  by  fimilar 

ACxBC 
triangles,  AB  :  BC  :  :  AC  :  CD  =  — ^g — .   Al- 

fo  Z.CED  =  z.B  +  BCE  =  2B,  and  CEB  =  2  A. 
Therefore  by  Prop.  III.  as  rad  :  CE  or  4  AB : :  S.E 

AC  v  CB 

:  CD,  or  rad  :  S.E  :  :  fAB  :  —~ : :  f  AB1: 

ACxCB        I  '  , 
or  the  area  or  the  triangle. 


PROP.    XIII. 

As  radius  : 

To  fine  of  any  angle  of  a  triangle,  A  :  : 

AFx  AB 

So  half  the  reel,  of  the  including  fides,  : 

To  the  area  of  the  triangle. 

For 
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F I G.       For  the  area  of  the  triangle  AFB  is  4.  ABx  FH  ; 

but  fad  :  AF  :  :  S.A  ;  FH  =  - t— *  therefore 

rad. 

,  AFxABxS.A 

the  area  =  -■—■■ -7- K 

2  rad. 

PROP.    XIV. 

j;         As  cof.  diff.  —  cof  fum  of  the  angles  at  the  bafe  ; 
Sine  of  the  vertical  angle  :  : 
So  the  fquare  of  the  'perpendicular  : 
To  the  area  of  the  triangle  :  : 
And  fo  the  area  of  the  triangle  : 
To  the  fquare  of  half  the  bafe. 


For  by  Prop.  X.  cof.  B  — A—  cof.  B+A  :  S.D 
i :  £>P  :  GB  : :  DP*  :  GB  x  DP,  the  area  :  :  GB  x 
DP  :  GB*. 

PROP.       XVe 

In  any  triangle^ 
As  radius  i 

Tan.  half  the  vertical  angle  :  : 
Reft,  of  half  the  perimeter  >  and  that  half  —  bafe  : 
To  the  area  of  the  triangle. 

For,  let  s  —  S.  AFB ;  c^  /,  t  the  cofine,  tangent, 

and  cotangent  of  half  AFB,  m  =  AF,  n  =  FB,  AB 

m-\--n-\-b         ■       :     ^         xrTTT  inns 
—  b,z~     ■    o  T  .     Then  by  Prop.  XIIL  -— -  = 

ICC  2CCt 

area,  but  by  fch.   Prop.  II.  B.  I.  s—  —  —  , 

fnncct 
therefore — —  =  area.     And  by  Cor.  3.  Prop.  VII. 


r 


mncc  —  z  X  z  —  b 

=  z  x  z  —  by  therefore /  =  area. 

rr  r 

Cor. 


Sc&. I.        of  TRIGONOMETRY.  n3 

Cor.  As  radius  :  F  *  G- 

Cot  an.  half  the  vertical  angle  :  :  3- 

S0  r^£?.  bafe  +  diff.fides^  and  bafe  —  d/^  /Jc-j  : 
F<?#r  times  the  area  of  the  triangle. 

For  if  a  —  S.  4.  angle  F,  then  by  fch.  Pr.  II.  B.  I. 

2aa         2aar         .     .  mns       mna\ 

s  =  —  =  *  and  the   area  zz  —  =  — — 

/  rr  2r  r3 

But  by  Cor.  3.  Pr.  VII.  mnaz  =2 — ^  x  2 — #X  rr  zz 

b+n — m     b-\-m — n  .     ,      r        1  ^+# — ^ 

— ■ x  — = rz9  thereto  re  the  area  = 

22  2 

bA-m — n 

X  — r. 

2r 

PROP.     XVI. 

If  three  lines  be  drawn  from  the  three  angles  of  a 
triangle  to  any  point  O,  the  product  of  the  fines  of  all 
the  alternate  angles  will  be  equal. 

Let  the  fines  of  the  angles  be  as  in  the  figure, 
then  in  the  triangle 


POI,  a  :  / 
IOH,  e  :  d 
HOP,,    c  :  b 


:  IO     :  PO  1 

:  HO  ;  IO     I  thefe  multiplied, 
:  PO    :  HOJ 


aecifdb:  :  IOXHOxPO:POxIOxHO. 
But  the  two  laft  terms  are  equal,  and  therefore  the 
two  firft,   aec  =zfdb. 

Cor.  1 .  If  two  angle  s^  P,  H,  are  bifeffed,  by  the 
lines  PO,  HO  ;  then  the  third  angle  I  will  alfo  be  bi- 
fefied.  For  fince  ace  zz  bdf  and  a  =  £,  and  c  —  d, 
or  ac  ~  bd,  therefore  e  —f  And  the  contrary. 

Cor.  2.  Hence  alfo  three  perpendiculars  erected  on 
the  middle  of  the  three  fides  of  a  triangle^  interfecl  in 
one  point.     And  the  contrary. 

I  For 


1  if 
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FIG.      For  if  two  perpendiculars  be  ere&ed  on  two  fides 

«-     PH,  IH,  then  will  b  =  c,  and  d  =  £,  whence  a—f-> 

therefore  the  perpendicular  flands  on  the  middle  of 

PL 

Scholium. 

If  the  point  O  be  taken  out  of  the  triangle,  this 
Prop,  will  hold  equally  true. 

PROP.     XVII. 

|2.  If  four  right  lines  be  drawn  from  the  four  angles 
of  a  trapezium ,  to  any  point  in  it \  as  O  •,  thcprodutts 
of  the  fines  of  the  alternate  angles  ^  will  be  equal  to  each 
other. 


In  the  triangle 

• 

SPO,  a  :     b 

:  :        SO 

:         PO 

POH,  c  :     b 

:  :         PO 

:         HO 

HOI,  e  :     d 

::         HO 

:        IO 

IOS,    g  :    / 

:  :         IO 

:         SO 

their  product 

aceg  :  hbdf :  :  SO.PO.HO.IO:PQ.HO.K).SO. 
therefore 

aceg  zz  hbdf 

Cor.  i.  After  the  fame  manner  y  if  lines  be  drawn 
from  all  the  angles  of  any  polygon  whatever  to  a  point  \ 
the  products  of  the  fines  of  the  alternate  angles  will  be 
equal. 

I3.         Cor,  2.  In  any  trapezium ,  let  a^  b3  £,  d&cc.  be  the 
fines  of  the  angles^  as  in  the  figure  \  then 

Jls  hbd  -j-  ace  : 
hbd  —  ace  :  : 


¥*K 
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,       ,    ,        ,    ISH+SIP 

Tan.  half  the  fum  of  the  angles 


"5 

FIG. 

3- 


Tan.  half  the  difference 


ISH  — SIP 


For  fince  aceg  —  hbdf,  therefore  ace  :  hbd  :  :f  :g 

: :  SO  :  IO,  and  by  compofition  and  divifion,  hbd 

-f-  ace  :  hbd  —  ace;  :  IO  +  SO  :  10  —  SO  :  :  (  by 

ISO  +  SIO           ISO  —  SIO 
Prop.  VI.)  tan. :  tan. . 


I  2 


SECT. 
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SECT.     II. 

"The  folution  of  all  the  cafes  of  plain  triangles. 


From  the  foregoing  propofitions,  all  the  cafes  of 
plain  triangles  may  be  refolved.  Every  triangle  has 
6  parts,  3  fides  and  3  angles ;  and  any  three  things 
being  given  (except  the  3  angles)  the  other  3  may 
be  found ;  but  if  only  3  angles  are  given,  there  may 
be  found  an  infinite  number  of  triangles,  that  will 
have  thefe  three  angles.  I  fhall  here  give  the  folu- 
tion of  right-angled  triangles  3  different  ways,  viz. 
arithmetically,  logarithmically,  and  algebraically : 
and  that  of  oblique  triangles,  logarithmically  and 
algebraically.  For  it  is  needlefs  to  fpend  time  in 
folving  thefe  arithmetically  •>  fince  any  oblique-an- 
gled triangle  is  divided  into  two  right  ones  by  a  per- 
pendicular, and  then  they  are  refolved  by  the  cafes 
of  right-angled  triangles ;  this  method  is  true  to  3 
or  4  places  of  figures,  and  is  fufficient  in  common 
cafes.  Alfo  all  the  cafes  in  obliques  (except  the 
laft)  may  be  refolved  by  the  rules  of  right-angled 
triangles  ;  but  with  a  deal  more  labour  •,  by  letting 
fall  a  perpendicular  from  the  end  of  a  given  fide,  or 
oppofite  to  a  given  angle. 

I  have  alfo  omitted  their  folution  by  projeftion 
and  inftrumentally,  as  being  only  approximations  to 
the  truth  ;  and  they  are  befides  fo  eafy  jn  them- 
felves,  to  any  body  that  can  but  handle  a  pair  of  com- 
pares, as  to  need  no  particular  explication.  I  fhall 
only  obferve  in  general,  with  regard  to  Gunter's 
fcale,&c.  that  any  fimple  proportion  maybe  wrought 
on  it  by  this  general  rule, 

Extend  the  compaffes  from  the  firft  term  to  one 
cf  the  means,  on  its  proper  line  -,  that  extent,  fet 

the 


Scft.  II.      */ TRIGONOMETRY.  117 

the  fame  way,  upon  its  proper  line,  will  reach  from 
the  other  mean  to  the  fourth  term  required  ;  where 
radius  is  the  fine  of  90%  or  tan.  450.  If,  in  ex- 
tending upon  the  tangents,  the  compaffes  reach  be- 
yond the  end,  fet  it  fo  far  back  as  it  reaches  over. 

Now  according  to  the  different  variety  of  things 
given  and  fought,  the  folution  of  triangles  is  divided 
into  feveral  cafes  as  follows  ;  in  which  I  have  only- 
put  the  eafieft  folutions.  They  that  require  more 
may  confult  the  propofitions,  from  whence  they  are 
derived  •,  the  numerical  operations  are  performed  by 
this  rule, 

Add  the  logarithms  of  thefecond  and  the  third  terms 
together ',  from  which  fubtratl  the  logarithm  of  thefirfi 
term,  and  the  remainder  is  the  logarithm  of  the  fourth 
term  fought \  where  radius  is  10. 

But  in  algebraic  folutions  you  muft  ufe  natural 
fines,  tangents,  &c.  and  they  muft  be  actually  mul- 
tiplied ;  and  divided,  and  here  radius  is  1. 

Note,  In  right  angled-triangles,  if  one  acute  angle 
is  given,  the  other  is  found  by  fubtrafting  this  from 
90. 

And  in  oblique  triangles,  if  2  angles  be  given,  the 
third  is  found  by  fubtracting  their  fum  from  180.  Or 
fubtrafting  one  from  180  gives  the  fum  of  the  other 
two. 

In  folving  any  of  the  cafes,  it  will  be  proper  for 
diftin&ion's  fake  to  mark  what  is  given  with  a  da!fh 
(/),  and  what  is  fought  with  a  cypher  (o). 


I  3  Right 
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Right-angled  plain  triangles. 


Case     L 

FIG.       An   angle  C   and  the  hypothenufe  BC,    being 
14.     given ;  to  find  a  fide,  BA. 

I.  Arithmetically  without  tahles. 
Let  D  zr  degrees  in  the  leffer  angle  ;  then 

SM  +  Jf|!l  :  1  :  :  hyp.  BC  :  leffer  fide  CA. 
D  1000  /r 

JiDD 

or     1:1  — — : :  hyp.  BC  :  greater  fide  BA* 

10000       /r  & 

II.  Logarithmically,  by  the  table  of  artificial  fines,  &c. 
Rad  :  hyp.  BC  :  :  S.  an  angle  C  :  op.  fide  BA. 

III.  Algebraically,  by  the  table  of  nat.  fines  &c. 

Let  hyp.  BC:=:£,  nat.  fine  of  C  =  ^5  rad.  =  1.  then 
1  :  h  :  :  s  :  sh  =  BA. 


Case     II. 

14*        Given  an  angle  B  or  C,  and  a  leg;  to  find  the 
hypothenufe,  BC. 

I.  Arithmetically. 
Let  D  zz  degrees  in  the  leffer  angle,  then 
j  .  iM  +  Z^  .  .  leffer  fide  AC  .  hyp.  BC. 

or  l  ~"  loooo  :  l  :  :  greater  les  BA  :  hyp'  BC* 

II.  Lo- 
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II.  Logarithmically.  FIG. 

S,  angle  B  :  oppofite  fide  CA  :  :  rad  :  hyp.  BC.        14. 

III.  Algebraically. 
Let  s  =s  S.B,  ^>  =  AC,  then  -  —  hyp.  BC. 


Case    III. 

Given  an  angle,  and  a  leg  CA  ;  to  find  the  other      14, 
leg,  BA. 

I.  Arithmetically. 

Find  the  hvp.  BC,  by  Cafe  II.  then  VBO—CA* 
rzBA. 

II.  Logarithmically, 
Rad  :  one  leg  C  A  :  :  tan.  angle  C  :  op.  fide  BA. 


III.  Algebraically. 
Let  S.C—j,  SJB=<r,  tan.  C  =  /,  CAzzp,  then 

/>/  =  BA,  or  —  =  B A, 


Case     IV. 

Given  the  hyp.  BC,  and  a  leg  CA  -,  to  find  an      %/l 
angle  B,   or  C. 

I.  Arithmetically. 

Find  the  other  leg,  BA,  by  Cafe  V,  then 

As  "hyp.  BC  :  -f  \  the  longer  leg  BA  :  fhorter  leg 

CA  :  :  86  :   op.  angle  B;  and  B  taken  from  9a 

gives  C. 

I  4  II.  Lo* 
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II.  Logarithmically. 

£  I  G.       As  hyp.  BC  :  rad  :  :  given  leg  CA  :  :  S.  op.  an- 
*4-     gle  B,  and  B  taken  from  90  gives  C. 

III.  Algebraically.  - 
Let  hyp.  BC  =  b9  leg  CA  =p,  then  -|  =S.B, 
and  90  —  B  zz  C. 

Case     V. 

Given  the  hypothenufe  BC,  and  a  leg  CA,  to 
find  the  other  leg  BA. 

I.  Arithmetically* 

VBC2  —  caz=ba. 

II.  Logarithmically. 

Take  the  fum  and  difference  of  the  hyp.  BC,  and 
given  leg  AC,  add  their  logarithms  together;  half 
the  fum  is  the  logarithm  of  the  fide  required,  AB, 

III.  Algebraically. 


U 


LetBCzn^,  CA=p,  then  Jbb—pp  =  BA. 

Or  let  BC  +  AC  =  z,  BC— AC  =  d,  then  s/dz 
r=  BA. 


Case     VI. 
J4,     The  legs  AB,  AC,  being  given,  to  find  an  angle,  B, 

L  Arithmetically. 

Find  the  hyp.  BC  by  Cafe  VII,  then,  as  hyp.  BC 
4.  half  the  longer  leg,  BA  :  leffer  leg  CB  : :  86  : 
angle  op.  B. 

II.  Lo- 
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II.  Logarithmically. 

As  one  leg  AB  :  rad  :  :  other  leg  AC  :  tan.  B,    FIG* 
the  op.  angle.  4, 

III.  Algebraically. 

Let  AB  ==:  b,  AC  =p,  then  7  =  tan.  B,  or  ■■■   r      \ 

b  sbb+pp 

-S.B. 

Case    VII. 

The  legs  AB,  AC  being  given  -,  to  find  the  hy-     I4j 
pothenufe  BC. 

I.  Arithmetically. 


VAB2  +  ACZ  =  BC. 

II.  Logarithmically. 

Find  the  angle  B  by  Cafe  VI.  and  then  the  hyp. 
BC  by  Cafe  II. 

III.  Algebraically* 
Let  AB  =  b,  AC  —  p>  then  Vbb+pp  —  BC. 


Oblique 
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Oblique  plain  triangles. 

^(,l    Hi  mni»f  1W  iWiW>IW»  liUWWin.lH.nl  mil  ii  Him       m     mil JW %m»   'I    »l       J  HM  Wi      iWHIi     I      umili^ 

Case    I. 

FIG,       Given  two  angles  A,  B,  and  an  oppofite  fide,  FB  j 

15.     to  find  the  other  oppofite  fide  AF. 

16. 

j7#  I.  Logarithmically. 

S.  one  angle  A  :  cp.fide  FB  ;  :  5.  /£*  0/^r  *»£/*  B ♦ 
f  0  j/j  oppofite  fide  AF. 

II.  Algebraically. 

Let  *  =  S.  A,  j  =  S.  B,  FB  =  d9  then  f£  =  AF. 

a 

Alfo  put  n  —  cof.  A,  ^  =  «s£  B.    S^ap  am  +  *V 
=  5.  F,  «»*  2±^  =  AB.     Alfo  —ft-  =5 

BF. 


Case     II. 

1 

15.        Two  fides  AF,  FB,  and  an  oppofite  angle  B 
x6.     being  given  \  to  find  the  other  oppofite  angle  A. 


*7« 


I.  Logarithmically. 

One  fide  AF  :  S.  its  op.  angle  B  :  :  other  fide  FB  : 
S.  of  its  op  angle  A. 

If  the  given  angle  B  is  obtufe,  or  if  its  oppofite 
fide  AF  be  greater  than  the  other  fide  BF,  then 
angle  A  fought  is  acute  •,  otherwife  it  is  doubtful : 
and  the  fum  of  A  and  B  taken  from  1 80,  gives  F. 

II.  Algebraically. 

Let  s  =  S.  B,  AF  =  cy  FB  =r  d,  then  -  -  S.  A. 

c 
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Alfo  put  m  -  cof.  B,  and  then  ™d  +  ' ^ "  —  ssdd   FIG. 

c 
=  S.  F. 

Case  III. 

Two  fides  AF,  FB,  and   an  oppofite  angle  B,      15. 
given  -,  to  find  the  third  fide  AB.  16. 


2 

A  the  leffer  angk.% 


*7< 


1.  Logarithmically. 

Find  the  angle  A  by  cafe  the  fecond,  and  then  the 
angle  F  will  be  had.     Then  find  AB  by  Cafe  I. 

II.  Algebraically. 

Let  AF  =  c,  BF  =  d,  S.B  =  s9  cof.  B  =  m. 
Hhen  dm  +  *J cc  —  ssdd  =  AB ;  4-  if  Z.  A  is  acute, 
and  —  if  obtufe.  Where  note,  if  B  be  obtufe,  m 
will  be  negative. 


Case    IV. 

Two  fides  AF,  FB,  and   the  included  angle  F,     15; 
being  given  \  to  find  the  other  angles,  A,  B.  16. 

1 1 ' 
•    ,      I.  Logarithmically. 

As  fum  of  the  fides  AF  -f-  FB  :  their  diff.  AF  — 

B  -4-  A 

FB  :  :  tan.  half  the  fum  of  the  op.  angles  — X— - : 

2 

tan.    of  half  their  diff.   — — —  ;  then  — — -["" 

2  2 

zz  B  the  greater  angle,  and  _IH~_  — 


II.  AU 
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II.  Algebraically. 
FIG.       Let  AF  zz  c,  BF  zz  d,  x  zz  S.F,  y  —  cof.  F.  Then 

■*■         =  tan.  A,  0#  J =  tan.  B. 

^  —  ay  a  —  cy 

Cr~.       c        :       ■— =  cof  A,  aud   ■■»,■■         cy  , .  _ 
—  cof  B. 


Case   V. 

♦ 

15.  Given  two  fides  AF,  FB,  and  the  contained  angle 

16.  F;  to  find  the  third  fide  AB. 

17. 

I.  Logarithmically. 

Find  Kor^by  Cafe  IV.  then  AB  by  Cafe  I. 

II.  algebraically. 

Let  AF  —  r,  BF  =  d,  y  =  cof.  F,  ?  zz  verf.  F. 

Then  ^cc-t-dd—  2cdy  —  AB.     Or  V^_/  _j_  2^ 

=  AB. 
See  alfo  the  corollaries  to  Prop.  VII. 


Case  VI. 
3§f         Three  fides  given,  to  find  an  angle  F. 

I.  Logarithmically. 
Let  fall  a  perpendicular  BD,  on  a  fide  adjoining 
to  the  angle  fought,  then  as  bale  AF  :  furn,  fides 
AB  +  BF  :  :  their  diff.  AB  -  BF  :  AD  —  DF  the 
diff.  fegments,  or  the  alternate  bafe  ;  then  4  bafe 
AF  J-  i  diff.  =  greater  fegment,  and  ~  bafe  AF  — 
'4  diff.  rz  leffer  fegment.  Then  there  is  given,  BF, 
DF  to  find  F,  by  Cafe  IV.  qf  fight- angled  triangles. 
Alfo  fee  Prop.  VII.  and  cor. 

II.  AU 
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II.  Algebraically.  FIG 

r\7     cc+dd — bb        rx?      184 

AFcoBF=*1     £-£_ 
L        2dc 

See  alfo  the  corollaries  to  Prop.  VII. 


Scholium. 

In  the  folutions  of  plane  triangles  there  are  three 
cafes,  where  the  thing  fought  requires  two  opera- 
tions ;  1.  when  two  legs  of  a  right-angled  triangle 
are  given  to  find  the  hypothenufe  j  2.when  two  fides 
and  the  included  angle,  in  an  oblique  triangle,  are 
given,  to  find  the  third  fide  ;  3.  when  two  fides  arid 
an  angle  oppofite  are  given,  in  an  oblique  triangle, 
to  find  the  third  fide. 


The 
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The  a&ual  folution  of  all  the  cafes  of 
plain  triangles  in  numbers \ 

'Right-angled  triangles. 


Case   I. 

FIG.       Given  the   JL  C  =  52  13,   hyp.  BC  =  316,  to 
57.    find  BA. 

L  Arithmetically. 

Let  D=  jLB  •=  S7~  =  37.78  in  decimals,  and 

60 

m  =  1.516,  and  J2.  =  tfij.  andllPP  ~ 
D  1000  1000 

•214,  and   1. 516  -f  .113  =  1.629,  anc*  *  — -2I4 
=  .7865   therefore  1.629  :  1  :  316  :  194  =  CA. 
and     1  :  .786: :  316  :  248  =  BA. 

II.  Logarithmically. 

Rad.  .  .  .  10.0000000 

BC(3i6)  2.4996871 

S.C  (52  13)  ~  9.8978103 
AB  =  249.7.  ..  2.3974974 


Case  II. 

r$9       Given  the  l  B  =  37  47,  CA  ==  194.    To  find 
BC. 

I.  Arithmetically. 

(lL£  4.  J? —  —  1.629  as  in  the  laft,  then 
D         1000  * 

1  :  1.629  :  :  194  :  316  =  BC. 


Yl.W.pa.j*6 


Sea.  II.     of  TRIGONOMETRY.  tfy 

Il»  Logarithmically.  FIG. 

S.B  (37  47) 97S723i7  £8- 

CA(i94)  2.2878017 

Rad.  *         10. 

Hyp.  BC,  316.6  . . .  2.5005700 

Case   III. 
Given  the  Z.C  zz  52  13,    C A  =  194;    to  find     59; 
BA. 

L  Arithmetically. 
Find  BC  =  3 1 6,  by  Cafe  II.   Then 
from   the   fquare  of  BC  :r  99856 
fubtra<5t  the  fquare  of  CA  z=  37636 

cxtradt  the  fquare  root  of  62220 

which  will  be    249  zz  BA# 

II.  Logarithmically. 

Rad.  •— —   10. 

CA  (194)  — —   2.2878017 
Tan.  C  (52  17)  —  10.1116225 

BA,  250.8  .  <  .  2/3994242 

<!*  »■>  »—««■■«»■ .  ■■— ■  i.  wi  w—  mi— 1— mm— — .11  milium  iidrmmja  i»mtmmm\mtnm0\        I 

Case  IV. 

There  is  given  the  hyp.  BC  =  3 1 6,  andC A=  194 ;     60. 
60  find  the  angle  B. 

L  Arithmetically. 

From  the  fquare  of  BC  99856,  take  the  fquare 
of  CA  37636,  the  fquare  root  of  the  remainder 
(62220)  is  249  =  BA;  and  316  -J-  (iBAj  1244 
=  440f,  then 

As  4404-  :  194  :  :  86  :  37.87  in  decimals  rr 

II-  Lo- 
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FI6«  II.  Logarithmically. 

6o» 

BC(3i6)  2.4996871 

Rad.    ■  —    10. 

CA  (194) 2.2878017 

S*B>  37  52  •  •  •     9.7881 146 


PB  «n  1 


Case     V* 

$i»        Given  the  hypothenufe  BC  zr  316,   and  CA  : 
194  s  to  find  B A, 

I.  Arithmetically. 

From  the  fquare  of  BC  =  99856 
take  the  fquare  of  CA    =   37636 

the  fq.  root  of  the  remaind.  62220 
extracted  will   be  .   .    .    .       249  =  BA, 

II.  Logarithmically. 

BC  316 

.  CA  194 

Sum  510  log.  2.7075702 

Diff.  122  log.  2.0863598 

479393°° 
half  2.3969650  zz  2494  =  BA. 


Case     VI. 

The  legs   AB  =  249,    and  AC  —  194  being 
given  ;  to  find  the  angle  B. 

I.  Ariih- 
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I.  Arithmetically.  FIG. 

6afc 
To  the  fquareofAB   =  62001 

add  the  fquare  of  AC  =  37636 
The  fum  — -—  99637 
Its  fquare  root  315.6  —  BC$ 
add  4.  AB  124,5 

440.1 

then   440.1  :  194  :  :  86  :  37.9  in  decimals, Of 
=  37  54=Z.B. 

IL  Logarithmically. 

AB  (249 2.3961993 

Rad. 10. 

AC  (194) 2.2878017 

Tan.  B,  37  55  •  •  *    9.8916024 


**. 


Case    VIL 

The  legs  AB  —  249,  AC  zz  194,  being  given  ;     5* 
to  find  the  hyp.  BC.  J# 

I.  Arithmetically. 

To  the  fquare  of  AB  =  62001 
stdd  the  fquare  of  AC  =  37636 

Sum  99637 
Its  fquare  root       124.5  —  B& 

II.  Logarithmically* 

Find  the  angle  B  =  37  55,  by  Cafe  VI.  then 
find  the  hyp.  BC  =  315.7,  Jby  Cafe  II. 


K 
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Oblique  triangles. 

Case    I. 

FIG.      Given  two  angles  A  =  3 1  07,  and  B  =  1 1 5  24  j 
64.    BF  =  gy,  to  find  AF. 

S.A(3i  07) 9-7*31011 

FB  (97)     1.9867717 

S.B(ii5  24)  —    9.9558490 

11.9426207 
AF=  169.6.  .  .    2.2293130 


Case  II. 

%.        Given  AF  =  320,  FB  =  468,  and  B  =  32  15, 
to  find  the  L.  A. 

AF(32o)  — —     2.5051500 

S.  B  (32  15) 9.7272276 

FB  (468)  2.6702458 

12-3974734 
CAc    51  18  or  7       0 
S'Ati2842      I  9.8923«34 

Since  AF  is  lefs  than  B,  the  angle  A  may  be  either 
acute  or  obtufe. 


Case    III. 

66  r>-  f  AF  =  220,   B  =  72  15;  to  find  AB. 

66.        Given  J  ra  =  J68;  * 

Find  the  angle  A  =  51  18  or  128  42,  by  Cafe  II 5 
then  we  have  F  =  96  27  or  19  03. 

Then 
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Then  by  Cafe  I.  find  AB  =  595.9  or  195.7  ;  the  F  I  G* 

JL  A  and  AB  being  ambiguous,  becaufe  AF  (op.  66. 
to  the  given  angle)  is  lefs  than  FB. 


Case   IV, 

fAF  =  376      7 
Given  i  FB  —  31 1       I  to  find  the  angles  A,  B«,     6j> 
c    F  =  123  10J 

AF  =  376  180 

FB  =311  123  10 

Sum  687  Sum  op.  z_s  56  50 

Diff.  65  ,     f  fum  28    25 


then 
-ifum  28  25 


68j   2.8369567 

65   1.8129133 

Tan.  28  25  - — -  9.7332566  y~diff.    2   56 

11. 5461699  31   2I=B 

Tan. f  diff. (2  56)  8  7092 1 32 j  25   29mA. 


Case    V. 

rAF-376      7 
Given  <  FB  =  311       i  required  AB.  gg^ 

I    Fr:  123  10J 

By  Cafe  IV.  find  A  =  25  29. 

Then  AB  will  be  found  by  Caiel.  =s  605.1, 


Case    VL 


rAFz-376. 
Given  <  FB  —  3 1 1  s ,  required  Z.  F. 

CAR   —  fcorl 


69, 


K  2  On 
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FIG.       On  AF  let  fall  the  perpen.  BD,  then 

6$.  AB  =  605 

FB  -  3,11 

Sum      916 

DifF.      294 

AF  (376)      

Sum  (9 1 6)      ■ 
DifF.  (294)      


2.5751878 
2.9618955 
2.4683473 

5.4302428 
Alternate  bafe  (716.2)  2.8550550 


then 
4AF  =  i88 

fait.  =358.1 

Diff.  =170.1 
=  FD. 


Then  in  the  right  z.  triangle  FDB,  BF,  FD  are 
given,  to  find  z.  F,  by  Cafe  IV.  of  right  jl  trian- 
gles; then  F  zz  56  50,  and  z.  AFB  =123  10,  be- 
caufe,  the  alternate  bafe  being  greater  than  the  true 
bafe  i  the  perp.  BD  falls  without  the  triangle. 
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BOOK      III. 

^be  doSirine  of  the  fphere  and  fpherical  trigo- 

nometry* 

DEFINITIONS. 

i .  CyPberical  trigonometry^  teaches  the  properties  of 
{j  fpherical  triangles,  and  how  to  calculate  their 
fides  and  angles. 

2.  A  circle  of  the  fphere  is  that  which  is  made  by  a 
plane  cutting  the  furface  of  the  fphere.  If  the  plane 
pafs  thro'  the  center,  it  is  a  great  circle  :  if  not,'  it  is 
a  lejfer  circle. 

3.  The  pole  of  a  circle  is  a  point  on  the  furface  of 
the  fphere  equidiftant  from  every  point  of  the  circle. 
Every  circle  has  two  poles,  diametrically  oppofite 
to  each  other. 

4.  A  fpherical  angle  is  the  inclination  of  two  cir- 
cles of  the  fphere  to  one  another,  interfering  in  a 
point  called  the  angular  point. 

5.  A  right  angle  is  90  degrees  ;  an  acute  angle  is 
lefs,  and  an  obtufe  angle  greater  than  a  right  one. 

6.  A  fpherical  triangle  is  made  upon  the  furface 
of  the  fphere,  by  the  interferon  of  three  great  cir- 

K  3  cles. 
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cles.  If  one  angle  be  right,  it  is  called  a  right-angled 
fpherical  triangle.  If  one  fide  be  a  quadrant,  it  is 
called  a  quadrant al  triangle.  If  no  angle  or  fide  be 
90%  it  is  an  oblique  triangle. 

7.  In  a  right-angled  triangle,  the  fide  oppofite  to 
the  right  angle  is  called  the  hypother.ufe  \  the  other 
two  are  called  legs  or  fides. 

8.  In  a  right-angled  or  quadrantal  triangle,  the 
five  circular  parts  (letting  afide  the  right  angle  or 
quadrantal  fide)  are,  the  two  parts  adjoining  on  each 
fide  the  right  angle  or  quadrantal  fide,  and  the  com- 
plements of  the  three  parts  which  are  furtheft  diftant 
from  it.  The  middle  part  is  that  which  is  equidiftant 
from  other  two  \  which  two  if  they  adjoin  to  the 
middle  part,  are  called  extremes  conjunct  \  and  if  they 
be  remote  from  it,  are  called  extremes  disjunct. 

g.  Sides  and  angles  are  faid  to  be  of  the  fame  af- 
feffion,  when   both  are  greater,   or  both  letter,  or  - 
both  equal  to  900.  And  they  are :of different  affeflion, 
if  one  is  greater  and  another  lefs  than  900. 

10.  Like  or  Jimilar  arches  of  different  circles  arc 
thofe  that  contain  the  fame  number  of  degrees. 


SECT, 


Sed.L        o/TRIGONOMETRY.  135 

SECT.     I. 

The  properties  of fpherical  angles  and  arches. 

P  R  O  P.     I. 

The  feElion  of  a  fphere  and  a  plane  is  a  circle. 

Let  BIC  be  the  feftion,  and  let  the  plane  of  the  FIG. 
great  circle  ABCD  be  drawn  through  the  center  E  19. 
of  the  fphere,  perpendicular  to  the  plane  BIC,  and 
let  BHC  be  their  common  interfe&ion.  Draw  EH 
perpendicular  to  BC,  then  BH  zz  HC.  Take  any 
point  I  in  it,  and  draw  HI,  IC  ;  and  alfo  BE,  CE. 
Since  EH  is  perpendicular  to  BC,  and  in  the  per- 
pendicular plane  ABCD,  therefore  it  is  perpendicu- 
lar to  the  plane  BIC,  and  therefore  to  HL  But 
BE,  CE,  IE  are  equal  radii  of  the  fphere-,  there- 
fore in  the  right-angled  triangles  BEH,  IEH;  BHa 
+  HE*  =  BE2  =  IE*  =  HP  +  HE%  therefore 
BH*=iIHz,  and  BH  =  HI,  therefore  BIC  is  a  cir- 
cle whofe  center  is  H. 

Cor.  1.  If  a  great  circle  ABCD  be  perpendicular  to 
any  other  circle  BIC,  it  pajjes  thro*  its  poles. 

For  fince  it  is  proved  that  H  is  the  center  of  the 
circle  BIC,  and  EH  perpendicular  to  it,  produce 
EH  to  P  which  will  be  in  the  plane  of  the  circle 
ABD,  becaufe  EH  is  in  it.  Draw  the  great  circle 
PI,  then  fince  the  fines  BH,  HI,  HC  are  equal, 
therefore  the  arches  belonging  to  them  BP,  IP,  CP 
are  equal,  therefore  P  is  the  pole.  And  if  PE  was 
produced  to  the  other  pole,  that  pole  will  alfo  be  in 
the  plane  of  the  circle  ABC. 

K  a  Cor. 
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FIG.       Cor.  2.  If  a  great  circle  ABC  paffes  thro9  the  pole 
ig.     P  of  another  circle i  it  cuts  it  at  light  angles  and  into 
two  equal  parts. 

For  draw  PE  to  cut  the  circle  in  H,  then  is  H 
the  center,  and  PH  perpendicular  to  its  plane,  an4 
confequently  EH  and  the  plane  ABCD  are  perpen- 
dicular to  it.  And  fince  the  center  H  is  in  BC,  the 
common  interfe&ion  of  the  planes ;  therefore  BIC 
is  a  femicircle. 

PROP.     II. 

%Q.        All  great  circles  of  the  fphere  cut  one  another  in(§ 
two  equal  parts. 

For  the  common  feftiqn  of  their  planes  is  the  dia- 
meter of  the  fphere,  and  confequently  their  fegments 
are  femicircles. 

Cor,  i.  Any  Jide  of  afpherical  triangle  is  lefs  than 
^  femicircle. 

For  fince  ADC  or  ABC  is  a  femicircle,  therefore 
in  the  triangle  ADB,  AD  or  AB  is  lefs  than  a  femi- 
circle. 

Cor.  2.  If  two  fides  of  a  fpherical  triangle  ABD 
be  produced^  till  they  interfeft  in  C,  each  will  become  $ 
femicircle. 

PROP.     Ill, 

%\.  If  mm  or  more  circles  interfett  another  circle  in  onei 

and  the  fame  point  C  ;  the  fum  of  the  angles  ACE, 
ECD  is  equal  to  two  right  angles. 

Let  the  arch  EC  interfedt  AD  in  C,  and  draw  CB 
perpendicular  to  AD  ;  then  ACB  +  BCD  =  two 
fight  angles;  but  ACE  -f  ECB  =  ACB,  and  ECD 
~  ECB  s  BCD,  therefore  ACE  +  ECD  =  ACB 
r|-  BCD  ==  two  right  angles. 

Car. 


Sea.  I.       of  TRIGONOMETRY,  i37 

Cor.  i.  All  the  angles  made  about  one  pint  are  ss    FIG. 
four  r;ght  angles.  2 1 . 

Cor.  2.  When  one  circle  croffes  another ',  the  vertical 
angles  a,  c  are  equal. 

For  a  +  b  =  two  right  angles,  and  b  +  c  =  two 
right  angles,  therefore  a  -f  b = £  +  r  and  ^  zz  r. 

P  R  O  P.     IV. 

A  fpherical  angle  made  by  two  great  circles  is  mea*     22, 
fured  by  the  arch  of  a  great  circle  intercepted  between 
the  fides,  and  defcribed  at  a  quadrant's  diflance  from 
the  angular  point. 

Let  AB  =  AD  ==:  900,  and  draw  the  arch  BD, 
and  from  the  center  E  draw  BE,  DE ;  alfo  draw 
the  tangents  AT,  AS,  to  the  arches  AB,  AD; 
then  the  Z.  TAS  =  fpherical  angle  BAD,  and 
AEB,  AED  will  be  two  right  angles  •,  but  TAE, 
SAE  are  right  angles,  therefore  TA,  SA  are  ||  to 
BE,  DE,  and  L  TAS  =  BED.  But  the  arch  BD 
is  the  meafure  of  the  angle  BED  or  TAS,  and  there- 
fore  of  the  fpherical  angle  BAD. 

Cor.  1.  The  angles  BAD,  BCD,  made  at  oppofite 
points  of  the  femicircle,  are  equal.  For  the  z.  BFJ) 
or  arch  BD  is  the  meafure  of  both. 

Cor.  2.  The  dijlance  of  the  poles  of  two  circles  is 
equal  to  the  angle  of  their  inclination. 

For  fince  AE  is  -1-  to  the  plane  BDE,  this  plane  i§ 
J-  to  both  the  planes  ABC,  ADC  ;  therefore  the 
poles  are  in  the  circle  BD,  as  fuppofe  at  P,  Q^ 
Then  BP  =  90°  -=  DQ^  and  fubtradting  DP  from 
both,  then  BD  =  PQ1 

Cor.  3.  Two  great  circles  ABC,  ADC  paffing 
thro'  the  poles  of  another  great  circle  BD,  will  cut  all 
the  parallels  to  BD,  as  bd,  intoftmilar  arches. 

For 
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FIG.        For  AC  is  J-  to  bed,  and  e  the  center  of  bd, 
22.     therefore  z.  BED  =  bed,  or  the  arch  bd  fimilar  to 
BD. 

Cor.  4.  //<?#tt  ^«  angle  made  by  two  great  circles  of 
thefphere,  is  equal  to  the  angle  of  inclination  of  the 
planes  of  thefe  great  circles.     For  Z.  BED  or  bed  = 
Z.  TAS  or  BAD. 

^  Cor.  5.  Hence  alfo  if  bd  be  a  parallel  to  the  great 
tircle  BDP  ;  it  is  as  radius  :  cofme  of  the  parallel's 
difiance  from  its  great  circle  :  :  fo  any  arch  of  the 
great  circle  :  to  a  fimilar  arch  of  the  parallel. 
For  BE  :  BD  :  :  be  :  bd. 


PROP.    V. 

23.  If  any  two  circles  AEB,  AFB  interfebl  one  an- 
other on  thefphere,  they  make  the  oppefite  angles  A  and 
B  equal,  and  the  cppofite  parts  AFE,  BEE  fimilar. 

Let  AB  be  the  common  fe&ion  of  their  planes  ; 
and  in  the  planes  of  their  refpedive  circles,  draw  the 
tangents  AC,  BC  to  the  circle  AFB ;  and  AD, 
BD  to  the  circle  AEB,  and  join  CD.  Then  in  the 
triangles  ACD,  BCD,  AC  =  BC,  being  tangents  to 
the  lame  circle,  and  for  the  fame  reafon  AD  =  BD, 
and  CD  is  common ;  therefore  the  triangles  are  equai 
and  fimilar,  and  the  z.  CAD=CBD,  and  therefore 
the  fpherical  angles  A  and  B  equal  to  them,  are 
alfo  equal  to  one  another. 

Likewife  the  oppofite  parts  of  the  figure  AFBEA 
are  fimilar,  being  bounded  by  parts  of  the  fame  cir- 
cles, having  the  fame  pofition. 

Cor.  Hence  any  two  like  arches  OI,  SV,  drawn 
after  a  like  manner,  will  be  equal.  That  is,  if  AO  == 
BS,  and  AI  =  BV,or  z.  AOI  =  Z.BSV,  then  OI  = 

SV. 


Pl-V./w.  J(38. 
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SV.     For  then  the  triangles  AOI,  and  BSV  are    FIG. 
fimilar  and  equal.  23. 

Scholium. 

Though  the  oppofite  parts  of  the  figure  AFE  and 
BFE  are  faid  to  be  fimilar  ;  yet  if  the  angle  A  be 
applied  to  B,  the  triangles  AFE,  BFE  will  not  co- 
incide. Or  if  the  bafe  FE  of  one  be  laid  on  the  bafe 
EF  of  the  other,  the  triangular  figures  AFE,  BFE 
will  lie  contrary  ways,  one  to  the  right,  the  other 
to  the  left  hand, 

PROP.     VI. 

If  two  great  circles  HO,  HR  have  the  fame  incli-     24. 
nation  to  a  third  EQj  the  arches  of  all  the  parallels 
(AP)  to  the  thirds  intercepted  by  the  other  two,  will  , 
be  fimilar  arches. 

Let  the  great  circle  EC  cut  the  circles  HO,  HR 
at  equal  angles  in  E  and  CK  Thro5  the  poles  of  EC 
draw  the  great  circles  PB,  AC.  Then  in  the  tri- 
angles PEB,  AQC,  l.  E  —  Z-  Q,  and  the  angles 
at  B  and  C  are  right,  and  PB  zz  AC  •,  therefore  if 
the  angle  E  be  laid  upon  the  angle  Q,  then  will  P 
fall  fomewhere  in  the  arch  PA  (becaufe  PBzzAC)  ; 
and  fomewhere  in  the  arch  QH  (becaufe  l.  E=  z.  Q^), 
therefore  P  falls  upon  A,  their  point  of  interferon  ; 
and  confequently  B  upon  C  (otherwife  A  would  be 
the  pole  of  CQ^ ) ;  therefore  BE  —  CQ,  and 
PE  =  AQ,  therefore  EQ^—  BC  >  but  BC  is  fimilar 
to  AB  (by  Cor.  3.  Prop.  IV),  therefore  EQjmd  AP 
are  fimilar. 

Cor.  I'he  fame  things  fuppofed,  the  arches  of  the  two 
inclined  great  circles  intercepted  between  any  two  paraU 
kls  to  the  third,  are  equal,  PE-AQ. 

PROP. 


*4o  ^ELEMENTS       Book  III. 

PROP.    VII. 

FIG.       If  a  plane  EPQ^&?  fuppofed  to  be  drawn  perpendi- 

25.  cular  to  the  planes  of  two  equal  circles  HO,  EQj  and 
any  other  plane  PDKN  be  drawn  thro*  the  two  poles 
P,  N,  which  are  equidift ant  from  their  refpe&ive  cir- 
cleSj  and  to  revolve  about  PN  :  then  thefe  planes  will 
intercept  equal  arches  of  thefe  circles*  DO,  KQ^ 

For  let*  N  be  the  pole  of  HO,  and  P  of  EOf 
and  NO  -  PQ,  then  by  cor.  Prop.  V.  z.  NOH 
or  NOD  zz  PQE  or  PQK  •,  and  Z_  POD  =  NQK, 
and  NQ  =  PO,  and  by  Prop.  V.  A  N  =  P.  There- 
fore  the  triangles  POD  and  NQK  are  firnilar  and 
equal,  and  therefore  arch  DO  =  KQ^  And  like- 
wife  arch  HD  =  EK. 

prop.   vin. 

26.  Of  fever al  arches  of  great  circles  drawn  from  the 
fame  point  A  to  any  other  circle  CED ;  the  greateji 
AD  is  that  which  paffes  thro9  the  pole  P,  and  the  near- 
er to  this  as  AB  is  greater  than  that  which  is  further 
of  as  AE.  And  the  leajt  is  AC,  the  remainder  of  that 
which  paffes  thro'  the  pole. 

Let  AS  be  perpendicular  to  the  plane  of  the  cir^ 
cle  CED,  O  its  center,  CSOD  its  diameter.  Draw 
the  right  lines  SB,  SE,  AD,  AB,  AE,  AC.  Then 
you  have  the  right-angled  plane  triangles  ASD,  ASB, 
ASE,  ASC,  wherein  the  perpendicular  AS  is  com- 
mon. But  (Geom.  IV.  4,)  the  bafe  SD  paffing 
thro'  the  center  is  the  greateft,  and  SB  greater  than 
SE,  and  SE  greater  than  SC,  which  is  the  leaft. 

Therefore  the  hypothenufe  AD  is  the  greateft, 
AC  the  leaft,  and  AB  greater  than  AE.  But  thefe 
are  the  cords  of  arches,  and  to  greater  cords  belong 
greater  arches,  confequently  the  arch  AD  is  the 
greateft,  arch  AB  (nearer  to  AD)  is  greater  than 

arch 
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arch  AE  (further  from  it)  j  and  arch  AC  the  leaft:  FIG. 
of  all.  26. 

Cor.  1.  If  two  fides  in  two  fpherical  triangles  APE,     27. 
APB    be  refpefiively    equal;    that   which   hath  the 
greater  included  angle,  hath  the  greater  bafe :  and  the 
contrary. 

For,  about  the  pole  P,  at  the  diftance  PE  or  PB 
(the  greater  fide  in  the  two  triangles),  defcribe  the 
circle  EBD,  and  from  A  thro*  P  draw  the  great 
circle  APD.  Then  by  this  Prop,  if  BD  be  lefs  than 
ED,  or  Z.  APB  greater  than  APE  5  then  is  AB 
greater  than  AE. 

And  if  AB  be  greater  than  AE,  then  AB  is  nearer 
to  D  than  AE,  Z.  APB  greater  than  APE. 

Cor.  2.  tfhe  perpendicular  let  fall  on  the  iafe  of  a 
fpherical  triangle,  is  either  greater  than  either  fide,  or 
lefs  than  either  fide. 

For  it  paffes  through  the  pole  of  the  bafe,  and 
is  therefore  either  the  longeft  or  fhorteft  line  drawn 
from  the  vertex  of  the  triangle. 

Cor.  3.  And  therefore  when  the  perpendicular  falls 
without  the  triangle,  either  the  greater  or  leffer  per- 
pendicular may  be  ejleemed  the  perpendicular  upon  the 
bafe. 

Cor.  4.  Hence  if  the  perpendicular  fall  without ',  as     28, 
in  the  triangle  B  AE,  the  greater  perpendicular  AD 
lies  next  the  greateftfide  AB  -,  and  the  leaft  perpendi- 
cular AC  next  the  leaft  fide  AE. 

But  when  the  perpendicular  falls  within ;  if  it  is 
lefs  than  a  quadrant,  as  AC  (in  the  triangle  AEF), 
then  it  lies  nearer  the  leffer  fide  AE,  and  the  feg- 
ment  CE  is  lefs  than  CF,  and  L  CAE  lefs  than 
CAF.  But  if  it  is  greater  than  a  quadrant,  as  AD 
(in  the  triangle  ABG),  then  it  lies  neareft  the  greater 
fide  AG,  and  then  it  makes  the  leffer  fegment  of 

the 
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FIG.    the  bafe  (DG),  and  leffer  vertical  angle  (DAG;, 
28.     next  the  greater  fide  AG.     And  the  greater  ones 
next  the  leffer  fide  AB. 

Cor.  5.  The  perpendicular  falling  within,  or  the 
near  eft  perpendicular  falling  without,  is  of  the  fame  af- 
fection, as  half  the  fum  of  the  fides. 

For  in  the  triangle  EAF,  AC  is  lefs  than  a  qua- 
drant, and  fince  AF  <  AG,  therefore  AE  +  AF 

1  AE.+  AF  ■:V--'V,\ 

<C  EG  or  180,  and         ■ <Z  90.    But  in  the 

triangle  GAB,  AD  is  Z>  a  quadrant ;  and  fince  AG 
:>AF,   therefore  BA  +  AG;>BF  or    180,    and 
BA  +  AG 
1 >£<v 

Again,  in  the  triangle  BAE,  where  the  perpendi- 
cular AC  is  lefs  than  a  quadrant,  and  CE  <Z  CF  ; 
then  by  this  Prop.  AE  <Z  AF,  and  AE  +  AB  <; 

AE  +  AB  n     .     ,       . 

BF  or  1800,  and <C  90.  But  in  the  tri- 
angle GAF,  where  the  perpendicular  AD  (greater 
than  a  quadrantj  is  neareft,  or  DB  ;>  DG,  or  CF 
>  CE,  then  AF  >  AE,  and  AF  +  AG  >  GE  or 

,AF  +  AG 
1 80,  and ;>  90. 

Cor.  6.  Hence,  when  the  perpendicular  falls  within, 
or  yon  take  the  neareft  perpendicular  falling  without ; 
then  if  half  the  fum  of  the  fides  be  lefs  than  a  quadrant^ 
the  leffer  fegment,  and  leffer  vertical  angle,  adjoins  to  the 
leffer  fide  -,  but  if  half  the  fum  of  the  fides  be  greater 
than  a  quadrant,  the  leffer  fegment  and  leffer  vertical 
mgle  adjoins  to  the  greater  fide. 


SECT. 
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SECT.     II. 

*Ihe  affeSlions  of  fpherical  triangles. 

PROP.    IX. 

Every  triangle  ABC  hath  (by  producing  its  fides)    FIG. 
another  triangle  abc>  on  the  oppqfitejide  of  the  globe*     29. 
fimilar  and  equal  to  it. 

For  the  point  a  is  oppofite  to  A,  or  a  femicircle 
diftant  from  it ;  and  b  is  oppofite  to  B,  and  c  to  C. 
Therefore  ab-m  AB,  be  —  BC,  and  ac  =  AC.  Like- 
wife,  by  Cor.  1.  Prop.  IV.  z.  a  =  z.  A,  b  =  B,  and 
*:zC  ;  therefore  the  triangle  abc  is  equal  and  fimilar 
to  ABC. 

Cor.  1.  Hence  any  triangle  ABC,  by  producing  its 
fides*  hath  oppofite  to  every  angle  thereof \  another  tri~ 
angle  of  the  fame  bafe  and  oppofite  angle  with  the  for- 
mers and  the  other  parts  the  fupplements  thereof 

Thus  in  the  triangle  Bca,  z.  B  =  z.  ABC,  ac  = 
AC,  aB  =  fup.  AB,  cB  =  fup.  CB,  z.  caB  =  fup. 
CaB  or  A,  and  z.  acB  =  fup.  C. 

Cor.  2.  Any  triangle  ABC,  has  adjoining  to  every 
fide  thereof  another  triangle*  having  the  fame  fide  and 
oppofite  angle*  and  the  other  parts  the  fupplements 
thereof. 

Thus  in  the  triangle  ABr,  AB  and  /L  c  is  the 
fame  with  AB  and  z.  C ;  Be*  Ac  are  the  fupple- 
ments of  BC,  AC  ;  jl  cBA  z=z  fup.  CBA,  and  z. 
rAB  =  fup.  CAB.  Likewife  there  is  the  triangle 
<zBC  adjoining  to  CB  *  and  the  triangle  KbC  adjoin- 
ing to  AC. 

SCHO- 
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Scholium* 

FIG.  Tho5  the  triangles  ABC,  abc  are  faid  in  this  Prop* 
29#  to  be  fimilar ;  yet  they  will  not  coincide  when  ap- 
plied to  one  another.  For  laying  any  angle  a  upon 
its  equal  A,  fo  that  the  concavities  of  the  triangles 
lie  the  fame  way  $  the  fide  ac  will  fall  on  AB,  and 
ab  on  AC. 

PROP.    X, 

30.  If  from  the  three  angles  of  any  fpheHcal  triangle 
ABC,  as  poles,  you  defcribe  three  great  circles,  they 
will  form  another  fpherical  triangle  DEF  by  their  in- 
terferons ;  each  ftde  and  angle  whereof  will  be  the  fup- 
plements  of  the  angle  and  fide  oppojite,  in  the  given 
triangle. 

Produce  the  fides  as  in  the  fig.  then  fince  Bk  or 
BF  is  a  quadrant,  and  A^  or  AF  is  a  quadrant, 
therefore  F  is  the  pole  of  AB  ;  and  likewife  E  the 
pole  of  AC,  and  D  the  pole  of  CB.  Then  DQjz:  a 
quadrant  55  ER,  and  DE  55=  QR  =  fup.  L  C. 

Alfo  Eg  =  900  —  Fp  z=z  Tp,  and  TE =pg>  there- 
fore FE  =  fup.  ET  or  pg,  that  is,  of  the  z.  CAB* 
Likewife  DT  —  kr  or  A  B,  and  DF  ~  fup.  z.  B. 

Alfo  rB  =  900  =  Ap,  and  rB  -f-  Ap,  or  rp  -f  AB 
s=  180%  and  rp  or  the  L  F  —  180  —  AB  =  fup, 
AB. 

And  thus  A£  =  CR,  andAC=^R,  and  fup. 
gR  =fup.  AC,  that  is,  jl  E  =  fup.  AC 

Laftly,  CQ=  900  =s  Bk,  and  CQ  +  Bk  or  *Q  -f 
CB=i8o,  and£Q  =  180  — CB,  that  is,  jlV  =s- 
fup.  CB. 

Cor.  1.  Some  three  poles  of  the  fides  of  any  triangle, 
form  another  triangle,  wherein  the  angles  and  fides  are 
refpeftively  equal  to  the  fupplements  of  the  fides  and 

angles 
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angles  of  the  other  ;  and  ihefe  two  triangles  are  mutu-   FIG. 
ally  fupplemental  to  each  other.  30* 

For  D,  E,  F  are  the  poles  of  the  fides  of  the 
triangle  ABC,  as  well  as  A,  B,  C  are  the  poles  of 
the  fides  of  DEF. 

Con  2.  The  near  eft  poles  D,  E,  T  of  the  fides  of 
any  fpherical  triangle  ABQ  form  another  triangle \ 
wherein  the  angles  and  fides  are  refpeftively  equal  to  the 
fides  and  angles  of  the  given  one :  excepting  only  the 
fupplements  of  one  fide  and  its  oppofite  angle  in  the  for- 
mer %  will  be  the  correfpondent  angle  and  fide  in  the 
latter. 

For  in  the  triangles  DFE,  DTE,  DE  is  com- 
mon, and  JL  F  —  /L  T ;  and  all  the  relt  are  the 
fupplements.  There  are  other  five,  or  in  all,  fix 
fuch  triangles,  and  all  adjoining  to  the  angles  and 
fides  of  the  triangle  DEF,  by  Cor.  1,2.  Prop.  IX* 
but  there  is  only  one  fupplemental  triangle  DEF  to 
the  triangle  ABC. 


be  re- 


S  C  k  O  L  I  U  Mi 

By  this  prop,  quadrantal  triangles  ttiay 
duced  to  right-angled  ones. 

PROP.    XI. 

In  two  triangUs,  if  three  fides  in  one  be  refpeftively 
equal  to  three  fides  in  the  other ;  or  the  three  angles  in 
the  one  to  the  three  angles  in  the  other  \  thefe  trianglei 
will  be  equal  in  all  refpefts* 

Cafe  1*  If  three  fides  be  equal ;  and  if  the  bafe 
of  one  triangle  be  laid  on  the  bafe  of  the  other,  the 
two  other  fides  muft  coincide  ;  becaufe  there  can  be 
but  one  point  from  whence  two  given  arches  can  be 
drawn  to  the  two  angles  at  the  bafe. 

Cafe  2.  If  three  angles  are  equal,  then  by  Cor.  1. 
Prop.  X.  the  fides  of  two  triangles  formed  by  the 

L  poles 
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FIG.  poles  of  both,  will  be  the  fupplements  of  the  an- 
gles of  the  former,  and  therefore  refpedtively  equal. 
Therefore,  by  Cafe  i .  the  angles  of  thefe  fupple- 
mental  triangles  are  equal,  and  thefe  angles  are  the 
fupplements  of  the  fides  of  the  former  triangles  by 
Cor.  r.  Prop.  X.  therefore  the  fides  of  the  former 
triangles  are  refpedively  equal. 

Scholium. 

This  demonftration  fuppofes  the  equal  fides  to  lit 
the  fame  way  ;  but  if  they  lie  contrary  ways,  they 
cannot  coincide.  Yet  if  you  will  fuppofe  the  con- 
vexity of  one  of  them  to  lie  the  contrary  way,  then 
they  will  coincide  when  laid  upon  one  another.  The 
fame  may  be  applied  to  the  following  prop. 

PROP.     XII. 

If  in  two  triangles^  there  be  two  fides  and  the  in- 
cluded angle  \  or  two  angles  and  the  included  fide ',  re- 
fpeffively  equal  \  the  two  triangles  will  be  equal  in  all 
refpetts.     For, 

i.  If  one  fide  in  one  triangle  be  laid  upon  its 
equal  in  the  other  triangle ;  then,  by  reafon  of  the 
included  angle  being  equal  in  both,  the  other  two 
fides  will  coincide,  and  fo  the  whole  triangle. 

2.  If  the  equal  fide  in  one  be  laid  upon  that  in 
the  other,  and  the  equal  angles  upon  one  another, 
the  whole  triangles  will  coincide,  and  will  therefore 
be  equal. 

PROP.    XIII. 

~lt         Thefum  of  any  two  fides  of  a  fpherical  triangle  is 
greater  than  the  third  fide. 

Let  AB  be  the  greateft  fide  ;  about  the  pole  B, 
thro'  C  defcribe  the  arch  CD,  which  will  be  -J-  to 

BD, 
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BD,  alfo  about  the  pole  A  thro5  D  defcribe  the  arch  FIG, 
DE,  which  will  alfo  be  -1-  to  AD.  And  fince  the 
two  circles  CD,  ED,  can  but  touch  in  one  point  D, 
therefore  at  E,  C  there  is  a  fpace  EC  between  them. 
Whence,  fince  AE  +  CB  =  AD  +  DB  or  AB, 
therefore  AE  +  EC  +  CB  or  AC  +  CB  is  greater 
than  AB. 

Coir.  1.  The  fum  of  the  three  fides  of  any  fph eric al     co. 
triangle  DEF  is  lefs  than  a  circle. 

For  DE  is  lefs  than  DT  -|-  TE,  and  therefore 
DE  +  EF  +  FD  is  lefs  than  FDT  +  FET  or  two 
femicircles. 

Cor.  2.  A  great  circle  is  the  near  eft  diftance  of  any 
two  points  upon  afphtre.  For  it  is  a  line  of  the  leait 
curvature  that  can  be  drawn,  or  defledls  lead  from 
a  right  Me. 

PROP.    XIV. 

In  any  triangle  equal  fides  are  cppofite  to  equal  angles.     %2. 

1.  Let  AC  —  BC,  let  CD  bifedt  the  angle  ACB, 
then  in  the  triangles  ACD,  CDB,  there  are  two 
fides  and  the  included  angle  at  C  refpecliveiy  equal ; 
therefore  by  Prop.  XII.  the  z.  A~  Z.B. 

2.  If  L.  A  =  jl  B,  make  AE  =s  BE,  then  by 
Cafe  1.  the  JL  EAB  zz.BzA  CAB  by  fuppo- 
fition  ;  therefore  E  falls  upon  C,  and  AC  is  ~  BC. 

Cor.  1.  An  equilateral  triangle  is  alfo  equi-angular, 
and  the  contrary. 

Cor.  2.  In  an  ifofceles  triangle,  a  perpendicular  let' 
fall  on  the  bafe,  bifefiks  it  and  the  vertical  angle  :  et 
centra. 

Suppofe  the  convexity  of  the  triangle  CDB  tq  lie 
the  contrary  way  ;  then  becaufe  the  angles  at  D  are 
equal  j  if  CDB  be  laid  upon  CD  A,  DB  will  fall 

JL  2  upon 
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F  I  G.  upon  DA  ;  and  becaufe  CBinCA,  and  jl  A  =  z.B 

32.     (by  this  prop.)  therefore  the  point  B  will  fall  upon 

A ;  and  the  triangles  will  coincide,  then  will  AD 

—  DB,  and  z„s  at  C  will  be  equal. 

Again,  If  AD  =  DB,  or  z.  ACD  =  l  BCD ; 
then  by  Prop,  XII.  the  angles  at  D  are  equal,  or 
CD  -J-  AB. 

PROP,    XV. 

2i#         In  any  fpherical  triangle,  the  great  eft  fide  is  oppofed 
to  the  greateft  angle ;  and  the  leaft  to  the  leaft. 

1.  Let  z.  C  r>  B,  and  make  /L  BCD  =  B ;  then 
will  CD  =  BD  by  Prop.  XIV.  but  CD  +  AD  or 
AB>  AC  by  Prop.  XIII.  For  the  fame  reafon  if 
B>  A,  then  AC>CB. 

2.  Let  AB>AC,  then  angle  Cr>B;  for  if  C 
be  equal  or  lefs  than  B,  then  AB  is  equal  or  lefs 
than  CA  by  Cafe  1.  which  is  contrary  to  the  fup- 
pofition. 

PROP.    XVI. 

33.  If  one  fide  DA  of  a  triangle  DAB  be  produced,  and 
if  the  fum  of  the  other  fides  DB  ~f-  B  A  be  greater, 
equal,  or  lefs  than  a  femicircle  -,  the  internal  angle  at 
the  bafe  D,  is  accordingly  greater,  equal,  or  lefs  than 
the  outward  oppojite  angle  B AC. 

For  if  DB  +  B A  be  r>  =  or  <  than  DC,  then 
BA  is  >  =  or  <C  than  BC;  and  by  Prop.  XV. 
the  angle  C  or  D  is  >  =  or  <  than  BAC,  re- 
fpe&ively. 

Cor.  1 .  In  an  ifofceles  triangle,  as  one  of  the  equal 
fides  is  greater,  equal,  or  lefs  than  a  quadrant  -,  the 
angle  at  the  bafe  is  accordingly  greater ',  equal,  or  lefs 
than  a  right  angle. 

Cor. 


Seft.II.       ^/TRIGONOMETRY.  149 

Cor.  2.  In  an  ifofceles  triangle,  either  fide  is  of  the   FIG. 
fame  affeftion  as  its  oppofite  or  adjacent  angle. 

PROP.    XVIL 

In  any  fpberical  triangle \  if  the  fum  of  any  two  fides     33. 
he  greater,  equal,  or  lefs  than  a  femicircle ;  the  fum  of 
the  oppojite  angles  is  accordingly  greater,  equal,  or  lefs 
than  two  right  angles. 

For  by  Prop.  XVI.  if  DB  +  BA  be  greater, 
equal,  or  lefs  than  DC,  then  z.  D  is  greater,  equal, 
or  lefs  than  BAC,  and  D  +  DAB  greater,  equal, 
or  lefs  than  DAB  -{-  BAC,  or  two  right  angles. 

Cor.  1.  In  any  triangle  half  the  fum  of  any  two  fides 
is  of  the  fame  affe£lion,  as  half  the  fum  of  their  oppojite 
angles. 

Cor.  2.  Hence  it  follows,  that  if  in  a  triangle  ACB,  34. 
there  be  given  two  fides  AC,  CB,  and  an  oppofite  an* 
gle  A;  and  if  CD  be  madezn  CB,  then  you  will  have 
two  triangles  ACB,  ACD  containing  the  things  given, 
and  therefore  the  other  oppojite  angle  may  be  either  B  or 
ADC  ;  and  confequently  in  both  of  them  the  fum  of  the 
fides  AC,  BC  ;  or  AC,  DC ;  are  of  the  fame  af- 
fection (with  refpett  to  1 8o°J,  as  the  fum  of  the  oppojite 
angles  A  and  B,  or  of  A  and  ADC.  Therefore, 
whenever  the  fum  of  the  angles  A  and  B  are  of  the 
fame  affe6tion  as  the  fum  of  A  and  the  fupplement 
of  B,  then  it  is  doubtfdl  whether  the  other  angle  B 
is  acute  or  obtufe,  becaufe  it  mav  be  either.  But 
when  thefe  are  of  different  affedtions,  that  value 
only  of  B  (whether  acute  or  obtufe)  muft  be  taken, 
which,  when  added  to  A,  their  fum  is  of  the  fame 
affe&ion,  as  the  fum  of  the  oppofite  fides. 

Cor.  3.  And  for  the  fame  reafon,  when  two  angles     35, 
A  and  B,  and  cin  oppofite  fide  CB  are  given :  if  there 

h  3  be 
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FIG.  be  two  triangles  ACB,  DCB  that  contain  the  fame 
35.  data,  it  will  be  doubtful  whether  the  other  off  ofite  fide 
be  AC  or  its  fupplement  CD  (for  CD  zz  CE,  the 
angles  A,  D,  E  being  equal).  For  it  may  be  either  of 
them.  Therefore  we  rauft  always  take  that  value 
of  AC  which  added  to  CB,  their  fum  may  be  of  the 
fame  affe&ion  (with  refpe£t  to  180),  as  the  fum  of 
theoppofite  angles.  And  ifbothfums  (viz.  of  AC 
or  its  fupplement,  added  to  CB)  be  of  one  and  the  fame 
affe&ion  •,  then  it  is  doubtful.  Alfo  if  CI  be  -L-  AB, 
it  will  be  ambiguous  whether  AI  or  its  fup.  EI  =  DI 
be  the  fegment  of  the  bafe,  and  whether  ACI  or  its 
fup.  ECI  or  DCI  be  the  angle  at  the  vertex. 

Note,  The  cafes  mentioned  in  the  two  laft  corol. 
contain  the  fix  ambiguous  cafes  of  oblique  triangles. 
For  when  two  fides  and  an  angle  oppofite  are  given  ; 
the  other  three  things  will  have  different  values, 
according  as  an  arch  or  its  fupplement  is  taken  for 
the  other  oppofite  angle.  And  if  two  angles  and 
an  oppofite  fide  be  given ;  according  as  an  arch  or 
its  fupplement  is  taken  for  the  other  oppofite  fide ; 
the  bafe  and  its  oppofite  angle  will  have  differeqt 
values. 

22,  Cor.  4.  If  in  a  right- angled  triangle,  there  be  given 
an  angle  and  its  oppofite  fide,  there  will  be  two  triangles 
DBA,  CBA  that  have  the  fame  data,  and  therefore 
the  other  three  things  are  doubtful.  Whence  the  hypo* 
thennfe  may  be  either  DB  or  its  fup.  BC.  If  DB  be 
the  hypothenufe,  then  the  bafe  is  DA  and  JL  oppo- 
fite DBA.  IfBCis  the  hyp.  then  AC  is  the  bafe 
and  ABC  the  op.  angle,  thefe  three  being  the  fup. 
of  the  others.  And  thefe  are  called  the  three  am- 
biguous cafes  in  right-angled  triangles ;  when  an 
angle  and  its  op.  leg  is  given,  to  find  the  reft. 

After  the  fame  manner  in  a  quadrant al  triangle,  if  a 
fide  and  the  oppofite  angle  be  given  ,  the  angle  oppofite 

ti 
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to  the  quadr  ant  al  fide  may  be  either  that  angle  DAB,    FIG. 
or  its  fupplement  BAC.     And   therefore  the  three     33* 
things  fought  are  ambiguous,  and  each  of  them  may- 
be either  an  arch  or  its  lupplement. 

Cor.  5.  From  what  has  been  faid  it  follows,  that 
in  two  fpherical  triangles ,  if  two  fides  and  an  oppofite 
angle,  be  refpe&ively  equal  in  both  triangles ;  and  the 
other  oppofite  angles  in  both  triangles,  of  the  fame  kind3 
either  both  acute  or  both  obtufe ;  then  thefe  two  tri- 
angles will  be  equal  in  all  refpetts. 

And  if  two  angles  and  an  oppofite  fide  be  refpeftively 
equal  in  both  ;  and  the  other  oppofite  fides,  of  the  fame 
kind :  then  the  triangles  are  equal  in  all  refpefts. 

PROP,     XVIII. 

In  any  triangle  ABC,  the  fum  of  the  three  angles  is     30. 
greater  than  two  right  angles. 

Let  FDE  be  the  fupplemental  triangle  to  ABC, 
by  Prop.  X.  then  by  Cor.  1.  Prop.  XIII.  DF  +  FE 
+  ED  is  lefs  than  a  circle  •,  that  is,  the  fupplements 
of  A,  B,  and  C  is  lefs  than  2  femicircles,  or  180  — • 
A  4- 180  —  B+  180  — C  <C  360;  fubtraft  2  femi- 
circles, and  then  180  —  A  —  B  —  C  <C  O;  add 
A  +  B  +  C,  then  180  <C  A  +  B  +  C,  or  A  + 
B  +  C;>  180. 

Cor.  1 .  The  fum  of  the  three  angles  of  any  triangle 
is  lefs  than  fix  right  angles.  For  every  angle  muft  be  lefs 
than  2  right  angle*,  otherwife  it  would  be  one  continued 
arch* 

Cor.  3.  In  any  triangle  DAB,  the  external  angle     33. 
BAC  is  lefs  than  the  fum  of  the  interior  oppofite  angles 
D,  and  B. 

L  4  Co^ 
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FIG.       Cor.  3.  The  fum  of  any  two  angles  is  greater  than 
3  3  •     the  fupplement  of  the  third  angle. 

30.  Cor.  4f  The  fum  of  any  two  angles  —  the  third  (or 
any  angle  and  the  difference  of  the  other  two)  is  lefs 
than  two  right  angles. 

For  FD  is  lefs  than  FE  +  ED,  by  Prop,  XIII, 
that  is,  180  —  B,  is  lefs  than  180  —  A  -f  180 — C; 
that  is,  180  +  A  -ir  C  —  B  is  lefs  than  180  -J-  180, 
qr  A  +  C  —  B  lefs  than  180, 

Cor.  5.    In  a  right-angled  fpherical  triangle,  the 

fum  of  the  oblique   angles  is  greater  than  one,  and 

Ifs    than    three   right  angles.      By    this  prop,  and 
Cor.  4, 

PROP.    XIX. 

$8.  If  the  angles  at  the  bafe  of  a  fpherical  triangle  be 
of  the  fame  affellion,  the  perpendicular  on  the  bafe  will 
fall  within  the  triangle  \  if  of  different  affettion,  it  falls 
without. 

In  the  triangle  GAB,  whofe  bafe  is  GB  and  its 
pole  P,  fince  the  perpendicular  muft  pafs  thro'  the 
pole  P,  by  Prop.  I.  Cor.  1.  let  it  interfeft  the  bafe 
in  D,  C,  then  the  angles  PGB  and  PBG  are  right, 
and  therefore  AGB  and  ABG  are  both  obtufe,  when 
the  perpendicular  CD  falls  between  them.  Likewife 
the  angles  PFE,  and  PEF  are  both  right;  therefore 
in  the  triangle  FAE  the  angles  F  and  E  are  both 
#cute,  when  AC  falls  within.  But  in  the  triangle 
BAE  the  perpendicular  falls  without,  and  the  z. 
ABE  is  acute  and  AEB  obtufe.  And  the  fame  will 
hold  for  any  other  triangle  that  can  be  drawn. 

Z  6.         Cor.  If  the  two  leaf  fides  of  a  fpherical  triangle, 
AC,  BC   be  of  the  fame  affetliow,    the  perpendicu- 
lar 
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lar  CD  upon  the  other  AB,  will  fall  within  the  tri-    FIG. 

angle.  £.— 

Let  AB  be  the  greateft  fide,  make  BE  =  BC, 
and  AF  —  AC,  then  by  Cor.  2.  Prop.  XVI.  the  L. 
BEC  is  of  the  fame  affection  as  CB,  and  AfC  of 
the  fame  affe&ion  as  AC  ;  but  AC,  BC  are  of  the 
fame  affedtion,  and  therefore  the  angles  EFC,  FEC. 
Therefore  by  this  prop,  the  perpendicular  CD  falls 
within  the  triangle  ECF  or  ACB. 

If  AB  be  lefs  than  AC,  CB,  but  greater  than 
their  fupplements  (they  being  of  the  fame  affe&ion), 
the  perpendicular  will  fall  within.  For  this  and  the 
adjoining  triangle  (whofe  common  bafe  is  AB)  have 
the  fame  perpendicular.     See  Cor.  2.  Prop.  IX. 

Scholium. 

Some  other  properties  of  perpendiculars  may  he 
feen  in  the  corollaries  to  Prop.  VIII. 

PROP.     XX. 

In  any  right  -  angled  fpherical  triangle ,  each  of  the     37. 
oblique  angles  is  of  the  fame  affection  as  the  oppofite 
fide. 

If  the  angle  at  A  be  right,  and  AC  lefs  than  a 
quadrant,  produce  AC  to  D,  that  AD  may  be  a 
quadrant,  and  draw  BD  ;  then  D  is  the  pole  of  BA, 
and  confequently  ABD  a  right  angle,  and  therefore 
ABC  is  lefs  than  a  right  angle.  But  if  At,  be 
greater  than  a  quadrant;  then  its  oppofite  angle 
ABE  is  greater  than  the  right  angle  ABD.  And 
if  AD  be  a  quadrant,  the  angle  ABD  is  a  right 
angle. 

On  the  contrary,  if  ABD  is  a  right  angle,  then 
P  is  the  pole  of  AB,  and  AD  a  quadrant  •,  but  if 
ABC  be  lefs  or  ABE  greater  than  a  right  angle ; 

then 
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F I G.  then  the  oppqfite  fide  AC  will  be  lefs,  or  AE  greater 

37.  than  the  quadrant  AD. 

PROP.    XXL 

38.  In  a  right-angled  fpherical  triangle  BAD,  if  the  legs 
be  of  the  fame  affettion,  the  hypothenufe  BA,  will  be 
lefs  than  a  quadrant ;  if  of  different  affeftion,  it  will  be 
greater :  and  the  contrary. 

Let  Dbe  the  right  angle,  and  produce  DB,  DA  to 
C  ;  and  make  DP,  DE  quadrants,  then  P  is  the  pole 
ofDB,  and  E  of  DA,  and  PB  a  quadrant.  Then 
in  the  triangle  DBA,  ifDB,  DA  be  lefs  than  a 
quadrant,  then  BA  will  be  lefs  than  the  quadrant 
BP,  by  Prop.  VIIL  And  in  the  right-angled  tri- 
angle BAC,  if  BC,  AC,  be  greater  than  a  quadrant; 
then  alfo  BA  is  lefs  than  BP. 

But  in  the  triangle  DBF,  where  DB  is  lefs  and 
DF  greater  than  a  quadrant  ;  as  likewife  in  the  tri- 
angle BCF,  the  hypothenufe  BF  will  be  greater  than 
the  quadrant  BP,  by  the  fame  Prop.  VIII. 

On  the  contrary,  if  the  hypothenufe  BA  be  lefs 
than  a  quadrant  BP,  then  DB,  DA  are  both  lefs  ; 
or  elfe  CB,  CA  both  greater  than  'a  quadrant.  But 
in  the  triangle  DBF  or  CBF,  where  the  hypothenufe 
BF  is  greater  than  the  quadrant  BP  ;  DB,  Dl?  or 
elfe  CB,  CF  are  of  different  affe&ions. 

Cor.  1 .  As  the  two  oblique  angles  are  of  the  fame 
or  different  affeftion  \  the  hypothenufe  will  be  according* 
ly  leffer  or  greater  than  a  quadrant:  et  contra,  by 
Prop.  XX.  and '.XXI. 

Cor.  2.  As  the  hypothenufe  and  one  fide  (or  its  oppo- 
site angle)  is  of  the  fame  or  different  affection  •,  the  other 
fide  (and  its  oppofitc  angle)  will  be  lefs  or  greater  than  a 
quadrant* 

Cor. 
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Cor,  3.  As  the  hypothenufe  is  lejfer  or  greater  than  a  p  I  G. 
quadrant^  each  leg  will  be  fimilar  or  diffimilar  to  its  ad-     g8. 
jacent  angle  :  and  the  contrary. 

PROP.    XXII. 

If  a  triangle  CIA  have  one  acute  angle  >  it  alfo  hath     39, 
me  fide  lefs  than  a  quadrant. 

Let  ACI  be  the  acute  angle,  and  in  the  triangle 
CB  A,  let  C  be  a  right  angle  ;  if  either  A  fall  between 
P  and  C,  or  B  between  Q^and  C,  the  prop,  is  mani- 
feft  ;  for  then  either  CA  or  CB  is  lefs  than  a  qua- 
drant. Let  therefore  CB,  CA  be  greater  than  qua- 
drants, then  by  Prop.  XXI.  BA  is  lefs  than  a  qua- 
drant, therefore  in  the  acute  angled  triangle  ACI, 
AI  is  ftill  lefs  than  a  quadrant. 

Cor.  If  a  triangle  have  one  fide  greater  than  a  qua- 
drant^ it  alfo  hath  one  obtufe  angle. 

For  if  a  triangle  hath  one  fide  greater  than  a  qua- 
drant, its  fupplemental  triangle  (by  Prop.  X.)  hath 
one  acute  angle-,  and  therefore  by  this  prop,  it  hath 
a  fide  alfo  lefs  than  a  quadrant.  And  if  fo,  then 
(by  Prop.  X.)  the  former  has  an  angle  greater  than  a 
right  angle. 

PROP.   XXIII. 

If  a  triangle  has  two  fides  lefs  than  quadrants*  it  has     30; 
alfo  an  acute  angle. 

For  in  the  triangle  DBA,  if  BD,  DA  be  lefs  than 
quadrants,  the  fum  of  the  oppofite  angles  is  lefs  than 
2  right  angles,  by  Prop.  XVII.  therefore  at  leaft  one 
of  the  angles  is  lefs  than  a  right  angle. 

Cor.  If  a  triangle  ACB  has  two  obtufe  angles*  it  has 
alfo  one  fide  greater  than  a  quadrant, 

For 


i56  ^ELEMENTS  Book  III. 

FIG.        For  by  Prop.  XVII.  if  two  angles  be  greater  than 

39.     two  right  angles,  then  the  fum  of  their  oppofite  fides 

is  greater  than  a  femicircle ;  therefore  at  leaft  one  of 

them  is  greater  than  a  quadrant. 

PROP.    XXIV. 

36.  If  the  three  angles  of  a  fpherical  triangle  he  acute  \ 
each  fide  will  be  lefs  than  a  quadrant. 

For  the  perpendicular  CD  from  any  angle  will  fall 
within  the  triangle  by  Prop.  XIX.  and  fince,  in  the 
right-angled  triangles  ACD,  and  DCB,  the  angles 
A  and  ACD,  andB  and  BCD  are  all  acute,  there- 
fore by  Cor.  1.  Prop.  XXL  the  hypothenufes  AC, 
BC  are  lefs  than  a  quadrant.  And  by  the  fame 
reafoning  AB  is  lefs  than  a  quadrant. 

30.  Cor.  1.  If  the  three  fides  of  a  fpherical  triangle  DEF 
be  greater  than  quadrant  s^  the  three  a'igles  will  be 
cbtufe. 

For  then  the  three  angles  A,  C,  B  of  thefupple- 
mental  triangle  ACB,  will  be  acute,  and  therefore 
the  fides  lefs  than  quadrants,  by  this  prop.  And 
therefore  by  Prop.X.  the  angles  of  the  triangle  DEF 
will  be  obtufe. 

Cor.  2.  In  a  triangle  DEF,  if  two  angles  D,  E  be 
cbtufe,  and  one  F  acute ;  the  fides  are  of  the  fame  af- 
fection as  the  oppofite  angles. 

For  in  the  adjoining  triangle  DET  all  the  angles 
are  acute  by  Cor.  2.  Prop.  IX  ;  and  all  the  fides  lefs 
than  quadrants,  by  this  prop,  and  therefore  in  the  tri- 
angle DEF ;  DF,  EF  are  greater  than  quadrants. 

Cor.  3.  In  a  triangle ,  if  two  fides  belejfer,  and  one 
greater  than  a  quadrant  •,  the  angles  will  be  of  the  fame 
affeftion  as  the  oppofite  fides.  This  follows  from  Cor.  2. 
of  this,  and  Proo.  X, 

PROP. 
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PROP.    XXV, 

In  afpherical  triangle \  when  two  fides  are  of  the  fame    FIG. 
affettion,  and  the  included  angle  acute  \  then  the  third     39* 
fide  is  lefs  than  a  quadrant.     But  if  the  two  fides  are  of 
different  affettion^  and  the  included  angle  obtufe\  the 
third  fide  is  greater  than  a  quadrant. 

1.  In  the  triangle  BDA  or  BCA,  right-angled  at 
D  and  C,  if  the  legs  are  of  the  fame  affe&ion,  the 
hypothenufe  BA  is  lefs  than  a  quadrant,  (by  Prop. 
XXI.)  but  if  the  angle  at  D  or  C  be  lefs  than  90,  as 
ACI,  ADI ;  then  AI  is  ftill  lefs. 

2.  Suppofe  the  legs  to  be  of  different  affe&ion, 
then  by  (Prop.  XXI.)  the  hyp.  BA  will  be  greater 
than  a  quadrant,  and  much  more  will  B A  be  greater 
than  a  quadrant,  if  the  angle  at  C  and  D  be  obtufe« 

Cor.  When  two  angles  are  of  the  fame  affection*  and 
the  included  fide  more  than  a  quadrant  \  then  the  third 
angle  is  obtufe.  But  if  two  angles  are  of  different 
affeffion,  and  the  included  fide  lefs  than  a  quadrant \  the 
third  angle  is  acute. 

For  by  Prop.  X.  its  fupplemental  triangle  comes 
under  the  cafe  of  this  prop. 


SECT, 
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SECT.    III. 

The  proportions  for  calculating  thefdes  and  angles 
of  fpherical  triangles  j  with  fome  other  things 
relating  thereto. 


'— . 


PROP.    XXVI. 

F  I  6»       In  any  right-angled  fpherical  triangle  ABC,  itis* 
40.  As  radius : 

To  fine  of  the  hypothenufeBC  :  : 

So  fine  of  any  angle  C  : 

To  fine  of  its  oppofite  fide  AB. 

Let  the  triangle  BAC  be  right-angled  at  A;  draw 
AG,  CG  to  the  center  G  of  the  fphere.  From  B 
let  fall  Bl  ±  to  AG,  and  thro'  I  draw  IH  -J-  to  GC; 
and  draw  BH,  which  will  be  in  the  plane  of  the 
circle  BC.  Since  the  plane  ABG  is  -1-  ACG, 
therefore  BI  is  -»-  ACG,  and  CH  -*-  to  the  plane 
BIH.  Then  BI  is  the  fine  of  BA,  and  BH  the 
fine  of  BC,  and  by  Cor.  4.  Prop.  IV.  jl  BHI  = 
ipherical  angle  ACB. 

This  done,  in  the  right-angled  plain  triangle  BIH, 
it  will  be  (by  Prop.  III.  B.  II.)  rad.  :  BH  :  :  S.H  : 
BI;  that  is,  rad. :  S.  BC  : :  S.C  :  S.  AB. 

40.  Cor.  1.  In  right-angled  triangles  that  have  equal 
angles  at  the  bafe ;  the  fines  of  the  hypothenufes  are  as 
the  fines  of  the  perpendiculars. 

For  if  L  C  be  given,  the  S.  BC  is  to  the  S.  AB  in 
a  given  ratio. 

Cor.  2.  In  right-angled  triangles  having  equal  hypo^ 
thenufes  \  the  fines  of  the  perpendiculars  are  as  the  fines 
of  their  oppofite  angles.     For  then  BC  is  given. 

Con* 
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Cor.  3.  In  a  right-angled  triangle  ABF,  2  cof.  hyp.    FIG. 
AF  X  rad.  =  cof.  fum  of  the  fides  AB,  BF  4-  cof.     41  • 
their  difference.     For  in  the  triangle  EDF,  rad.  : 
S.  EF  :  :  S.  E  :  S.  DF,  that  is;  rad. :  cof.  BF : \!  cof* 
AB  :  cof.  AF,  whence  rad.  x  cof.  AF  =  cof.  AB  x  • 
cof.  BF  =  (by  Sch.  4.  I.)  cof.  AB+llF  +  cof. 
AB  —  BF  :  X  into  f  radius*  - 

PROP.    XXVII. 

In  any  right-angled  triangle  ABC,  as  j^ 

Radius  : 

Sine  of  one  fide  AC  :  : 
Tan.  angle  adjacent  C  : 
Tan.  oppofitefide  AB. 

Suppofing  the  fame  conftrudtion  as  in  the  laft 
prop,  then  in  the  right  angled  plane  triangle  HIG  it 
will  be  (by  Prop.  III.  B.  II.)  rad.  :  S.  AGC  or  AC 
: :  IG  :  IH.  And  in  the  right-angled  triangle  BIG 
(right-angled  at  I)  rad. :  tan.  BGI  or  AB  : :  IG  :  IB. 
And  in  the  right-angled  plane  triangle  BIH,  tan. 
BHI  or  C  :  rad.  :  :  IB  :  IH.  Therefore,  ex  equo, 
tan.  C  :  tan.  AB  :  :  IG  :  IH^  that  is,  rad.  :  S.  AC 
:  :  tan.  C  :  tan.  AB. 

Cor.  1.  In  right-angled  triangles  having  equal  angles 
at  the  bafe ;  the  fines  of  the  bafes  are  as  the  tangents  of 
the  perpendiculars. 

For  S.  AC  is  to  tan.  AB  in  a  given  ratio. 

Cor.  2.  In  right- angled  triangles  having  equal  bafes ; 
the  tangents  of  the  perpendiculars  are  as  the  tangents  of 
the  oppofite  angles. 

For  if  AC  be  given,  thefe  are  in  a  given  ratio. 


PROP. 
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PROP.    XXVIII. 

FIG.        In  any  right-angled  or  quadrantal  triangle  •,  the  fine 
41.     of  middle  part  and  radius ',  are  reciprocally  proportional 
to  the  tangents  of  the  extremes  conjunfil^  and  to  the  co- 
fmes  of  the  extremes  disj unfit. 

This  is  the  Lord  Neper's  theorem,  and  is  de- 
monftrated  by  indu&ion  thus. 

Produce  the  fides  AB,  AF,  BF  to  quadrants,  and 
defcribe  the  arch  CDE.  Then  fince  the  arches  AC, 
AD,  BE,  CE  are  quadrants,  the  angles  B,  C,  D 
will  be  right •,  and  ED  zz  complement  of  DC  zz 
comp.  A  ♦,  and  FD  zz  comp.  AF  ;  and  EF  = 
comp.  FB.  Alfo  the  cofine  of  the  complement  is 
the  fine,  and  the  cotan.  of  the  comp.  is  the  tan- 
gent. 

Now  the  middle  part  muft  be  either  a  leg,  the 
comp.  of  an  angle,  or  the  comp.  of  the  hypothe- 
nufe. 

1.  Suppofe  a  leg  as  AB  be  middle  part,  thenBF 
and  comp.  jl  A  are  extremes  conjunct.  But  by 
Prop.  XXVII.  rad.  :  S.AB  :  :  tan.  A  :  tan.  FB. 
Or  thus  S.AB  :  tan.  FB  : :  (rad,  :  tan.  A  : :) 
cotan.  A  :  radius,  by  Cor.  2.  Prop.  1.  Book  L 

2.  Let  comp.  of  an  angle  A  be  middle  part, 
then  AB  and  comp.  AF  are  extremes  conjundl ;  and 
in  the  triangle  DEF,  by  Prop.  XXVII.  rad.  :  S.ED 
:  :  tan.  E  :  tan.  DF  ;  or  S.ED  :  tan.  DF  : :  (rad. 
:  tan.  E  :  :)  cotan.  E  :  radius,  by  Cor.  2.  Prop.  1. 
I.  that  is,  cof.  A  :  cotan.  AF  :  :  tan.  AB  :  rad. 

3.  Let  the  comp.  hypothenufe  AF  be  middle 
part,  then  comp.  A  and  comp.  F  are  extremes  con- 
junct. Therefore  in  the  triangle  DEF,  rad.  : 
S.DF  :  :  tan.  F  :  tan.  ED;  or  S.DF  :  tan.  ED 
(: :  rad.  :  tan  F.)  : :  cotan.  F  :  radius  j  that  is,  cof. 
AF  :  cotan,  A  :  :  cotan  F  :  radius. 

Therefore 
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Therefore  radius  x  S.  middle  part  =  rectangle   FIG. 
of  the  tangents  of  the  extremes  conjunct.    Again,       41. 

1.  Let  a  leg  AB  be  middle  part,  then  comp,  F, 
and  comp.  AF  are  extremes  disjunct,  therefore  by 
Prop.  XXVI.  rad    :  S.AF  :  :  S.F  :  S.AB. 

2.  Let  comp.  of  an  angle  A  be  middle  part  ; 
then  FB  and  comp.  F  are  extremes  disjunct :  there- 
fore in  the  triangle  DEF,  by  Prop.  XXVI.  rad. 
:  S.EF  :  :  S.F  :  S.ED;  that  is,  rad.  :  cof.  BF  :  2 
S.F  :  cof.  A. 

3.  Let  comp.  hyp.~  AF  be  middle  part;  then 
AB,  FB  are  extremes  disjundt.  And  in  the  triangle 
DEF,  by  Prop.  XXVI.  rad.  :  S.EF  : :  S.E  :  S.DF; 
that  is,  rad.  :  cof.  BF  :  :  cof.  AB  :  cof.  AF. 

Therefore  radius  x  fine  of  middle  part  ir  red- 
angle  of  the  cofines  of  the  extremes  disjunct. 

And  in  a  quarantal  triangle,  its  fupplemental  one^ 
by  Prop.  X.  will  be  a  right-angled  triangle.  And 
fince  this  prop,  holds  in  that  right-angled  triangle, 
it  will  equally  hold  in  the  quadrantal  triangle, 
wherein  the  parts  are  the  fupplements  of  the  others ; 
becaufe  arches  and  their  fupplements  have  the  fame 
fines,  cofines,  tangents,  and  cotangents. 

Cor.   1.  If  a  perpendicular  FI   he  let  fall  en  the     42s 
bafe  of  a  fpherical  triangle^  the  cofines  of  the  angles  at 
the  bafe  are  as  the  fines  of  the  angles  at  the  vertex. 

For  in  the  right-angled  triangles  AFI,  BFI,  it 
is  cof.  A  :  S.AFI  : :  (cof.  FI  :  rad.  :  :)  cof.  FBI  : 
S.BFI. 

Cor.  2.  The  cofines  of  the  fides  are  as  the  cofines  of 
the  fegments  of  the  bafe. 

For  cof.  Al  :  cof.  AF  :  :  (rad.  :  cof.  FI  I  :) 
cof.  BI  :  cof.  BF. 

Cor.  3.  The  fines  of  the  fegments  of  the  bafe  are 
m  the  cotangents  of  the  angles  at  the  bafe. 

M  For 
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F  I  G.       For  cotan.  A  :  S.  AI  : :  (rad.  :  tan.  FI  :  :)  am 
42.     1BF  :  S.  IB, 

Cor.  4.  The  cotangents  of  the  fides ,  are  as  the 
cofines  of  the  angles  at  the  vertex. 

For  cotan.  AF  :  cof.  AFI  ::  (rad.  :  tan.  FI::) 
cotan.  BF  :  cof.  BFI. 

Cor.  5.  The  tangents  of  the  fegments  of  the  "bafe 
are  as  the  tangents  of  the  angles  at  the  vertex. 

For  tan.  AFI  :  tan.  AI  :  :  (rad*  :  S.FI  :  :)  tan. 
BFI  :  tan.  BI. 

/Scholium. 

This  prop,  will  refolve  all  right-angled  and  qua- 
drantal  triangles ;  and  alfo  all  oblique  ones,  (ex- 
cept where  3  as  or  3  fides  are  given,)  by  letting 
fall  a  perpendicular  dividing  it  into  two  right-angled 
triangles. 

PROP.     XXIX. 

+3  •         In  any  fpherical  triangle \  the  fines  of  the  fides  are 
proportional  to  the  fines  of  their  oppofite  angles. 

On  AB,  AF  let  fall  the  perpendiculars  FH,  BI; 
then  by  Frop.  XXVI. 

S.  AF  :  S.  FH  : :  rad.  :  S.  A 
and  S.  FH  :  S.  FB    :  :  S.  B  :  rad.  therefore, 
ex  eqiio,  S.  AF :  S.  FB    : :  S.  B  :  S.  A, 

again  S.  AB  :    S.  BI    :  :    rad.  :  S.  A 
and  S.  BI  :    S.  BF  :  :  S.  F    ;  rad.  and, 
ex  equo,  S.  AB :  S.  BF   :  :  S.  F  :  S.  A. 

44.         Cor.   1.  If  a  great  circle  be  drawn  from  the  ver- 
tex of  a  triangle  to  cut  the  bafe  \   the  reft  angles  of  the 
fines,  of  the  fides  and  of  the  vertical  angles  •,   are 
direflly  as  the  fines  of  the  fegments  of  the  bafe. 

For 
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For  S.  CD  A  :  S.  CA  ::  S.  CAD  :  S.  CD  =    FIG. 

S.  CA  x  S.  CAD    and  s>  CDA  Qr  BDA  .  s>  AB  . .     44- 

S.  CDA 

S.  AB  x  S.  DAB 
S.  DAB  :  S.  DB  rr  ■ s  CDA ;     therefore 

S.  CD  :  S.  DB  : :  S.  CA  x  &  CAD  :  S.  BA  x  S. 
DAB. 

Cor.  2.  If  the  vertical  angle  of  a  triangle  he  bi~ 
fetled  ;  the  fines  of  the  fegment  of  the  bafe  are  as  the 
fines  of  the  fides  j  S.  CD  :  S.  BD  : :  S.  AC  :  S.  AB. 

PROP.   XXX. 

In  a  fpherical  triangle,  if  a  perpendicular  be  let     42, 
fall  on  the  bafe,  it  is 

As  the  fine  of  the  fum  cf  the  fides,  AF,  BF  : 

Sine  of  their  difference  :  : 

Cot.  of  4  fum  of  the  angles  at  the  vertex,  AFI, 

BFI  : 
Tan.  of  half  their  difference. 

For  by  Cor.  4.  Pr.  XXVIII.  cotan.  AF  :  cotan. 
BF  :  :  cof.  AFI  :  cof,  BFI  •,  or  by  Cor  4.  Pr.  I. 
B.  I.  tan.  AF  :  tan.  BF  :  :  cof.  BM  :  cof  AFI. 
And  by  compofition  and  divifion,  tan.  AF  -f  tan. 
BF  :  tan.  AF  —  tan.  BF  : :  cof.  BFI  -\-  cof.  AFI  : 
cof.  BFI  —  cof.  AFI-,  that  is,  by  Cor  4.  and  2  Pr. 

VII.  B.  I.  S.  AF  +  BF  :  S.  AF-HBF  : :  cotan. 

AFI  +  BFI            AFI  —  BFI 
■'  :  tan. 


Cor.  1.  If  the  perpendicular  falls  within, 


AFI -{-BFI 

2 

=  half  the  angle  at  the  vertex  F  :  if  it  falls  without 

AFI  — BFI        .   ..    ,  .    .       , 
L-.  —  hay  ffoe  vertical  angle. 

M  2  Cor. 
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FIG.      Cor.  2 .  As  fine  of  the  fum  of  the  fides  : 
42.  Sine  of  difference  of  the  fides  :  : 

Co  tan.  half  the  vertical  angle  : 
"Tan.  half  difference,  or  half  fum,  of  the  verti- 
cal angles,  according  as  the  'perpendicular  falls 
within  or  without. 

52-         Cor.  3.  In  a  right-angled  fpherical  triangle  AfiF, 
S.  fum  of  the  hyp.  and  one  fide,  AF,  BF  : 
S.  of  their  difference  :  : 
Radius  fquare  : 
Tang,  fquare  of  half  the  contained  angle  F.  t 

For  in  this  cafe  the  Z-  F  is  both  the  fum  of  the 
angles,  and  the  difference  of  the  angles.     And  cot. 

i  F  :  tan.  4.  F  :  :  ^ ~r.  •*  tan.  f  F  :  :  rad.2  : 

1  an.  4  t 

tan.2  of  f  F. 

PROP.     XXXI. 

42.         Let  a  perpendicular  fall  on  the  bafe  of  a  triangle  \ 
then 

Tan.  half  the  fum  of  the  fides,  AF,  BF  : 
Tan.  half  their  difference  :  : 
Tan.  half  the  fum  of  the  angles  at  the  bafe,  B,  A  : 
Tan.  half  their  difference. 


s. 


For  by  Prop.  XXIX.  S.  AF  :  S.  BF  :  :  S.  B  : 

S.  A.     And  by  compofition  and  divifion,  S.  AF  -j- 

S.  BF  :  S.  AF  —  S.  BF  : :  S.  B  +  S.  A  :  S.  B  — 

S.   A-,  that  is,   by  Cor   1.    Pr.   VII.    B.    I.    tan. 

AF-j~BF  AF  — BF  B  +  A 

l—  :  tan. — -  :  :  tan.  — • —    :    tan. 

2  22 

B  — A 


P  R  O  P. 
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PROP.     XXXII. 

Let  a  'perpendicular  fall  on  the  bafe  of  a  fpherical  FIG, 
triangle  ;  then  42* 

Cot  an.  half  the  fum  of  the  angles  at  the  bafe^  A,  B  : 
Tan.  half  their  difference  :  : 
Tan.  4-  fum  of  the  angles  at  the  vertex*,  AFI,  BFI : 
Tan.  half  their  difference. 

For  by  Cor.  i.  Prop.  XXVIII.  cof.  A  :  cof.  B  :: 
S.  AFI  :  S.  BFI.  And  cof.  A  4.  cof.  B  : 
cof.  A  — cof.  B  :  :  S.  AFI  ~f  S.  BFI  :  S.  AFI 
—  S.  BFI;  that  is,  by  Cor.  1.  and  2.  Prop.  7.  B.  I. 

B  +  A  B  —  A  AFI  4- BFI 

cotan.  :  tan.    —  : :  tan.  ! : 

22  2 

AFI— BFI 

tan. . 


AFI  4  BFI 

Note,  If  the  perpendicular  falls  within, 

AFI BFI 

—  half  the  vertical  angle  F;  but ,  if  it 

fall  without. 

Cor.  Cotan.  half  the  fum  of  the  angles  at  the  bafe  *9 
Tan.  half  their  difference  :  : 
Tan.  half  the  vertical  angle  : 
Tan.  half  the  difference \  or  half  the  fum  of  the 
vertical  angles*    as    the   perpendicular    falls 
within  or  without. 

This  is  plain  when  the  perpendicular  falls  within  ; 
and  when  it  falls  without,  4-  BFI  becomes  —  BFI, 
and  the  contrary. 


M  3  PROP. 
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PROP.     XXXIII. 

FIG.        Suppofe  a  perpendicular   to  fall  on  the  bafe  of  a 
42 .     fpherical  triangle \  then  as 

'Tan.  half  fum  of  the  fegments  of  the  bafe  AI,  BI : 
"Tan.  half  the  fum  of  the  fides,  AF,  BF   :  : 
Tan.  half  difference  of  the  fides  AF,  BF  : 
Tan.  ~  diff.  of  the  fegments  of  the  bafe,  AI,  BI. 

For  by  Cor.  2.  Prop.  XXVIII.  cof.  BF  :  cof. 
AF  ::  cof.  BI  :  cof.  AI.  And  cof.  BF -f  cof. 
AF  :  cof  BF  —  cof.  AF  :  :  cof.  BI  +  cof.  AI  : 
cof.  BI  —  cof.  AI  ;  that  is,  by  Cor.  2.  Prop.  VII. 

AF  +  BF  AF— BF 

B.  I.     cotan.     : :  tan. :  : 

2  2 

AI  +  BI  AI  — BI 

cotan. :  tan.  — . 

2  2 

AI  4-  BT 
Or  by  Cor.  4.  Prop.  I.  B.  I.  tan. : 

AF  4-  BF      ,  AF+BF  AI  +  BI 

tan. : :  (cotan. :  cotan. - 

22  2 

AF  — BF  AI  — BI 

:  0  tan.    1 :  tan.   ■ * . 

y  2  2 

Here  as  the  perpendicular  falls  within  or  without, 

AI  +  BI  or  Ai  —  BI  will  be  the  bale. 

Cor.  1.  As  tan.  half  the  bafe  : 
1     Tan.  half  fum  of  the  fides  :  : 
Tan.  half  difference  of  the  fides  : 
Tan.  half  the  alternate  bafe. 
Where  the  alternate  bafe  is  half  the  difference,  or 
half  the  fum  of  the  fegments  of  the  bafe,  according 
as  the  perpendicular  falls  within  or  without. 

Cor.  2.  In  a  right-angled  triangle  >  the  reftangle  of 
the  tan.  of  half  the  hypoihenufe  -f-  half  one  legy  and 

the 
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the  tan.  half  the  hypothenafe  —  half  that  leg  zz  tan.    FIG. 
fqitare  of  half  the  other  leg.     For  then  BI  ^  o. 

PROP.     XXXIV. 

Let  fall  a  perpendicular  upon  the  bafe  of  a  triangle,      42. 
then 

Sine  of  the  fum  of  the  angles  at  the  bafe  B,  A  : 
Sine  of  their  difference  : : 

"Tan.  half  fum  of  the  fegments  of  the  bafe,  AI,  BI  : 
Tan.  half  their  difference. 

For  by  Cor.  3.  Prop.  XXVIII.  cotan.  A  :  cotan. 
B  : :  S.  AI  :  S.  BI,  or  tan.  B  :  tan.  A  : :  S.  AI  : 
S.  BI.  And  tan.  B  +  tan.  A  :  tan.  B  —  tan.  A 
::  S.  AI-fS.BI  :  S.  AI  —  S.  BI ;  that  is,  (by 
Cox.  4  and  1.  Pr.  VII.  B.  I.)  S.  B  +  A  : .  S.  B  -  A 

AI  +  BI  AI— BI 

::  tan.  :  tan. . 

2  2 

According   as  the  perpendicular  falls  within  or 

.,         Al  +  BI         AI  —  BI       .„    , 

without, : 5  or  will   be  equal  to 

half  the  bale.    Whence 

Cor.   1 .  Sine  of  the  fum  of  the  angle  at  the  bafe  : 
Sine  of  their  difference  :  : 
Tan.  half  the  bafe  : 

Tan.  half  the  alternate  bafe,  (See  Cor.  1.  Pr.  33.) 
For  when  the  perpendicular  falls  without,    -J-  BI 
becomes  —  BI,  and  the  contrary. 

PROP.     XXXV. 

Let  fall  a  'perpendicular  on  the  bafe,  then  as 

Sine  of  the  fum  of  the  fegments  of  the  bafe,  AI,  BI : 

Sine  of  their  difference  :  : 

Sine  of  the  fum  of  the  angles  at  the  vertex \  AFI, 

BFI  : 
Sine  of  their  difference. 

M  4  For 
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F I G.       For  by  Con  5.  Prop  XXVIII.  tan.  AL;  tan.  BI 

42-     :  :  tan.  AFI  :  tan.  BFI.      And  tan.    AI  4.  tan. 

BI  :  tan.  AI  —  tan.  BI  ::  tan.  AFI  +  tan.  BFI 

:  tan.  AFI  —  tan.  BFI ;  that  is,  by  Cor.  4.  Pr.VII. 

B>  I.  S.  AI  +  BI  :  S.  AI  —  BI  ::  S.  AFI  +  BFI: 
S.  AFI  • —  BFI.  Here,  as  the  perpendicular  falls 
within  or  without  •,  AI  +  BI,  or  AI  —  BI  is  the 
bafe  ;  and  AFI  -j-  BFI,  or  AFI  —  BFI,  the  ver- 
tical angle.     Whence 

Cor.  As  fine  of  the  bafe  : 

Sine  of  the  vertical  angle  : : 
So  fine  of  the  diff.  fegments  of  the  bafe  : 

Sine  of  the  diff.  angles  at  the  vertex^  when  the 

perpendicular  falls  within  :  : 
Or  fine  of  the  fum  of  the  fgments  of  the  bafe  : 
Sine  of  the  fum  of  the  vertical  angles^  when  the 

perpendicular  falls  without, 

PROP.      XXXVI. 

42 .:         As  cofme  of  half  the  fum  of  two  fides ,  AF,  BF  : 
Cojine  of  half  their  difference  :  : 
Co  tan.  half  the  included  angle  AFB  : 
"Tan.  half  fum  of  the  oppofite  angles  A,    ABF. 

Put  AF  +  BF=  P,  AF  —  BF=  j>,  ABF  +  A 
=  Q_,  ABF—  A  =  q,  AI  +  BI  =  R,  AI  —  BI 
=  r,  AFI  -f  BFI  =  Vr,  AFI  -  BFI  -  v. 

Then  fin.ce  the  tangents  are  reciprocally  as  the 

cotangents,  we  (hall  have,  by 

Prop.  30.     S.  P     :     S.p     : ;  cctan.  \  V  :  T.  \  v. 

31.  Cot.  i  P  :  cot.  ip  : :     T.  *  q      :  T.i  Q. 

32.  T.tf  :    T.a^::   cot.  7V      :  T.  ^ 

And  compounding  thefe  ratios,  and  expunging  equal 

quantities, 

S.P 
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S.  P  X  cot.f  P  :  S.p  x  cot.  f  p  ::  cot.  fquarei-V;    FIG. 

tan.  fquare  4  Q^  But  by  fch.  Pr.  2.  B.  I.  *  C°f'  ,4  J 

cot.  ,  r 

cp       — ?*  .  0      S.Pxcot.4P       J  — r. 
—  S.  P,  or  cof.  i  P  = ,  and  coi.  ip  = 

— - 12L?,  therefore  cof.  fquare  f  P  :  cof  fquare 

i  p  :  :  cot.  fquare  i  V  :  T.  fquare  f  Qj  and  cof.  f  P 
:  cof.  \p  :  :  cot.  f  V  :  tan.  \  Q^ 

This  is  plain  when  the  perpendicular  falls  within  ; 
and  when  it  falls  without,  inftead  of  the  third  pro- 
portion, fubftitute  this  (by Cor.  Pr.  XXXII.)  T.  4  q: 
T.  ±  V  : :  cot.  ^  v  :  T.  f  Q,  and  you  will  have  at  laft 
this  5  cof.  f  P  :  cof.  ip  :  :  cot.  ~  v  :  tan.  ~  Q^ 

Cor.   1 .  As  fine  of  half  the  fum  of  the  fides  : 
Sine  of  half  their  difference  :  : 
Cotan.  half  the  included  angle  : 
"Tan.  half  difference  of  the  oppofite  angles. 

For  by  the  former  proportions,  a  little  varied, 
S.  P     :     S.  p     :  :  cot,  t  V  -  T.  ■*  v9 
T.iP  :    T.ip  ::     T.  t  (^  :  T.  f  ?, 
T.fQj  T.^v  ::  cot.  ^V    :  T.iq. 
Then  proceeding  as  before,  it  will  be  found  (by  Sch.2. 
Prop.  2.  B.  I.)  that 

S.  f  P  :  S  -l  p  :  :  cot.  f  V  :  T.4  ^,  when  the  per- 
pendicular falls  within  \  and  when  it  falls  without, 
inftead  of  the  third  proportion  put  this  (by  Cor. 
Prop.  XXXII.)  cot.  4-V  :  cot.  \v  ::  cot.  i  Qj 
T.  f  q.  and  you  will  get  at  laft  S.^P  :  S.ip  : : 
cot.  i  v  :  tan,  ~  q. 

Cor.  2.  C0/  half  fum  of  two  fides  : 
Cof  half  their  difference  : : 


Tan. 
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FIG.  ^an'  ^aV  difference  of  their  oppofite  angles  : 

Tan.  half  difference,  or  half  fum  of  the  vertical 
angles  ;  according  as  the  perpendicular,  on  the 
third  fide,  falls  within  or  without. 
This  follows   from  the  prelent  prop,  and   cor. 
Prop.  XXXII.    . 

PROP.      XXXVII. 

^2  ^  As  cof.  half  fum  of  two  angles,  A,  ABF  : 

Cof  half  their  difference  :  : 
Tan.  half  the  included  fide  AB  : 
Tan.  half  fum  of  the  oppoftte  fides,  AF,  BR 

Suppofing  as  in  the  laft  prop,  then  by 

Prop.  31.  Cot.  iQj  cot.  \q  :  :  T.  \p  :  T.  iP, 
33.  T.-J?  :  T.fr:  :  T.fR:  T.  iP, 
34-     S.  Q^:     S.q     ::T.fR:T.fr. 

But  (by,  Sch.  Prop.  II.  B.  I.)  fS.Qx  cot.  f Q  = 
cof4  iQ,  and  f S.  q  x  cot.  fq  ~  cof.z  \q,  therefore 
by  compounding, 

CdM(^:cd>i2:  :  T'.iR  :   T\fP. 
Or  cof.  iQj  cof.  iq  :  :  T.  ^R  :    T.-iP. 

But  when  the  perpendicular  falls  without,  in- 
ftead  of  the  third  proportion,  put  this  (by  Cor.  Prop. 
XXXIV.)  S.  Qj  S.  q  :  :  T.  ir  :  T.  4R.  Whence 
at  laft  you  will  have  this, 

Cof.  4-Q_:  cof.  iq  :  :  T.{-r  :  T.  £P. 

Cor.  1.  Sine  half  fum  of  two  angles,  A,  ABF  : 
Sine  of  half  their  difference  :  : 
Tan.  half  the  included  fide,  A  B  : 
Tan.  half  difference  of  the  oppoftte  fides,  AF,  BF. 
For  by  varying  the  terms  of  the  foregoing  pro- 
portions, it  will  be,  \ 

T. 
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FIG. 
42. 


T.IQ^T..^: 

:T.4P:T.^, 

T.fP   :T.ir: 

:  T.  -IR  :  T.  #, 

S.Q^    :  S.^r     : 

:T.;R:T.:'r. 

But  (by  Sch.  Prop.  II.  Book  I.)  iS.  Qx  T.4-Qj== 
S.z  tQ*  and  j S.q  x  T.4j=^S*.  ~^s  therefore  by  com- 
pounding, S.  fQ.  :  S.  4?  :  :  T.  4^  :  T.  i£- 

If  the  perpendicular  fall  without,  inftead  of  the 
third  proportion  put  this  (by  Cor.  Prop.  XXXIV.) 
S.Qj  S.j  : :  T.~r  :  T.4R,  which  will  give  this  pro- 
portion, S.iQ^:  S.Jzq  :  :  T.~r  :  T.f/>- 

Cor.  2.  G?/.  \ftim  of  the  angles  at  thebafe.  A,  ABF  : 
Cof.  half  their  difference  :  : 
Tan.  half  diff.  oppofite  fides ',  AF,  BF  : 
Tan.   half  diff.  or  half  fum,  of  the  fegments  of  the 
bafe ;  according  as  the  perpendicular  falls  within 
or  without. 
This  follows  from  the  prefent  prop,  and  Cor.  1. 
Prop.  XXXIII. 

PROP.    XXXVIII. 

In  any  fpherical  triangle  AFB  ;  the  reftangle  of  the     42. 
fines  of  any  two  fides  X  cof  included  angle  +  the  r eft- 
angle  of  their  cofines  X  radius  z=z  cof.  of  the  third Jide 
X  radius  fquare  \    that  isy  \ 

S.AB  x  S.FB  x  cof  B  +  cof.  AB  x  cof  FB  x  rad. 
—  cof  AF  x  rad*. 

Let  a  —  S.AB,  m  =  cof.  ABr  j  =  S.B. 

£  —  S.  FB,    n  —  cof.  FB,  r=cof.  B,  yg=  cot.  B. 
r  =  rad.  />  ~  V  rr#tf  +  ££«■. 

By  Prop.  1.  I.  n  :  b  :  :  r  :  tan.  FB  :  :  cot.  FB  :  r 

:  :  (by  Prop.  XXVIII.)  c  :  tan.  BI  =  -.    And  by 

rcb 
Sch.  Prop.  1.  I.  fine  of  BI  = — ,  and  cof.  Bl  = 

rrn 

—r  % 
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FIG.    rm  ah  +  mnr 

.  j       —  ;  and  by  Cor.  rr.  6. 1,  cof.  AI  a — , 

*?•      p  '  p 

but  by  Cor.  2.  Prop.  XXVIII.  —  : i :  : 

[  F  P  P 

_,        abc  -f-  mnr 

n  :  cof.  AF  s=  . 

Cor.  1.  3^?  <:0/?#£  of  any  angle  of  a  fpberical  tri- 
angle is  equal  to  the  cojine  of  the  oppofitefide  x  radius 
fquare  —  the  refiangle  of  the  ccjines  of  the  including 
fides  X  radius ',  and  the  whole  divided  by  the  rett  angle 
of  the  fines  of  the  including  fides. 

_         r  _      cof.AFx^r — cof. ABxcof.FBxr 

For  cof.  B  = ■  „     ■ — ^-p^ . 

S.  AB  x  S.  JrB 

Cor.  2.  Cot  an.  A  ee 
S.  AB  x  m/  FB  x  rad.  —  S.FB  x  cof.  AB  x  cof.  B 

S.Bx^.tB 

For  by  Prop.  6. 1.  S.  AI  — \  and  by  Cor. 

3.  Prop.  XXVIII.  I.  -—  :  : :  r  :  cot.A  = 

anr — bcm         anr — mbc  r       r  1 

—7Tb T== AT~>  becaufe-nj  by  SchoL 

Prop.  1.  I. 


S.  AB  —  FBxrr  +  S.  FB  x  cof.  ARxverfB 
Cor.  3.  5.  B  x  S.  FB  ~^ 

ss  f0ta#.  A. 

For  fincecof.  Bzzr  — verf.  B,  therefore  by  Cor. 

tf/zr  —  mbr  +  «*£  x  verf.  B     f       ,     T. 
2.  cot.  A  —  - 7 ' ;  but  by  Pr. 

6.  I.   an  —  bm  ae  S.  AB  —  FB  x  r,  whence  the  Cor. 
is  evident. 


SCHO- 
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Scholium. 

If  the  angle  ABF  be  greater  than  a  right  angle,    FIG. 
then  its  cofine  c  will  be  negative.  42. 

PROP.    XXXIX. 

The  reftangles  of  the  fines  of  two  angles  x  cofine  of     xr 

the  included  fide  divided  by  radius  fqnare  —  the  reft- 

angle  of  their  cofines  divided  by  radius ,  is  equal  to  the 

cofine  of  the  third  angle. 

,      .    S.  A  x  S.B  x  cof  AB        cof  Ax«/B 
that  is, — — = 

cof  F. 

Let  fall  the  perpendicular  BR,  and  put 

S.  A=#,  cof  i\=m,  cot.AzzT,  cof.AB~r,  rad.rsr. 
S.B=£,  cof.Bzz/z,  q^ir+cc  ; 

re 
then  by  Prop.  XXVIII.  cot.  ABR  =  -,    and  (by 

rt  re 

Sch.  i.I.)  its  fine  =  — ,  and  its  cofine  =z  — .   And 

q  1  q 

PC 7lr 

by  Prop,  6.  I.  S.RBF  .=  ;  and  by  Cor.  1. 

rr     be  —  nr  _  „       be — nr 

XXVIII.  ~  :  :  :  m  :  cof.  F  zz m  == 

q  q  rr 

bem        mn         abc        win  m  a      , 

Sch.  1.  I. 

Cor.  1.  2^*  ^»*  0/"  <2/zj  y?i£  is  equal  t a  the  reft- 
angle  of  the  cofines  of  the  including  angles  X  radius 
4-  cof  oppofite  angle  X  radius  fquare^  and  the  whole 
divided  by  the  reftangles  of  the  fines  of  the  including 
angles. 

For  c  or  the  ^  AB  zz  — — ■ — -p ""' 

Cor. 
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„     ™      S.BxcoLA      cof.Bxcot.AB 

Cor.  2.  Cot.  FB  st ■ — r~Tu -\ -• 

o.  Ab  r 

For  let  s  =  S.  AB,  /  —  cotan.  AB,  then  by  Cor. 

br  A-  tic 
i.  Prop.  6.  I.  cof.  RBF  == ■ — ,  and  by  Cor.  4, 

re     br  4-nc  brA-  nc 

Prop.  XXVIII.  -  :  — ^—  : :/  :  cot.  BF=  — tUf.  / 
r  q  q  re 

=   —  4-  —4    becaufe    ts  =  cr.      Or  cot.   BF  = 
s     l     r' 

rbm-\-nac  mr  cr 

— ,  becauie  r  =  — ,  and  /  =  — ,    by  Schol. 

sa       '  a'  s '      * 

Prop.  1.  I. 

Cor.  3.  G?ta#,  FB  = 
r%  x  S.  A  +  B  —  S.Ax  cof.Bxverf.AB 
S.A  X  S.AB 
For  let  v  =  verf.  AB  =±  f  —  r,    and  c  —  r  —  ^, 

.  __       r^#z  4- nac        r^m  4~ r^^  —  ^^ 

then  cotan.  FB  = —  rz  5 

sa  sa 


but  (by  Prop.  5. 1.)  ^4-^  =  ^xS.A4-B,  whence 

^^       rr  X  S.  A  -4- 13  —  * jw 

cot.  BFz . 

as 


PROP.     XL. 
47.        Z*/  J  s9  b   h  A  d  be  the  fines,  1  f  b        u  ^ 

y&fo  ^J  marked  in  the  figure.     And 

hh  —  bb  —  aa  —  mm  —  nn. 

and  kk  =  1  —  bbpp  =1  —  ^^/. 

Radius  =  i.     3T#£» 

„  ££  him  4-  *  *# 

*/A  F=  v =  jr~ . 

J  mm  —  am  kk 

For 
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Far  1.  bif—  ng-m.     By  Prop.  XXXIX.  FIG. 

2.  aef — mg—n.     By  Prop.  XXXIX.  47. 

3.  *  -  f-iZ^l.   By  Cor.  2.  Pr.  XXXVIII. 

For  by  Pn  i.  I.  -  =  cotan.  B.     From  the  two 

J  n 

m  rt           ,                &/ — m      aef—n  7.r 

firft  equations  g  =  — =  — - — >  whence  btfm 

-m^aefn-nn,  ™df=Um  —  aen' 

Again,  by  the  third  equation  dnf—  bpe —  bdigzz 
fide  —  bdigj  becaufe  (by  Prop.  XXIX.)  bp  —  ad\ 

a    r             7.         ,                 ae—nf        bif—m 
and  nf=ae  —  btg\  whence  £  — — -p —  =  ', 

1  *  .  r      7.         1  r      aen-4-bim 

and  aen  — fn  =  £ V/  —  bim^  whence / as  -'lill- 

aen 4- b'm     _         r   I 
=   -----     7,      ;  became  ;/  =  i  -»- 0*. 
1  —  £%>  #  rr 

Cor.  1.  LoL  F  =  -  <   LL — —  —  t- • 

J  kk  bim  —  aen 

For  by  the  ift  and  3d  equations  /=  -^-j. —  = 

ae  —  big 

,  and  nng-\-mn-=.aebi~~bMig\  whence  £  = 

aebi  —  mn         aebi  —  mn 


nn  -|-  bbii  1  —  bbpp* 

fn-\-  ng 
Again,  by  the  ift  and  2d  equations /=. — t~ 

n\mg  - 
,  and  aern  +  aeng  zz  bin  +  bimgy  whence  g 

aern  —  bin 
bim  —  aen 


Cor. 


% 
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'              „         _      ame—bin      tfxS.2A--zxS.2B 
FIG*       Cor.  2.  Cot  an.  F  =  — ri —  ='— tta >~r>  * 

7  hb  C0J.2A  —  C0J.2H 

*l%         For  multiplying  the  ift  equation  by  n9  and  the  2* 

by  m9  we  have  mn  ±z  binf —  nng  =  aefm  —  mmg9  and 

—  £         #m  —  bin 

mz~*nz. gzzaem  —  bin.f9  and  7  =  —5 — -  ~ 

2*zm  —  2bin  '  T 

2bz—2az    '  (  y        P#  2*    ^    2am  =    '  2A* 

and  2bn  =.  S.  zB,  alfo  2aa  pz  verf.  2  A,  and  2b1  = 
verf  2B,  and  2^  —  2<z#  rz  verf  2B  —  verf.  2  A  =4 
cof.  2  A  —  cof.  2B,  and  bz  — •  az  =  mz  « —  #%  for  ^ 
4-  »*  =  1  =  mz  +  #*• 

Scholium. 

Any  of  the  quantities  a>  b,  p9  d9  or  m9  n9  i9  e9 
may  be  expunged  by  help  of  the  equation  bp  n  ad9 
or  the  tangents  or  cotangents  fubftituted  for  them.  , 

PROP,     XLI. 

a*~*        Suppofe as  in  the  laft  Prop,  and  let 
II  z=z  dd  — pp  —  ii  —  ee9 
tt—\  —  bbpp  —  1  —  aadd9 
Radius  zz  1.     Then 

II  mid  \  pen 

Sine  of  AB  =  -.y    ^  ■  =  7^-. 

mid — pen  tt 

For  1.  pns  +  ci  =  e9  by  Prop.  XXXVIII. 

2.  mds  +  ce  —  i9   by  Prop.  XXXVIII. 

/       bm  4- anc    .      _  _     xr.rvnr 

3.  —  =  — ,  by  Cor.  2.  Pr.  XXXIX. 

0    p  as      '    -J 

e — pns      i  —  mds 
By  the  two  firfl  equations,  c  = . —  =  — - — ~, 

and  ee — pens  =  ii  —  imds9  and  imds  —  pens  s=  «  — 
*7  —  ^^ 


<?£>  whence  s  *= 


Alfo 
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Alfo  by  the  third   equation  asi  —  pbm  +  pnac  ==    FIG. 
(fince  ad  zz  bp)  adm  +  ^>#£f ,  that  is,  ji  =  dm  +  jp  »f ,     47. 

.  j/  —  d&»         e — pns  • 

whence  c  zz —  : — ,    and  sr  —  dim  22 

pn  1 

pen  +  dim      pen  -f-  dim 
pen  —  fn%  wnence.fr:  ;-l+/)V  =  1_ppbb' 

ei  —  mndp         pin  —  dem 
Cor.  1.  Cof.  AB  =2 — — *  ~  £ jtt. 

J  it  pen  • —  dim 

.                       ,                 e-ci      dm  +  cpn 
For  by  ift  and  3d  equations,  s  —  — —  = — , 

,    .         ..            7      .     1  *         u                ei  —  pdmn 
and  ei  —  ct%  —  pndm  ~--p  n  c,  whence  c  =  - r— 

ei — pdmn 

—  i  —  bfrpp  * 

e  """■•  ci 
Alfo  by  the   ift  and  2d  equations  s  n —  =s 

J  ^  pn 

1  "mmmm  ee 

— rr-2,  and  02^  —  mdci  =  />#/  — /wr,  whence  ^  33 

J^  —  pin 
dim  —  pen 

_        med — pin 
Car.  2.  C*/tftf.  AB  =  ■     '       r    =  47* 

OTXS.2AF  — »x  S.2BF 

**/  2.BF  —  r*/.  2iib 

For  multiplying  the  ift  equation  by  /,  and  the  2* 

by  £,  we  have  p/tfi  -\-  cii  —  ei  —  mdse  -j-  £££,  and 

<:        med      pin 

cii  —  cee  =  f»fl«  — p/ftf.  whence  —  —  — t. =z 

£  s  n  —  ee 

imed — ipin     ,      ,     T,  *        7     0     -  r.         , 

— - •,  but  by  Prop.  2.  I.  2ft*~S  2AF,  and 

2dd  —  2pp  J        r 

2pi  —  S.  2BF,  and  2^/  =  verf.  2AF,  and  2pa  = 
verf.  2BF,  and  2^ — 2£/>~verf.  2AF  —  verfsBF 
E  cof.  2BF  —  cdf.  2 AF. 

N  S  c  h  o- 
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FIG.  Scholium. 

47.  Any  of  the  quantities  a*  J,  b,  p  ;  or  m,  e*  1,  », 
may  be  extirminated  by  help  of  the  equation  ad  = 
bp^  or  the  tangents  or  cotangents  fubftituted  inftead 
of  them. 

PROP.     XLII. 

4  *         In  any  fpherical  triangle*  ABF, 

As  reff  angle  of  the  fines  of  the  fides*  AB,  FB  : 

Radius  fquare  :  : 

Verf  bafe  —  verf  difference  of  the  fides  : 

Verf  included  angle  B  :  : 

Cof  difference  of  the  fides  —  cof  bafe  : 

Verf  included  angle  B  :  : 

As  fine  of  one  fide  : 

¥0  cofecant  of  the  other. 

Let  *z  =  S.AB,  #2  =  cof.  AB,  c  in  cof.  B.  ^  =  verf  B. 

b  —  S.FB,   »  =  cof.  FB,  J  =  cof.  AF,  rad.  =  r. 

dr%  —  mnr 
Then  (by  Cor.  2.  Prop.  XXXVIII.) ^- — 

,          abr  —  drr  4-  mnr 
—  c  —  r  —  v*  apdz;= 7 ;  but  (by 

Cor,  1.  Prop.  6.  I.)  ab  -{-  tnn  =  r  x  cof.  AB— FB- 

_.       r  rr  X  cof.  AB  —  FB  —  drr 

Therefore  v  = 7— = 

ab 

verf.  AF- verf.  AB3Fgx„,     Laftlv,  S.FB- 

EdSTFB'  a"d  SABxS.FB  :rr::  S.AB  *  j^Ejjjj 
:  rr  :  :  S.AB  :  cofec.  FB, 

Cor.  1 .  Re  ft  angle  of  the  fines  of  the  fides  : 
S.  halffum  x  S.  half  diff.  of  the  bafe  and  diff  fides  : : 
And  verf  fun  of  the  fides  —  verf  their  difference  : 
Verf  bafe  —  verf.  difference  of  the  fides  :  : 

And 
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And  cof  difference  —  cof  fum  of  the  fides  :  FIG. 

Cof  diff.  fides  —  cof.  bafe  :  :  46. 

So  twice  radius  : 

Verf  included  angle,  B. 

For  let  the  greater  fide  AB  =  a,  lefler  BF  =  *, 
bafe  AF  ~  b,  a  +  e  —  z,  a  —  e  =  d,  v=  verf.  B. 

Then  by  this  Prop.  S.axS.e :  verf.  b  —  verf  dxr  :  : 
r :  v.     But  (by  Cor.  3.  Pr.  3.  I.)  ir  x  verf. b— verf.  d 

=  S.  x  S.  ,  and  (by  Cor.  2.  Prop.  3. 1.)    , 

S.a  x  S.£  z=  ~r  x  cof.  d  —  cof  z%  Whence  yoU  have 
thefe  two  proportions, 

S.a  X  S.<?  :  S.  — J — X  S.    "    '"*  :  :  2r  :  ft 
2  2 

And  verf.  2  —  verf  d  :  verf.  b  —  verf.  d  :  :  2r  :  v> 

And  the  diff.  of  the  VeHed  fines  is  =  diff.  cofines. 

Cor.  2.  Rectangle  of  the  fines  of  the  fides  : 
Radius  fquare  :  : 

Verf  fum  of  the  fides  —  verf.  bafe  : 
Verf  fup  of  the  included  angle  B. 

For  (by  Cor.  j.) 

Verf.  z  —  verf.  d  :  verf.  b  —  verf.  d  :  :  2r  :  v* 
And  by  divifion, 

Verf  z — verf.*/  :  verf. z  —  verf. b  : :  2r  :  ir—v^ 

Or  verf  z — verf.  d  :  2r  :  :  verf.  2 — verf.£  :  2r — ft 

A     .  verf  2— vtrf.d  r  r  . 

And xr :  rr : :  verf.£ — veri^ :  2r— ft 

2 

that  is  (by  Cor.  2.  Prop.  3.  I.)  S.^x  S.£  :  rr  : :  verf.  z 
— verf.£  :  ir — v,  the  verf.  fup.  B,  and  the  difF. 
Verfed  fines  =  diff.  cofines.     Whence, 

Cor.  3.  Verf  fum  of  the  fides  —  verf  diff.  fides  : 
Verf  fum  fides  —  verf  bafe  :  : 
Twice  radius  : 
Verf  fupplement  of  the  included  angle  B. 

N   2  Con 


i8o  ^ELEMENTS        Book  III. 

F  I  G.  Cor.  4.  As  rtftangle  of  the  pies  of  the  fides  : 
46.         Radius  fquare  :  : 

Or  as  fum  of  the  fines  x  diff.  fines,  of  \fum  and  f  diff. 
Radius  fquare  :  :  \  fides  : 

So  S.\-  bafe~-\- 1  diff  ."fides  x  S.f  bafe  —  -dijfjuits  : 
Sine  fquare  of  half  the  included  angle  :  : 

So  S.\fum  of  the  3  fides  x  S.~fum  3  yfcfej  —  bafe  : 

Cofine  fquare  of  half  the  included  angle  B. 

Let  V  —  fup.  B,  s  ~  S4B,  c  -  cof.  ^B.  The  reft 

iss 
as  before,  then  (by  Prop.  2.  I.)  v  =  — ,  and  V  = 

ice         '  ',     _  /    verf.  £ —  verf.  i 

— ,  and  (oy  Prop.  4.  I.) x  r  =  S. 

£-|-^         £ —  d  vef  z — verf.  £  2  +  £ 

X  5. 5  and — x  r  zr  S. 

2  2  2  2 

X  S.  — — *-;  and  (by  Cor.  2.   Prop.  4.  I.)  S.0  x  S.e 


a  -r-  e       .    a  —  e     ^  a  -\-  e        .a 
=  S.  — —  4,  S. x  S.  — S.  - 


S4%  +  S.iJx  S.fz  —  $.£</.     Now  by   this  Prop. 

S.*z  X  S.£  :  rr  :  :  verf.  b  —  verf.  d  :  v  or  —  :  : 

r 

verf.  £  —  verf.  d  0^  +  ^      0  ^  —  d 
— XrorS.  — — -  x  S.  — - —  :  ss. 

a      •                 7            ,          a+e+b            z  —  b 
Again, a  +  e  +  b^zz+b,  and b  =  , 

and  by  Cor.  2.  S.a  x  S.*  :  rr  : :  verf  2  —  verf  £  :  V 

ice      verf  2  —  verf.  b                  z-\b         z — b 
or         :  : x  r  or  S. X  S. 

22  22 

:   cc.     Hence  alfo,  fince  d  zz  a  —  e, 

Cor.  5.  As  rett  angle  of  the  fines  of  the  fides  : 
Radius  fquare  :  : 
So  S.-rfum  of  3  fides —  one  fide ',  x  S.\  fum  —  other fde  : 
Sine  fquare  of  half  the  included  angle. 

Cor. 
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Cor.  6.  From  half  the  fum  of  the  threefides,fubtra£l   FIG. 
the  bafe,  and  two  fides  feparately ;  then  4^- 

As  S.  half  fum  of  the  three  fides  x  S.  firfl  difference  : 
Keif  angle  of  the  fines  of  the  2d  and  3  d  differences  :  : 
So  radius  fquare  : 
Tan.  fquare  of  half  the  included  angle. 

For  by  Cor.  4.  o. X  o. :  i>. X 

J  2  2  2 

S. :  :  {cc  :  ss  :  :)  rr  :  tan.  fquare  of  half  the 

angle,  by  Prop.  1.  I. 

Scholium. 

Any  of  thefe  compound  proportions  may  eafily 

be  refolved  into  two  fimple  ones.     For  example,  in 

b  +  d 
Cor.  4.  fay,  S.a  :  r  :  :  S. :  to  the   fine  of  a 

fourth  P.     And  S.e  :  r  :  S.  — ~,  Qj  then  P  x  Q^ 

it 

—  ss  required.     And  the  fame  may  be  done  for  the 
next  prop,  and  its  corollaries. 

PROP.     XLI1I. 

In  any  fpherical  triangle, 
As  rectangle  cf  the  fines  of  two  angles,  A,  B  : 

Radius  fquare  :  : 
Verfi  fum  of  the  including  angles  —  verfi  fup.  3  d  angle  : 

Verfi  included  fide  :  : 
And  fo  verfi   third  angle  —  v erf  fup.  fim  of  the  in- 

Verfi  included  fide  :  :  [eluding  angles  : 

And  fo  crfi  diff.  of  the  including  angles  +  cofi  3  d  angle : 

V erf.  fup.  included  fide  :  : 
And  fo  verfi.  fup.  ^  angle  —  verfi  diff.  including  angles  : 

Verfi  fup.  included  fide  :  : 
And  fo  verfi  fup.  diff.  inc  tiding  angles  —  verfi  3d  angle  : 

Verfi.  fup.  included  fide,  AB. 

N  3  For 


42 
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FIG.       For  let  B  be  the  greater  angle,  A  the  lefTer,  AB 
42.     the  included  fide,  and  put 

^— S.A,  ^zzcof.  A,  c— cof.  AB,^=verf.  AB, 
£=S.B,  »=cof.  B,  ^cof.  F,  V=verf.  fup.  AB, 

then  (by  Cor.  1.  Pr,  XXXIX.)  mnr  +  drr  =  czzr 

ab 

—  v9  therefore  v  —  ,     ■  ,  ;     but    (by 


ab 


mn  —  ab 


Cor.  1.  Pr.  5. 1.)  — — -  =  cof.  A 4.  B  =(by  Sch. 


1.  I.)  r  —  verf.  A  +  B  =  verf.  fup.  A  +  B  —  r, 
and  d  —  r  —  verf  F  —  verf.   fup,  F  —  r>    whence 

verf.  A  +  B  —  verf.  fup.  F 

v  rr  « : r £— .  rr  = 

ab 

verf.  F  —  verf.  fup.  A  -{-  B 

ab 

a    ^     \r           1           ohr  4-  mnr  -U  drr  t»  w. 
Again,  V  =  r  +  r=r:  ! -_ — J .  But  (by 

ab 

Cor.  1.  Pr.  6. 1.)  ah  +  mn  -  cof.  B-~A  =  r  - 

r 

verf.  B  -^A  =  verf  fup.  B  — A  —  r.     Therefore 

v_cof.  B  — A  +  cof.  F 

V  rr  — ; x  rr  rr 

ab 

verf.  fup.  F  —  verf.  B—  A 
— £ — _ rr  = 

ab 


verf  fup.  B  —  A  —  verf  F 
. l — — . — rr. 

ab 

Cor.  1.  As  verffum  of  two  angles  —  verf  diff. : 

To  twice  radius  :  : 
Or  as  cof  difference  of  two  angles  —  coffum  : 

To  twice  radius  :  : 
§0  verf  fum  of  the  including  angles—  verf  fup.  third 

Yerf  included  fide  :  :  [angle  : 

So 
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So  verf  third  angle  —  verf  fup.  fum  of  the  including    FIG. 

Verf  included  fide  :  :  [angles  :     42. 

And  fo  cof  diff.  including  angles  -f-  cof  third  angle  : 

Verf  fup.  included  fide  :  : 
And  fo  verf  fup.  third  angle  —  verf  diff.  including  an- 

Verf  fup,  included  fide  :  :  \gles  : 

And  fo  verf  fup.  diff.  inch  angles  —  verf  third  angle  : 

Verf  fup.  included  fide  1  AB. 

For  (by  Cor.  2.  Pr.  3.  I.)  S.Ax  S.B  = 

cof.  B  —  A  —  cof.  B  +-  A 

— ! x  r  = 


verf.B+A-verf.B-A^    And  all  the  reri 

2 

follows  from  this  prop. 

Cor.  2.  As  re£f angle  of  the  fines  of  two  angles.  A,  B  : 

Radius  fquare  :  : 
So  S.  I  fum  of  the  including   Ls  -f-  ifitp.  3  d  JL  x  S. 
\fum  including  JLs  —  ifup.  3  d  Z-  : 

Sine  fquare  of  half  the  included  fide  :  : 

And  fo  S.  half  fum  of\$L,  and  J  up.  fum  inch  lsx  Sm 

~  their  diff.  : 
Sine  fquare  of  half  the  included  fide  :  : 
So  S.  ifup.  3dz_  4  idiff.  incl.Ls'x  S.  \fup.  3d JL — 

t  diff.  incL  jl  9s  : 
Cof  fquare  of  half  the  included  fide :  : 
So  S.  \fup.  diff  incl.JLs  +  ~the  3d  z.  X  S.  -fup.  diff. 

inch  Ls  —  f  the  3d  z.  : 
Cof  fquare  of  half  the  included  fide,  AB . 

For  fince  the  diff.  cof.  =  diff.  verfed  fines,  there- 
fore  (by  Cor.  I.  Pr.  3.  I.)  gif.  B+A  -  verf.  fa^ 

X  -  -  s.  B  +  A  +  fup.  F  v  s  B  +  A  -  fup.  F 

2  2 

N  4  And 
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And  verf  F  ~~  verf'  fup'  B  ~v  A  x  r  = 


42 


2 


S  F  +  fup.B+A  vQ  F  —  fup.  B  -f-  A 


A     ,  verf.  fup.  F  —  verf.  B  —  A 

And — — — x  r  = 


S  ^P-  F  +  B  —  A  x   s.  fap-  F  4-  A  -  I 


B 


A    j  verf.  fup.  B  —  A  —  verf  F    > 
And — £ X  r  — 

2 

S  fuP-  B  —  n  +  F         s  fup.  B  —  A  -  F 


And  (by  Pr.  2.  I.)  verf.  AB  x  \r  =  fine  fquare 
of  iAB,  and  verf  fup.  AB  x  \r.  —  cof.  fquare 
of  iAB,  then  all  the  reft  follows  from  the  prefent 
prop. 

Cor.  3.  Re£f  angle  of  the  fines  of  two  angles,  A,  B: 

Radius  fquare  :  : 
Or  fum  of  the  fines  x  diff.  fines,  of  \fam  and  ~  diff. 

Radius  fquare  :  :  [angles  : 

So  cof.  \  fum  x  cof  ~  diff.  of  the  3  d  L.  and  fum  inch  an- 

Sine  fquare  of  half  the  included  fide  :  :  [gles  : 

So  cof  ifum  x  cof  I  diff.  of  3dz.,  and  diff.  incL  an- 

Cof.  fquare  of  half  the  included  fide,  AB.  [gltsi 

For  (by  Cor.  2.  Pr.  4.  I )  S.A  x  S.B=  S.S^ 

,CB— A     CB+A       QB— A         . 
-J-  S —  x  S.  — IL S.  _ ;  and 


S. 
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cB  +  A+i8o  —  F      nB-^A-  180+  F  _    fig. 
b. ■  X  3.  — — 

2  2  42* 

I   B    I-  A  —  F     QB-i-A~LF 

S.  go  + ! — -  x  S ! ! 90   = 

2  2 

r  F  —  A  —  B  c     o  B-fA-fF 

cof.  X  cof.    180  —  _JL ! — 

2  2 

r  F  —  A  —  B  ^      ,  F  +  A  +  B 

co}.  — , x  col. — L_ — Z_  . 


A     .     c   180  —  F  4-  B  —  A  w 
Again,  b. —*  X 

2 

c  180—  F4-A  —  B       c      ■"       F+A  — B 
S. ~S.  90  —  — JL x 

2  2 

F+B  — A          rF  — B  +  A 
S.  go — =  cof, -L — ^  x 

■  2  2 

Cof.  — Z The  reft  follows  from  Cor.  2. 


G?r.  4.  From  half  the  fum  of  the  three  angles, 
fubcradl  each  angle  at  the  bafe  feparately,.  arjd  then 
the  third  angle.     Then 

As  rett angle  of  the  cojines  of  the  twofirfl  differences  : 
Reftangle  of  the  cof  third  difference  and  cof  ~fum 
So  radius  fqtiare  :  [of  three  angles  :  : 

Tan.  fqtiare  of  half  the  included  fide  or  bafe,  AB. 
This  follows  from  Cor.  3,  becaufe  cof.   :  fine  : ; 
rad.  :  tangent.     See  fchol.  Prop.  XLIL 

PROP.     XLIV. 

If  the  vertical  angle  Fofa  triangle  AFB  be  bifeffed, 
it  will  be,  48, 

As  twice  the  cot.  of  the  bifefiing  line  FI  : 
Sum  of  the  cotangents  of  the  fides  AF,  BF  :  : 
Radius  : 
Cof  half  the  vertical  angle  F. 

Pro- 
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FIG.       Produce  FA,  FI,  FB  to  quadrants,  and  to  the 

48-     pole  F  draw  the  great  circle  LTR,  and  produce  BA 

to  interfeft  it  in  R.     And  let  tan.  AS  '—  b,  tan.  IT 

tp  c,  tan.  BL  =  d9  S.RT  =  y,  cof.  £F  =  x.     Then 

the  angles  at  S,  T,  L  are  right.     And  by  Cor.  1, 

Prop.  XXVII.  c:b::y:~  =  S.RS.     And  c  :  d : : 

J ':  ®  2=  S.RL.     And  fince  ST  =  TL  5   therefore 
c 

^  r  n  h  "+*  dy  b  -\-d 

(by  Prop.  3. 1.)  — ~f  =  2*  X  y,  or  — —  x  r 

=  2*,  that  is,  2cx  zz  b  +  d  x  r. 

Cor.  As  twice  radius  : 
Tan.  bifetting  arch  :  : 
Sum  of  the  cot  an.  fides  : 
Cof  half  the  vertical  angle  IB* 

PROP.      XLV. 

48.  If  an  arch  be  drawn  from  the  vertex  to  the  middle 
of  the  bafe  of  a  triangle  \  then  the  fines  of  the  vertical 
angles  are  reciprocally  as  the  fines  of  the  fides ",  and  di- 
re ft  ly  as  the  fines  of  the  angles  at  the  bafe. 

For  (by  Cor.  1.  Prop.  XXIX.)  S.AFI  x  S.AF 
—  S.BFI  x  S.BF,  becaufe  AI  =  BL  Therefore 
S.AFI  :  S.BFI  :  :  S.BF  :  S.AF  :  :  (by  Pr.  XXIX.) 
S.A  :  S.B. 


49 


PROP.     XL  VI. 

As  one  right  angle  : 

To  the  angle  intercepted  betzveen  two  great  circles  : 
So  the  area  of  a  great  circle  of  the  fphtre  : 
Lunular  area  contained  between  tbefe  great  circles. 


Let 
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Let  ABC,  ADC  be  the  two  great  circles ;  BDF  F  I  G. 
a  great  circle,  whofe  poles  are  A  and  C.  Div:de  the  49* 
circle  BDF  into  an  infinite  number  of  equal  pms, 
through  all  which  draw  great  circles  paffing  through 
A  and  C,  which  will  divide  the  furface  of  the  fphere 
into  the  fame  number  of  equal  parts,  fimilar  and 
equal  to  one  another  ;  fince  their  bafes  (in  the  circie 
BFJ  and  fides  are  all  equal.  Therefore  as  the  num- 
ber of  the  parts  in  the  whole  circumference,  to  the 
number  of  parts  in  BD,  that  is,  as  the  whole  cir- 
cumference, to  the  arch  BD  :  :  fo  the  furface  of  the 
fphere,  to  the  area  ABC  DA  ;  or,  as  4  right  angles  : 
angle  BAD  :  :  furface  of  the  fphere  :  area  ABi  DA, 
But  (by  geometry)  the  furface  of  the  fphere  ~r  4 
great  circles.  Therefore  as  4  right  angles  :  angle 
BAD  :  :  4  great  circles  :  area  ABCDA  ;  or  as  one 
right  angle  :  one  great  circle  :  :  angle  BAD  :  area 
ABCDA. 

Cor.  As  4  right  angles  : 

Intercepted  angle  BAD  :  : 
So  furface  of  the  fphere  : 

Surface  intercepted  between  thefe  two  great  circles  :  : 
And  fo  folidity  of  the  fphere  : 

Solidity  contained  between  thefe  great  circles. 

For  th?  folidities  are  as  the  furfaces,  becaufe  they 
may  be  refolved  into  pyramids  of  equal  height. 

PROP.     XLVII. 

In  any  fpherical  triangle,  G;  ,-0# 

As  two  right  angles  : 

Excefs  of  the  three  angles  above  two  right  angles  ;  : 

Area  of  a  great  circle  of  the  fphere  : 

Area  of  the  triangle. 

Produce  all  the  fides  to  femicircles,  then  the  op- 
pofite  angles  are  equal  (by  Cor.  I.  Prop.  IV\)  ;  and 

(by 
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FIG.    (by  Prop.  IX,)  triangle  H  =  triangle  G,  alfo  half 
50.      the  furface  of  the  fphere  =  G  +  R  +  S  +  T  ;  let 
a,  b,  c  be  the  three  angles,  then  (by  Cor.   Prop. 
XL  VI.),  V 

1800:  a  :  :  4  furface  fphere  :  G  +  R, 
180  :  b  :  :  f  furface  fphere  :  G  +  S, 
180  :  c  :  :  4  furface  fphere  :  H  +  T  or  G  +  T, 
therefore  1 80  :  a  +  b  +  c  :  :  f  furface  fphere  :  3G  -f- 
R  +  S  +  T,  and  by  divifion,  180  :  a  +  b  +  c  — 
180  :  :  4  furface  fphere  :  2G  :  :  £  furface  fphere,  or 
the  area  of  a  great  circle  :  G. 

Cor.  1.  As  1  :  57.2957795  :  :  the  3  angles  —  2 
right  angles  :  area,   in  fquare  degrees. 

For  area  of  a  great  circle  =  f  circumference  x 
radius  z:  180  x  radius,  and  radius  =  57.2957795 
&c. 

Cor.  2.  As  180  :  3  tf/g/iw —  180  :  :  3.1416  x 
rad.    :  area  of  the  triangle. 

For  3.1416^  =  area  of  the  circle,  whofe  radius 
is  r. 

Cor.  3.  In  any  fpherical  polygon,  put  n  —  number  of 

fides,  A  =  1 80 °  x  #  —  2.    Then  I  fay, 
As  2  right  angles  or  1800  : 
Sum  of  all  the  angles  of  the  polygon  —  A  :  : 
So  the  area  of  a  great  circle  of  the  fphere  : 
Area  of  the  polygon. 

Suppofe  the  polygon  to  be  divided  into  as  many 
triangles  as  it  has  fides,  by  arches  drawn  from  a 
point  within  it.  Then  fince  (by  this  Prop.)  it  is  in 
any  one  triangle,  as  1 80  :  a  great  circle  : :  fum  of  its 
angles  —  180  :  its  area  •,  therefore  by  compofition  it 
will  be,  180  :  a  great  circle  :  :  fum  of  all  the  angles 
internal  and  external  —  n  x  1 80  :  fum  of  all  the  areas 
of  the  triangles  \  but  the  fum  of  the  internal  angles 
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=  360  or  2  X  180,  therefore  180  :  great  circle  :  :  F  I  G. 
fum  of  all  the  angles  of  the  polygon  —  A  (or  n^i 
X  180)  :  area  of  the  triangle. 

PROP.     XLVIII.  \ 

If  a  fphericnl  triangle  ABG  be  infcribedin  a  lejfer     yim 
circle,  fo  as  that  the  bafe  AG  pafs  through  the  pole  D 
of  that  circle  ;  then  the  angle  at  the  vertex  ABG  will 
be  equal  to  the  fum  of  the  angles  at  the  bafe  A,  G  \ 
and  the  contrary. 

For  draw  BD  to  the  pole  D.  Then  fince  AD, 
DB,  DG  are  all  equal,  the  angle  A  3=  ABD,  and 
the  Z-  G  =  DBG  ;  and  therefore  the  fum  A  +  G  — 
ABG. 

And  if  theZ.B=A  +  G,  then  AD  =  DB  - 
DG.  For  if  DB  be  greater  or  lefler  than  AD  or 
DG,  then  A  will  be  greater  or  lefler  than  ABD,  and 
G  greater  or  leffer  than  DBG  ;  and  therefore  A  4"  G 
accordingly  greater  or  lefler  than  ABG. 

PROP.     XLIX. 

If  the  fum  of  the  two  fides  ( AB,  BG)  of  the  fphe-      72, 
rical  triangle  ABG,  be  a  femicircle,  and  the  included 
angle  B  be  bifefled  \  the  oppojite  fide  AG  will  alfo  be 
bifeffed,  and  the  bif effing  arch  BD  will  be  a  quadrant. 

For  produce  BA,  BD,  BG  to  E,  then  BE  is  a 
femicircle  ==  AB  -J-  B3  ;  and  EG  =  AB.  Alfo  an- 
gle ABD  —  DBG  =  DEG  (by  Prop. V.)  and  ^BAD 
=  EGD  (by  Prop,  XVI, )  •,  and  the  alternate  angles 
JBDA  and  EDG  are  equal ;  therefore  in  the  two 
triangles  BAD,  and  EGD,  all  the  angles  are  refpec- 
'  tively  equal -,  whence  (by  Prop.  XL)  AD  —  DG,  and 
BD  =  DE,  half  a  femicircle. 

PRO  P. 
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P  R  O  P.    L. 

FIG.       If  from  the  vertex  of  any  fpherical  triangle  ABG* 
73-     two  arches,  BD,  BE  be  drawn  to  cut  the  bafe  AG* 
making  the  angles  ABD,  GBE  equal ;  it  will  be, 
As  fquare  of  the  fine  of  AB  : 
To  fquare  of  the  fine  of  BG  : : 
So  reclangle  of  the  fines  of  AD,  AE  : 
To  reclangle  of  the  fines  of  GE,  GD. 

For  fince  the  L  ABD  at  GBE,  therefore  ABE 
=  DBG.     And  (by  Cor.  i.  Prop.  XXIX.) 

S.AB  X  S.ABD  :  S.BG  X  S.DBG  or  ABE  :  : 
S.AD  :  S.DG. 

And  S.AB  x  S.ABE  :  S.BG  x  S.EBG  or  ABD 
:  :  S.AE  :  S.EG.     Therefore 

S.AB* :  S.BG1' : :  S.AD  x  S.AE :  S.DG  x  S.EG. 

PROP.     LI. 

^4.  In  any  fpherical  triangle  ABG,  if  two  angles  A,  G 
be  bifeSled  by  the  arches  AD,  GD ;  and  if  an  arch 
BDE  be  drawn  from  the  third  angle  B,  to  the  point  of 
concourfe  D,  it  will  alfo  bifetl  that  angle. 

For  (by  Cor.  2.  Prop.  XXIX.)  S.BD  :  S.DE  :  i 
S.BG  :  S.GE : :  S.BA :  S.AE ;  and  alternately  S.BG 
:  S.BA  :  :  S.GE  :  S.  AE  :  :  S.BG  x  S.GBE  :  S.BA 
X  S.ABE  (by  Cor.  1.  ib.)  therefore  L.  GBE= ABE. 

Cor.  Hence,  three  arches  bifetling  the  three  angles 
of  a  fpherical  triangle,  inter  fen  each  other  in  one  point. 


Prop. 
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PROP.     LII. 

In  any  fphericai  triangle  ABG,  if  two  arches  AC,    FIG.' 
GF  be  drawn  from  two  angles  A,  G,  to  bifeft  the  op-      74* 
pofite  fides  BG,  AB  •,  then  the  arch  BDE,  drwnfrom 
the  third  angle  B  through  the  point  of  concourfe  D,  will 
alfo  bifett  the  third  fide  AG. 

For  by  Prop.  XXIX.  and  Cor.  i.  we  fhall  have 

S. AG  X  S.AGD  =  S.AD  x  S. ADF  =  SJBD  x 
S.BDF,  becaufe  AF  =  FB.     Alfo 

S.AG  x  S.GAD  =  S.GD  x  S.GDC  =  S.BD  x 
S.BDC,  fince  BC  =  GC.     Therefore 

S.GAD  :  S. AGD  : :  S.BDC  or  S. ADE  :  S.BDF  or 
GDE. 

But  S.AE  :  S.EG  :  :  S.AD  x  S.ADE  :  S.GD  X 
S.GDE  :  :  S.AD  x  S.GAD:  S.GD  x  S.AGD.  But 
in  the  triangle  ADG,  S.AD  x  S.GAD  =  S.GD  X 
S.AGD  j  therefore  AE  =  EG. 

Cor.  Three  arches  drawn  from  the  three  angles  of  a 
fphericai  triangle  to  bifett  the  oppofite  fides \  will  meet  in 
one  point. 

PROP.     LIII. 

In  any  fphericai  triangle  ABG,  if  three  arches  be     J5* 
eretted  perpendicularly  upon  the  middle  of  the  three  fides  \ 
they  will  interfeft  in  one  point. 

Let  CD,  FD  be  two  perps.  draw  GD,  BD,  AD ; 
then  in  the  right-angled  triangles  CDG,  CDB ;  BC 
—  CG,  and  CD  common  ;  therefore  GD  zz  DB. 
Alfo  in  the  right-angled  triangles  BDF,  ADF,  we 
have  BF  rr  AF,  and  FD  common ;  therefore  AD 
=z  DB  =GD.  Therefore  the  triangle  ADG  is  ifof- 
celes,  and  therefore  the  arch  DE,  which  bifedts  the 
bafe  AG,  is  perpendicular  to  it. 

PROP. 
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PRO  P.    LIV. 

FIG.        In  any  fpherical  triangle  ABG,  if  two  arches  be 

J 6.     drawn  from  two  angles  A,  G,  perpendicular  to  tht 

oppojite  fides  GB,  AB  •,  and  if  the  arch  BDE  be  drawn 

from  the  third  angle  B  through  the  point  of  interferon 

D,  it  will  be  perpendicular  to  the  third  fide  AG. 

The  ratio  of  S.AD  to  S.DE  is  compounded  of 
S.AD  to  S.DC,  S.DC :  to  S.DB,  and  S.DB  to  S.DE. 
And  by  Prop.  XXIX.  Cor.  i.  in  the  triangles  AGCj 
CBD,  BGE,  it  is, 

S.AD :  S.DC  : :  S.AGxS. AGD  t  S.CGxS.CGD,and 
S.DC  :  S.DB  : :  S.CBD :  radius  i. 

S.DB  :  S.DE  : :  S.BG  x  S.BGD :  S.EGxS.EGD. 
and  throwing  out  the  equal  ratios  S.BGD,  S.CGD, 
and  S.AGD,  S.EGD,  then 

S.AD  :  S.DE :  :  S.AG  x  S.BG  x  S.CBD  :  S.CG 
X  S.EG. 

But  in  the  triangle  BGE,  S.BG  x  S.CBD  or  S.GB 
X  S.GBE  -  S.GE  x  S.GED. 

Therefore  S.AD  :  S.DE  :  :  S.AG  x  S.GE  x 
S.GED  :  S.CG  x  S.EG  : :  S.AG  x  S.GED  :  S.CG. 

But  S.AG  :  S.CG  :  :  i  rad.  :  S.CAG,  in  the  tri- 
angle ACG  •,  therefore  S.AD  :  S.DE  :  :  S.GED  : 
S.CAG  or  EAD. 

But  in  the  triangle  ADE  ;  S  AD  :  S.DE  :  : 
S.AED  :  S.E/VD. 

Therefore  S.GED  :  S.EAD  :  :  S.AED  :  S.EAD, 
or  S.GED  :  S.AED  :  :  S.EAD  :  S.EAD,  therefore 
GED  =  AED,  or  BDE  perpend,  to  AG. 

Cor.  'Three  perpendiculars  let  fall  from  the  three 
angles  to  the  oppofite  fides,  all  meet  in  one  point. 
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PROP.    LV„ 

In  the  right-angled  fpberical  triangle  ABG  ;  if  from  F  I  G. 
the  right  angle  B,  two  arches  BD,  BE,  be  drawn,      7 7« 
making  equal  angles  with  the  fide  BA  y  then  will  S.GD 
:S.GE::S.AD  :  S.AE. 

For  fincethe  L.  ABG  is  right,  and  EB  A  =  ABD, 
the  i.  EBG  +  DBG  =  2  right  angles,  or  EBG  — 
fup.  of  DBG.  Therefore  in  the  two  triangles 
GBD,  GBE,  it  is  S.GD  :  S.DB  :  :  S.GBD  orGBE 
•  S.G  :  :  S.GE  :  S.EB,  by  Prop.  XXIX.  and  alter- 
nately,  S.GD  :  S.GE  :  :  S.DB  :  S.EB  :  :  S.DA  : 
S.EA,  by  Cor.  1.  Prop.  XXIX. 

PROP.    LVI. 

In  any  triangle  LMN,  if  any  fide  NM  be  produced,      jS^ 
and  the  arch  EOA  be  drawn  to  inierfetl  the  three  fides 
of  the  triangle,  in  the  points  A,  O,  E ;  it  will  be, 
S.LA  :  S.AN  :  :  S.LO  x  S.EM  :  S.OM  x  S.EN. 

PFor  in  the  triangle  AEN,  S.A  :  S.EN  :  :  S.E  : 
S.Ex  S.EN 
S.AN  =  — — o  V  "*    >  and  m  ^e  triangle  LAO, 

S.O  x  S.LO 
S.A  :  S.LO  :  :  S.O  :  S.LA  = jr-j .  There- 
fore S.LA  :  S.AN  :  :  S.LO  x  S.O  :  S.EN  x  S.E 
:  :  S.LO  x  S.EM  :  S.EN  x  S.OM,  in  the  triangle 
OEM, 
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PROP.     LVII. 

FIG.       If  an  arch  EOA  be  drawn  to  interfeft  the  three 
•Pj*    fides  of  a  triangle  LMN  in  the  points  A,  O,  E ;  any 
fide  thereof  being  -produced',  then  will  S.NL  :  S.NA 
:  :  S.LM  x  S.EO  :  S.AE  x  S.OM. 

For  in  the  triangle  NLM ;  S.N  :  S.LM  :  :  S.M 

_,,       S.LMxS.M     A    ,.     ,       .      ,  :   WiJ 
:  S.NL  = ?rv; .    And  in  the  triangle  AEN ; 


S.N 


S.N:S.AE::S.E:S.AN  = 


S.AExS.E 

S.N 


Whence 


S.NL  :  S.AN  :  :  S.LM  x  S.M  :  S.AE  x  S.E  :  : 
S.LM  x  S.EO  :  S.AE  x  S.OM  ;  becaufe  S.M  : 
S.E  :  :  S.EO  :  S.OM,  in  the  triangle  OEM. 


SECT. 
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SECT.      IV. 

The  folution  of  all  the  cafes  of  fpherical  tria?igles. 

By  help  of  the  propofitions  delivered  in  the  lad  FIG, 
fe£tion,  all  the  cafes  of  fpherical  triangles  may  be 
refolved.  I  Jthall  give  the  canons  for  the  folution 
of  each  cafe  in  particular,  both  in  right  angled  tri- 
angles, and  in  oblique  triangles  •,  after  I  have  fhewn, 
in  general,  how  they  all  may  be  refolved  by  the  fore- 
going propofitions. 

Every  triangle  has  fix  parts*  and  any  three  being 
given,  the  reft  may  be  found. 

The  folution  of  right-angled  triangles. 

All  the  cafes  of  right-angled  and  quadrantal  tri- 
angles may  be  refolved  by  the  XXVIth  and 
XXVIIth  propofitions  \  orby  Prop,  XXVIIL  alone. 

I. 

The  folution  of  any  cafe  may  be  performed  by  the 
XXVIth  or  XXVIIth  Prop,  one  of  the  two ;  either 
immediately  in  the  triangle  itfelf,  or  elfe  in  another 
right-angled  triangle,  formed  by  producing  all  its 
fides  to  quadrants  •,  wherein  the  parts  of  the  triangle 
are  either  the  fame,  or  the  complements  of  thofe  in 
the  firft.  Thus  let  ABF  be  the  propofed  triangle  ;  41. 
produce  the  fides  either  through  A  or  F,  fo  that 
AC,  AD,  BE,  and  confequently  CE,  may  be  qua- 
drants. Then  you  have  two  right-angled  triangles, 
ABF,  EDF.  In  the  figure  ABCDEF,  mark  what 
is  given,  and  its  complement,  with  a  dafh  (/),  and 
what  is  fought,  and  its  complement,  with  a  cypher 
(o).  Then  examine  the  two  right- angled  triangles 
ABF,  EDF  ;    and  obferve  in  which  of  them,    an 

O  z  angU 
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FIG.  angle  and  the  hypothenufe  ^  or  an  angle  and  its  oppofite 
41.  Jtde>  do  not  enter  the  queftion,  (for  there  are  always 
two  parts  out  of  the  queftion)  ;  and  that  triangle  will 
afford  the  folution,  by  applying  Prop.  XXV11.  in 
the  former  cafe,  and  Prop.  XXVI.  in  the  latter.  If 
any  fide  be  greater  than  a  quadrant,  then  a  quadrant 
muft  be  cut  off,  and  the  fame  rule  applied. 

Quadrantal  triangles  may  be  refolved  by  the  fame 
propofitions,  if  you  reduce  them  to  right-angled  tri- 
angles, by  producing  their  oblique  fides  to  qua- 
drants, or  cutting  off  a  quadrant  if  they  be  bigger. 
As  in  the  quadrantal  triangle  AFE,  produce  AF, 
EF  to  quadrants,  as  AD,  EB,  and  draw  AB,  ED 
round  the  poles  E,  A  •,  then  you  will  have  two  right- 
angled  triangles  ABF,  EDF,  to  be  refolved  by  the 
former  rule.     Take  an  example  or  two  for  right- 


angled  triangles. 


Ex. 


ri#  Let  the  hypothenufe  AF  and  an  angle  F  be  given, 
and  the  oppofite  fide  AB  required.  I  mark  AF,  F 
as  given,  and  AB  as  fought,  then  fince  there  is  an 
angle  A  and  its  oppofite  fide  FB  out  of  the  queftion  -, 
therefore  1  need  produce  the  fides  no  further,  for  I 
have  the  folution  in  the  triangle  ABF,  by  Prop. 
XXVI.  as  rad.  :  S.  AF  :  :  S.F  :  S.AB  required. 

Ex.  2. 
a  1.  Let  the  hyp.  AF,  angle  A  be  given  ;  to  find  the 
other  angle  F.  I  produce  the  fides  through  F,  and 
mark  AF,  FD,  A,  DC,  ED  as  given  ;  and  F  as 
fought.  Then  I  fee,  that  in  the  triangle  EFD,  the 
angle  E  and  hypothenufe  EF  are  not  marked,  and 
therefore  by  Prop.  XXVII.  S.FD  :  rad.  :  :  tan.  ED 
:  tan.  angle  F  ;  that  is,  cof.  AF"  :  rad.  :  :  cotan.  A  : 
tan.  F  required. 

II. 
Right-angled  or  quadrantal  triangles  may  alfo  be 
refolved   by    Prop.   XXVIII.  obferving  if  middle 

part 
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part  be  fought,  to  begin  with  radius  ;  and  if  one  FIG. 
extreme  be  fought,  to  begin  with  the  other  extreme. 

Ex.   1. 

Given  the  hyp.  AF,  and  angle  F,  to  find  the  fide  51. 
AB ;  what  is  given  and  fought  being  marked  as  in 
the  figure.  Then  AB  is  middle  part,  and  AF,  F, 
extremes  disjunct,  therefore  rad.  :  cof  comp.  AF  :: 
cof.  comp.  F  :  S.ABj  that  is,  rad.  :  S.AF  :  :  S.F 
:  S.AB  fought. 

Ex.  2. 

Given  the  hyp.  AF,  and  an  angle  A,  to  find  the     41. 
angle F.     Here  AF  is  middle  part,  and  A,  F  ex- 
tremes conjunct.    Therefore  tan.  comp.  A  :  rad.  : : 
S.  compl.  AF  :  tan.  comp.  F,  or  cotan.  A  :  rad.  : : 
cof.  AF  :  cotan.  F. 

Ex.  3. 

In  the    quadrantal  triangle  AFE,  let  fide  AF,     41. 
angle  A,  be  given  •,  to  find  the  angle  F.   Here  AF 
is  middle  part,  and  A  and  F  are  extremes  conjundt; 
therefore, 

Tan.  EAF  :  rad.  :  :  cof.  AF  :  cotan.  F. 

Laftly,  the  afreftion  of  the  angle  or  fide  fought 
will  be  known  by  Prop.  XX.  and  Prop.  XXI.  and 
its  corollaries ;  except  it  be  ambiguous,  and  then  it 
may  be  either  acute  or  obtufe. 

The  folution  of  oblique  fpherical  triangles. 

Oblique  triangles  may  be  refolved  feveral  ways, 
either  by  letting  fall  a  perpendicular,  or  without  it. 
In  any  triangle,  mark  what  is  given  with  a  dafh  (i)9 
and  what  is  required  with  a  cypher  (o),  to  diftinguifh 
them. 

I. 

Oblique  triangles  may  be  refolved  by  the  rules 
of  right-angled  triangles,  together  with  the  corol- 

G  3  laries 
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hries  of  Prop.  XXVIII.  with  Prop.  XXIX,  XXXII, 
XXXII ;  by  letting  fall  a  perpendicular,  which  either 
divides  the  triangle  into  two  right-angled  triangles; 
or  snakes  two  right-angled  triangles,  by  adding  a 
right-angled  triangle  to  it. 

In  letting  fall  the  perpendicular,  let  it  fall  from 
the  end  of  a  given  fide,  and  oppofite  to  a  given 
angle  ;  and  if  the  three  things  given  be  adjoining 
to  one  another,  let  it  alfo  fall  from  the  end  of  the 
fide  required,  or  oppofite  to  the  angle  required  ; 
and  then  you  will  have  enough  given  in  one  of  the 
right-angled  triangles,  to  find  any  of  its  unknown 
parts  :  obferving  to  find  fuch  a  part  (which  muft 
be  either  a  bafe  or  vertical  angie),  as  either  of  itfelf, 
or  when  added  to  or  fubtra&edfrom  fome  part  given, 
the  proportion  to  find  the  thing  fought  may  come 
under  fome  of  the  corollaries  of  Prop,  XXVIII. 

IL 

All  the  cafes  of  oblique  triangles  may  alfo 
be  refolved  by  Prop.  XXVII,  XXIX,  XXXII,  and 
XXXIII,  alone,  by  lettingfall  a  perpendicular  accord- 
ing to  the  former  direftions,  when  there  is  occafion. 
For  the  two  laft  cafes  will  be  refolved  by  Prop. 
XXXIII.  and  XXXII,  and  all  the  reft  by  Prop. 
XXVII,  and  XXIX.  and  they  are  eafily  remembered, 
for  three  of  them  are  the  fame  with  thofe  in  plain 
trigonometry,  for  refolving  the  like  cafes.  Only 
there  will  be  more  operations  in  the  right-angled 
triangles,  than  if  the  corollaries  of  Prop.  XXVIII. 
were  made  ufe  of. 

IIL 

All  the  cafes  of  oblique  triangles  (except  the 
I  ft,  4th,  and  two  laft)  may  alfo  be  refolved  by  Prop, 
XXVIII.  alone,  by  letting  fall  a  perpendicular  di- 
viding the  whole  into  two  right  angled  triangles.  In 
the  firlt  triangle  you  have  two  things  given  to  find 
a  third,  which  muft  be  either  the  bafe  or  vertical 

angle. 
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angle.     In  the  fecond  triangle  you  have  one  thing  F  I  G. 
given,  or  at  leaft  you  can  find  one  thing,  after   the 
firft  operation  in  the  firft  triangle  is  over ;    and  in 
the  fecond  triangle  there  is  alfo  the  thing  fought. 
Then  in  thefe  two  triangles  you  have  either  both  the 
bafes,  or  elfe  both  the  vertical  angles.     Therefore, 
from   thefe,  to  find   the  thing  required,  compare 
thefe  three  things  in  the  fecond  triangle,  viz.   the 
perpendicular,  the  thing  given,  and  the  thing  fought, 
and  find  which  is  middle  part,  and  whether  the  other 
two  be  extremes  conjunft  or  disjunft,  in  order  to 
know  whether  you  muft  ufe  fines  or  tangents.     Do 
the  fame  thing  in  the  firft  triangle,  with   the   three 
correfponding  parts ;  and  (fetting  afide  the  perpen- 
dicular, which  is  an  extreme  in  both  triangles)  ;  then 
the  middle  part  and  its  extreme  in  the  firft  triangle, 
will  be  proportional  to  the  middle  part  and  its  ex- 
treme in  the  fecond  triangle. 

For  example.  Given  FB,  F  and  B  ;  to  find  AF.  co. 
In  the  firft  triangle  BFI,  as  cotan.  B  :  rad.  :  :  cof. 
FB  :  cotan.  BFI ;  then  you  have  AFI.  Then  in  the 
triangle  AFI,  the  angle  AFI  is  middle  part,  and 
AF,  FI  extremes  conjunct.  Likewife  in  the  triangle 
BFi  ;  BFI  is  middle  part,  and  BF,  FI,  extremes 
conjundt.  Therefore  cof.  BFI  (middle  part)  :  cof. 
AFI  (middle  part)  :  :  cotan.  BF  (extreme  con- 
junct) :  cotan.  AF  (extreme  conjunct.) 

The  reafon  of  this  operation  will  appear  thus:  let 
p  rz  perpendicular,  m  —  middle  part,  a  =  the  other 
extreme,  in  the  firft  triangle.  Mr=  middle  part,  A  — ex- 
treme in  the  fecond  triangle.  Then  by  Prop,  XXVIII. 

p       m       M 
pa  =  mr.    and  pi\  —  Mr,  therefore  -  =  —  —  — , 

r        a       A 

or  m  :  a  :  :  M  :  A. 

IV. 

All  oblique  triangles  may  alfo  be  refolved  with- 
out letting  fall  a  perpendicular,  and  thefe  five  pro- 

O  4  pofitions, 
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FIG.  pofitions,  the  XXIX,  XXXVI,  XXXVII,  XL, 
53-  Xi-I,  and  their  corollaries,  will  refolve  them  all. 
Thus,  Cafe  i  and  4  are  rcfolved  by  Prop.  XXIX. 
Cafe  2  and  6  by  Prop.  XXIX,  and  Cor.  1.  Prop. 
XXXVII.  Cafe  3  and  5  by  Prop.  XXIX,  and  Cor. 
1,  Prop.  XXXVII.  Cafe  7  by  Prop.  XXXVI,  and 
Cor.  1.  Cafe  8  by  Prop.  XXXVI,  and  Cor.  u  and 
Prop.XXIX.  Cafe  9  by  Prop.  XXXVII,  and  Cor.i. 
Cafe  10  by  Prop.  XXXVII,  and  Cor.  1.  and  Prop. 
XXIX.  Cafe  11  by  Prop.  XLII,  or  its  corollaries. 
Cafe  12  by  Prop.  XLIII,  or  its  corollaries. 

Laftly,  the  affedlion  of  the  angle  or  fide  fought 
may  be  gathered  from  Prop.  XVII,  and  its  corol- 
laries. And  the  falling  of  the  perpendicular,  from 
Prop.  XIX,  and  Cors.  Prop.  VIII. 
,  Here  follow  the  1 6  cafes  of  right-angled  triangles, 
and  the  12  of  oblique.  In  right-angled  triangles, 
I  fhall  give  only  the  folution  by  the  tables,  omitting 
the  algebraic  folution  ;  for  that  is  very  eafily  had  by 
putting  letters- inftead  of  the  quantities,  and  train* 
forming  them  by  Sch.  Prop.  1.  I.  if  there  is  occafion. 

In  oblique  triangles  you  have  both  ;  where  note, 
that  natural  fines,  tangents,  &c.  muft  be  ufed  in  the 
algebraic  way.  I  refer  to  the  cafes  in  right-angled 
triangles,  for  the  determination  of  the  fpecies  of  the 
£ngle  or  fide  fought,  in  the  method  of  letting  fall 
a  perpendicular. 

The  rule  for  working  any  log.  proportion  in 
fpherical  trigonometry,  is  the  fame  as  in  plain  tri- 
gonometry, viz.  Add  the  logarithms  of  the  fecond 
and  third  terms  together,  and  frcm  the  fum  fubtraft 
the  log.  of  the  fir  ft  term  \  and  there  remains  the  log. 
of  the  fourth  term  fought. 

Note,  All  proportions  of  fpherical  triangles  agree 
with  plain  triangles,  taking  the  fides  inliead  of 
fines  and  tangents  of  the  fides.  But  then  neither 
cofines,  cotangents,  cofecants,  or  verfed  fines  of  the 
fides  muft  be  concerned.  And  radius  can  only  come 
in  when  two  terms  are  fides. 

Right- 
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Right-angled  fpherical  triangles. 

Case    L 

Given  the   hypothenufe  AF,  and  an  angle  A  -,  to    FIG. 
find  the  fide  adjacent  AB.  52. 

Rad.   :  cof.  angle  A  : :  tan.  hyp.  AF  :  tan.  ad- 
jacent fide  AB. 

If  the  angle  and  hyp.  (A,  AF)  are  of  the  fame 
affe&ion,  AB  is  lefs  than  a  quadrant  ^  if  of  different 
affedion,  more. 


C    A    S    E       II. 

Given  the  hyp.  AF,  and  angle  A  ;  to  find  the  op-     52. 
pofite  Jide  BF. 

Rad.  :  S.  hyp.  AF  :  :  S.  an  angle  A  :  S.  oppqfite 
fide  BF. 

If  the  angle  A  be  acute,  BF  is  lefs  than  90  ;  if 
obtufe,  more. 

Case   III. 

Given  the  hyp.  AF,  and  an  angle  A  ;  to  find  the      gzc 
other  angle  F. 

Rad.  :  cof.  hyp.  AF  :  :  tan.  an  angle  A  :  cot  an. 
other  angle  F. 

When  the  hyp.  and  angle  (AF  and  A)  are  of 
the  fame  affe&ion,  F  is  acute  •,  if  of  different  af- 
feftion,  obtufe. 


Case    IV. 

Given  the  hyp.  AF,  and  a  leg  AB  ;  to  find  the     52. 
adjacent  angle  A. 

Rad.    :    cot.    hyp.  AF  :  :  tan.  a  fide  AB  :  cof. 
adjacent  angle  A. 

If  the  hyp.  and  leg  (AB,  AF)  be  of  the  fame  af- 
fection, A  is  acute  \  if  of  different  affedtion,  obtufe. 

Case 
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Case    V. 

FIG.       Given  the  hyp.  AF,  and  one  fide  AB;  to  find  the 
52.     oppofite  angle  F. 

S.  hyp.  AF  :  rad.  :  :  S.  one  fide  AB  :  S.  its  op- 
pofite angle  F. 

If  the  fide  (AB)  is  lefs  than  90,  F  is  acute  •,  if 
more  than  90,  obtufe. 


Case  VL 

52.  Given  the  hyp.  AF,  and  a  leg  AB ;  to  find  the 
other  leg  BF. 

Cof.  one  leg  AB  :  cof.  hyp.  AF  :  :  rad.  :  cof.  other 
leg  BF. 

If  the  hyp.  and  leg  (AB,  AF)  be  of  one  affec- 
tion, BF  is  lefs  than  90  *,  if  of  different  affe&ion, 
more. 


Case    VII. 

52«         Given  a  fide  AB,  and  its  adjacent  angle  A  ;  to 
find  the  oppofite  fide  FB. 

Rad.  :  S.  one  fide  AB  :  :tan.  adjacent  angle  A  :  tan. 
oppofite  fide  FB. 

If  the  angle  (A)  be  acute,  BF  is  lefs  than  90  •,  if 
obtufe,  greater. 


Case  VIII. 

52.         Given  a  fide  AB,  and  its  adjacent  angle  Ay  to  find 
the  oppofite  angle  F. 

Rad.  :  S.  an  angle  A  : :  cof.  its  adjacent  fide  AB  : 
cof.  its  oppofite  angle  F, 

If  the  fide  (AB)  is  lefs  than  90,  F  is  acute  ;  if 
more,  obtufe. 

Case 
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Case    IX. 

Given  a  fide  AB,  and  angle  adjacent  A  ;  to  find  FIG. 
the  hyp.  AF.  52* 

Cof  an  angle  A  :  rad.  :  :  tan.  adjacent  fide  AB  : 
tan.  hyp.  AF. 

If  the  angle  and  fide  (A  and  AB)  be  of  the  fame 
affe&ion,  AF  is  lefs  than  90  ;  if  different,  more. 


Case    X. 
Given  a  fide  BF,  and  oppofite  angle  A  ;  to  find     52. 

»the  fide  adjacent  AB. 
Rad.  :  cotan.  an  angle  A  :  :  tan.  op.  fide  BF  : 
S.  adjacent  fide  AB. 

Here  AB  is  ambiguous,  that  is,  it  may  be  either 
lefier  or  greater  than  90. 

Case     XL 

Given  a  fide  BF,  and  oppofite  angle  A  ;  to  find    t%* 
the  angle  adjacent  F. 

Cof.  one  fide  BF  :  cof  op.  angle  A  : :  rad.  :  S. 
adjacent  angle  F,  ambiguous. 

Case    XII. 
Given  a  fide  BF,  and  opp.  angle  A  ;  to  find  the     52. 
'    hyp.  AF. 

S.  an  angle  A  :  S.  op.  fide  BF  :  :  rad.  :  S.  hyp. 
AF,  ambiguous. 


Case    XIIL 
Given  the  fides  AB,   FB,  to  find  an^&A.  52; 

S.  adjacent  fide  AB  :  rad.  : :  tan.  other  fide  FB  : 
tan.  op.  angle  A. 

If  the  oppofite  fide  (BF)  is  lefs  than  90,  A  is 
acute;  if  more,  obtufe. 

Cask 
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Case    XIV. 

FIG,        Given  the  fides  AB,  FB  ;  to  find  the  hyp.  AF. 
52.         Rad.  :  cof  one  leg  FB  ::  cof  other  leg  AR  :  cof 

hyp.  AF. 

If  the  fides  (AB,  FB)  are  of  one  affedtion,  AF  is 

lefs  than  a  quadrant ;  if  of  different  affe&ion,  more. 

Case     XV. 

52.         Given  the  angles  A,   F  ;  to  find  a  fide  BF. 

S.  adjacent  angle  F  :  rad.  :  :  cof,  other  angle  A  : 
cof.  op.  fide  BF. 

If  the  oppofite  angle  (A)  be  acute,  BF  is  lefs  than 
a  quadrant ;  if  obtufe,  it  is  greater. 

Case    XVI. 

52.         Given  the  angles  A,  F  ;  to  find  the  hyp.  AF. 

Tan.  one  angle  F  :  cotan.  other  angle  A  :  :  ra^.  : 
cof  hyp.  AF. 

If  the  angles  (A,  F)  be  of  the  fame  affection, 
AF  is  lefs  than  a  quadrant  \  if  of  different  affe&ion, 
it  is  greater. 


Oblique 
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Oblique  fpherical  triangles. 

Case    I. 

Given  two  fides  AF,  BF,  and  an  oppofite  angle  FIG. 
A  ^  to  find  the  other  oppofite  angle  B.  54- 

55* 
I.  Logarithmically j  by  the  table  of  artificial  fines,  &c.     5^- 

S.  one  fide  FB  :  S.  op.  angle  A  : :  S.  other  fide 
AF  :  S.  its  op.  angle  B. 

„      A  +  B.  AF+BF 

Then J —  is  of  the  lame  aftechonas . 

2  2 

A      .fA+B,       rur         ^-  A+fup.B 

»And  if be  of  the  fame  affection  as  '-  * 

2  2 

then  B  is  ambiguous. 
II.  Algebraically,  by  the  table  of  natural  fines,  &c. 

Let  d=  S.AF,  ^>  zz  S.BF,  n  zz  S.  A  ;  then  S,B 
ad 


Case   II. 

Given  two  fides  AF,  BF,  and  an  oppofite  angle     §^ 
A  ;  to  find  the  included  angle  F.  ^ 


I.  Logarithmically. 

Let  fall  a  perpendicular  from  F,  (beyond  B,  fig. 
56.)     Then  by  Cafe  3.  right  jl  triangles,  R  :  cof. 
AF  :  :  tan.  A  :  ^to».  AFI. 
And  cotan.  AF  :  ^  AFI  :  :  cot  an.  BF  :  cof.  BFI. ' 

Then  according  as  BF  and  angle  FAI  are  of  the 
fame  or  different  affe&ion,  BF"!  is  acute  or  obtufe. 

If 


& 


io6 
FIG. 

54. 

55- 
56. 


47- 
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If  AFI  >  BFI,  then  AFI  —  BFI  =  F    1    if 

IfAFI  +  BFI<i8o,thenAFl  +  BFI=FSboth, 
then  F  is  ambiguous. 

Or  thus. 

Find  the  angle  B  by  Cafe  1 .  then 
Q  AF  co  BF  .  Q  AF  +  BF 

2  2 

XV 


tan. :   cot. 


II.  Algebraically. 
Let  a,  dj  p  be  the  fines,    and  m,  e,  i  the  cqfines 
of  A,  AF,  BR     Jndb  =  —  =  SB,  n  —  cof  B, 

and  hh  —  bb  —  aa,  =  mm  —  nn,kk  —  1  —  bbpp=: 
1  —  aaddj  rad.  zz  1. 

hh  bim  +  aen 


<Then  S.F  = . 

bim  —  aen 

Alfo  fee  Cor.  1,2.  Prop.  XL. 


kk 


54- 

55- 

56. 


Case    III. 

Given  two  fides  AF,  BF,  and  an  oppofite  *»£/* 
A  ;  to  find  the  third  fide  AB. 

I.  Logarithmically. 

Let  fall  a  perp.  from  F,  then  by  Cafe  I.  nfg^/  Z. 
triangles, 

Rad.  :   r<?/  A  :  :  /##.  AF  :  tan,  AI. 

Then  ^  AF  :  *?/  AI  :  :  cof  BF  :  ^/!  BI. 

Then  if  BF  and  angle  FAI  are  of  one  affe&ion, 
BI  is  lefs  than  a  quadrant 1  if  of  different  affe&ion, 
more. 


If 
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If  AI  >  BI,  AI  -  BI  =  AB,  I  if  .     ,     * I G. 

If  AI  +  BI  <  1 8o>  AI  +  BI  fc  AB,  $  U  Dom'     54- 

then  AB  is  ambiguous.  55' 

56. 

Or  thus. 
Find  the  angle  B  by  Cafe  I.  then 
S. I"*  :  S. l±i  :  :  ,an.  ™J?*1 :  /•  iAB. 

2  2    -  2 

II.  Algebraically. 
Let  a,  dj  p  be  thefines^  and  m>  ey  i  the  cofines  of 
A,  AF,  BF,    b=-~  S.B,  n  =  cof.  B,  and  11 - 

dd  —  pp  =  it  —  ee>    tt  —  I  —  bbpp  =  i  —  aadd^ 
radius  zz  i.     2l>£# 

S.AB=:        ll        =»>id+P™ 
mid — pen  (t 

See  alfo  Cor.  14  2.  Prop.  XLI. 


Case    IV. 

Given  two  angles  A,  B,  and  an  oppofite  fids  BF ;     54- 
to  find  the  other  oppofite  fide  AF.  55< 

I.  Logarithmically. 

Let  fall  a  perp.  from  F,  then  S.A  :  S.BF  :  :  S.B  : 
S.AF. 

AF  +BF  .      r  ,     '  ~a.        A  +  B       Tr 

~ is  of  the  fame  affettion  as ! — .      If 

2  2 

BF  +  AF  be  of  the  /*»/*  afftftion  as  BF+fuP-^g, 
then  AF  is  ambiguous. 

II. 
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II.  Algebraically. 

F  I G.       Let  a  =  S.A,  b  =  S.B,  p  =  S.BF,  then  S.AF  = 
54.     ^ 


55« 
5°< 


a 


Case    V. 


54.         Given  two  angles  A,  B,  and  an  oppofitey£&  BF; 

g$.     to  find  the  included  fide  AB. 

56. 

I.  Logarithmically. 

'    Let  fall  a  perp.  from  F,  then  by  Cafe  I.  right  L. 
triangles,  rad.  :  /##.  BF  :  :  cof.  B  :  tan.  BL 

Then  £0ta#.  B  :  cotan.  A  :  :  S.BI :  S.AI. 

If  A,  B  be  of  the  fame  affettion,  AI+BI=AB. 
If  BI  +  AI,  and  BI  4.  fup.  AI  be  each  <  1 80,  ( AI 
and  confequently)  AB  is  ambiguous; 

If  A  and  B  ar©  of  different  affeftion,  AI  —  BI  = 
AB.  If  both  AI  and  fup.  AI  be  >  BI,  then  AI 
and  AB  are  ambiguous. 

Or  thus, 

,7         Find  AF  by  Cafe  IV.  then  S.  Bc*A  :  S.  ^±A  •  j 
^/"  2  2 

,       AFc/>BF     ,       fA1? 
/£#. :  tan.  f  AF* 


II.  Algebraically. 
Let  a,  b,  p  be  the  fines \  my  #,  i  the  cofines  of  A,  B, 

BF;  i  =  ^  =  S.AF,  ez=z  cof.  AF,  llzzdd—fp 
a 

—  it  —  ee,  tt  zz  1  —  bbpp  —  1  —  aadd}  rad.  =  f « 

Then 

S.AB 
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//  mid  +  pen  FIG. 

mid —  pen  tt  */* 

See  alfo  Cor.  1,2.  Prop.  XLL 


Case   VI. 

Given  two  angles  A  £nd  B,  and  an  oppofite  Jide     54, 
BF-,  to  find  the  third  angle  F.  §§. 

I.  Logarithmically. 

Let  fall  a  perp.  from  F;  then  by  Cafe  3.  right 
Z.  triangles,  rad.   :  /##.  B  ::  ^  BF  :  cotan.  BFI. 

Then  ^  B  :  S.BFI  :  ^/.  A  :  S.AFI. 

If  A  and  B  are  of  the  fame  affettion^  BFI  +  AFI 
s=F.  If  both  BFI  +  AFI  and  BFI  +  fup.  API 
be  <C  180,  then  (AFT  and)  F  is  ambiguous. 

If  A  and  B  are  of  different  affettion,  API  —  BFI 
=3  F,  if  both  AFt  and  fnp.  AH  >  BFI,  then  (AFI 
arid)  F  is  ambiguous. 


Or  thus^ 
Find  AF  by  Cafe  4.  then  S; 


2 


50, 


AF  en  BF  47' 


,  AF-i-BF  BwA        '        r~ 

S. — ^—   :  :  tan. :  cotan.  ^  b  • 

2  2 

II.  Algebraically. 
Let  # ,  £,  />  be  the  yfo^  •,  /#,  #,  *  the  cqfines  of     4^ 
A,  B,   FB;  d  =  £-  =  S.AF,*  =  *?/:  AF;*M>  = 

W  —  aa  —  mm —  »»,  kkl±  1  —  bbpp  =  1  — W,  rad, 

fa:  1.  • 

_■         _  M  £//^  4-  aen 

Then  S.F 


Zwz  —  aen  "  ££ 

Alfo  fee  Cor.  1,  2.  Prop.  XL. 


Cask 
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Case    VII.  : 

FIG.       Given  two  fides  AF,  AB,  and  the  included  angle 
54*     A ;  to  find  an  oppofite  angle  B. 
55* 
56.  I.  Logarithmically. 

Let  fall  a  perp.  from  F  ;  then  by  Cafe  1  right  z. 
triangles,  rad.  :  cof  A  :  :  tan.  AF  :  tan.  AI,  and 
AB  en  AI  =  IB. 

ThenS.AI  :  S.BI  :  :  cotan.  A  :  cotan.B. 

According  as  AI  is  <or:>  than  AB,  B  and  A 
are  of  the  fame  or  different  affe&ion. 


Or  thus, 
r  AB  v 

2  J  2 


q0£  Jl :  cof. :  :  cotan.  4  A  : 

2  £ 

.      F  +  B 
tan.  —  • 

A   JC  AB+AF     c  AF  co  AB        ,      , 

And  S. -  :  S. : :  cotan.  %  A  : 

2  2 

FwB 

2 

'    F  +  B  ,   F  cnB  :  r  , 

1  hen { zz   angle  oppofite  to   the 

Z,  Zi 

greater  fide. 

A     ,  F  +  B        F  C/>B  i  u     1  /r 

And  — : at  ##£&  0/>.  to    the  leiier 

fide. 

A-      F  +  B.     .  ,    r         1^         AF+AB 

Aw, is  or  the  fame  affection  as . 

2  2 

II.  Algehraically. 

47.  Let  j",  <3,  d  be  the  y&£f,  <:,  *»,  ^  the  cof  nes.  of  AB, 
A,  AF  ;  zzr  f^».  AB,  /  =  <r<?to/,  AF,  7  ~  cotan.  A, 
rad.  =  1.     Then 

Cotan* 
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j*  —  dcm  s  FIG, 

CV/*«.  B  =       da        =    -/  —  rr.       . 

Cot  an.  F  " .  3£  -  2:  —  *t. 

as  a 


Case     VIII. 

Given  two  fides  AF,  AB,  and  the  included  angle     54- 
A  ;  to  find  the  third  fide  FB.  55* 

I.  Logarithmically. 

Let  fall  a  perp.  from  F  ;  then  by  Cafe  1.  right  z_s, 

i&zi.  :  cof.  A  : :  tan.  AF  :  ta//.  AI, 

And  ABco  AI  -  BL 

97tf#  ^/  AI  :  *g£  AF  :  :  cof.  BI  :  £0/  BF. 

As  BI  and  A  are  of  the  fame  or  different  affeo 

>n,  BF  is  <C  or  ;>  than  a  quadrant. 

Or  thus. 

Find  the  jl  B  by  Cafe  7,  then  S,B  :  S.AF  :  :  S.A 
U  S.BF,  £y  Cafe  4. 

II.  Algebraically. 
Let  s9  d  be  the  fines.,  and  c,  e  the  cdfines  of  AB,     47; 
AF ;  m  =  r<?/  A,  t?  =  w/.  A ;  D  =  r^/I  AB  m  AF  •, 
r#i.  =  i»     Then  cof.  FB  =  sdm  +  r*  =  D  —  j<ft/. 

Case     IX. 

Given  two  angles  A  and  F,  and  the  included  fde    ^4: 
AF;  to  find  an  oppofitey?^  FB.  -^4 

I.  Logarithmically.  56* 

Let  fall  a  perp.  from  F,  then  by  cafe  3d  right  A 
triangles, 

i?W.  :  tan.  A  :  :  cof  AF  :  £<?/##.  AFI 5 
And  AFB  (»  AFI  =  BFI ;  then, 

P  2  Cof 
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F  I  G.      Co/.  AFI :  cof.  BFI :  :  cotan.  AF  :  colan.  BF. 

54.  A  s  BFI  and  A  are  of  the  fame  or  different  affection, 

55.  BF  is  <  or  ;>  than  a  quadrant. 
56. 

Or  /£aj, 

j,    F  +  A        ^FwA 

Q/C — - —  :  w/  — - —  :  :  to».4AF  : 

AB-j-BF 

tan. , 

And  b. :  S. :  :  tan.  tAF  :  tan. 

2  2 

ABc/dBF 

2 

*         AB-fBF    ,    ABcoBF 

Then +  n  jw  oppofite 

to  the  greater  angle. 

A       AB+BF         ABcoBF       rj  , 

And =.fide  opp.  to  the 

lefler  angle. 

A7       AF  +  BF.  F  +  A 

jw£,  ' —  is  or  the  fame  affection  as . 

2  2 

II.  Algebraically. 

47.  £*/  ^,  ^  /  be  the  fines,  and  m,  e,  g  the  cofines  of 
A,  AF  and  F,  r  =  ^/^.  A,  /  rr  cotan.  AF,  y  = 
£0/00.  F,  radius—  i,  then 

a   1  at.        ay  \-rne         ay 

And  cotan.  AB  = 3 —   s=  -r  +  wt. 

a  a 


Case     X. 

54.  Two  d«j/Iw  A  and  F,  and  the  included  fide  AF, 

55.  being  given  >  to  find  the  third  mgle  B. 

56.  I.  Loge- 
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I.  Logarithmically. 

Letfallaperp.fromF,  then  by  Cafeg.  right  angles,  F  l  G* 
Rad.  :  tan.  A  :  :  cof  AF  :  cotan.  AFI,  54- 

And  AFB  co  AFI  =  BFI ;  then  55* 

S.AFI  :  S.BFI  :  :  cof.  A  :  cof.  B.  56. 

As  AFI  is  <:  or  r>  than  AFB,  B  and  A  are  of 
the  fame  or  different  affe&ion. 

Otherwifey 
Find  FB  by  Cafe  9,  then  B  by  Cafe  1; 

IL  Algebraically. 

Let  a^  f  be  the  fines  y  and  m^  g  the  cojtnes  of  A  and     47. 
F,  e  —  ^  AF,  n?i.  =s  1  ;  /^# 

G?/.  B  =  afe  —  mg.     Alfo  fee  Prop.  XL1II. 


Case     XL 

Given  the  three  fides^  to  find  an  angle  A.  §^% 

55* 
I.  Logarithmically.  g 

Let  fall  a  perp.   from   F,  then  » 

L.  AF-fFB  AFc/dFB 

Ttftf. 4AB  :  tan. :  :  tan.'  :  tan. 

■  %,  2 

an   arch  Q. 

If  JAB  >  Q^  the  perpendicular  falls  within ;  if 
lefs,  without. 

Then.^A~&  +  Qjz=  greater  fegment  AI  or  BR,  and 
iAB  co  Qj=  lejjer  fegment  Bl  or  AR  ;  then 

If  AB 4-  FB <  1 80,  the  perpendicular  falls  neareft 
the  lefler  fide. 

If  AF  4-  FB^>  1 80,  the  perpendicular  falls  neareft 
the  greater  fide. 

Then  by  Cafe  4.  right  L.  s,  rad.  :  tan.  AI  : :  cotan. 
AF  :  cof  A. 

P   3  Or 
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Or  thus, 

FIG.       .  tLn      „-._,         >  „  BF  +  AB— AF 

^        b.AB  x  S.AF  :  rad.  fquare  :  :  S.     ■• 

55-  BF+AF  —  AB 

56.     X  S. ! :  S.  fquare  iA. 

BF  +  AB  +  AF 
OS.ABxS.AF :  rad.fquare :  :  S. 

„  BF4-AB-I-AF       „_ 
X  S. BF  :  cof.  fquare  fA. 

See  alfo  Prof.  XLIL  and  Cor. 

II.  Algebraically. 

"47.         Let  dy  s  be  x\\t  fines y  and  *,  c  the  cofmes  of  AF, 
AB ;  i  3=  cof  FB,  z  =  cof.  AB  4.  AF,  x  = 


<tf/".  AB  co  AF,   rafi#J  =  i, 

/  —  r£                           #  —  i 
Then  cof.  A  =s  — 3 — ,  W  i;^r/C  A  =•« x  2, 

•>  #  j    5  J  x  —  z 


Case     XII. 
54.         The  three  angles  being  given  $  to  find  ajlde  AF. 

^5  I.  Logarithmically. 

As  A,  B  are  of  the  fame  or  different  affe&ion; 

the  perpendicular  from  F  falls  within  or  without. 

„     A+B  AwB 

C£/-  — - —  :  tan. : :  tan.\ F :  tan.  anarchQ^ 

Then  fF  4  Q^—  greater  angle  at  the  vertex  AFI 
or  BFR. 

And  iF  ca  Qjn  leffer  angle  at  the  vertex  BFI  or 

AFR; 

Then  if  A  -f  B  <:  1 80,  the  perpendicular  falls 
geared  the  leffer  fide  or  greater  angle. 

If 
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If  A  -f  B  z>  180,  the  perpendicular  falls  neareft  FIG. 
the  greater  fide  or  leffer  angle.  54. 

Then  by  Cafe  16.  right  angles ,  55. 

Tan.  AFI  :  cot  an.  A  :  :  rad.  :  cof  AF.  56. 

Or  tbusy 

* 

Let  z  zz  fum,  D  as  difference  of  A  and  F. 
Then  S.A  X  S.F  :  rarf.  yijwtfr*  :  :  ^/ X 

cof  — :  fine  fquare  f  AF. 


2 


, 


Or  S.  A  x  S.F  :  ?W.  fquare  •:  :  r^/ X 


■  Bc/dP 

?/.  :  cof  fquare  tAF. 

Alfo  fee  Prop.  XLIIL  and  Con 

II.  Algebraically. 
Let  a>  f  be  the  fines,  and  m^  g  the  cofines  of  A  and     aj 

F,  nzzcof.B,  z=cof.F+A9  x  =  cofFmA,  rad—i. 
Then 

Cof  AF  —  -^->— 5  and  verf  AF  = X  2. 

■  af  J  z—x 

Scholium. 

Any  of  the  cafes  of  right-angled  triangles  is  re- 
folved  at  one  operation  ;  but  in  obliques,  all  but  the 
1,  4,  11  and  12  require  two  operations,  but  then 
they  find  two  things  for  thefe  two  operations,  with- 
out a  perpendicular.  Let  me  only  add,  that  the 
direftions  in  general  for  performing  the  arithmetical 
work  in  fpherics,  is  the  fame  as  in  plain  triangles. 


P  4  The 
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fig.  The  folutton  of  all  the  cafes  of  fpherical 

triangles  in  numbers. 


'Right-angled  triangles. 

Case    L 

fg.         Given  Wp.  AF  7^78  20  ?  required  the   adjacent 
angle  A- re  27  43  )  fide  AB. 

Rad.         — '*?         — — -  10. 

Cof  A     (27   x   )  9.9470700 

TanvATCT®  20)       %< —         10.6851149 
Tan.  AB(r6  52)         — —         10,6321849 

which  is  lefs  than  a  quadrant,  becaufe  A  and  AF 

are  of  the  fame  affedtion. 


Case    II. 

Given  hyp.  AF  =  78  20 1  required  the  oppofite 
angle  A  =  27  43  5  fide  BF. 

Rad.     *  ■■  10. 

S.AF  (78  20)        — ■        9.9909338 

S.A     (27  43)        1 9.6675459 

S.BF  ("27  06)         9-6584797 

which  is  lefs  than  90,  becaufe  A  is  acute» 


C   A   s.  $ 
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Case    HI. 

Given  hyp.  AF  =  78  20    l   required  the  other    FIG. 
angle  A  3=  27  43    i    L.  F.  79* 

Rad.         10. 

Cof.  AF  (78  20)  —         9.3058189 

Tan.  A    (27  43)  —         9.7204759 

Cotan.  F  (83  56)  —         9.0262948 

which  is  acute,  becaufe  AF  and  A  are  of  the  fame 
affe6Hon. 


Case     IV. 

Given  the  hyp.  AF  =  78  20    1    required  the  A      go. 
a  leg  AB  zz  j6  52    J    adjacent  A. 

Rad.         10. 

Cot.  AF  (78  20)      9.3148851 

Tan.  AB  (76  52)      10.6320468 

Cof.  A     (2745)       9-94693l9 

which  is  acute,  becaufe  AB,  AF  are  of  the  fame 
affe&ion. 


Case    V. 

Given  hyp.  AF  =  78  20  )  required  the  oppofite     8o. 
leg  AB  -  j6  52  J  jl  F. 

S.AF  (78  20)        .        9-99°933% 

Rad.     10. 

S.AB  (76  52)         9.9884894 

S.F     (83  56)         9-99755S6- 

which  is  acute,  becaufe  AB  is  lefs  than  90. 


Casi 
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Case   VI. 

FIG.      Given  hyp.  AF  =  78  20 )  required  the  other  leg 
So.  leg  AB  =  76  52  JBF. 

Cof.  AB  (76  52)        —         9.35644.26 

Cof.  AF(78  20)        —         .9.3058189 

Rad. 10. 

Cof.  BF  (27  08)        —  9-9493763 

which  is  lefs  than  90,  becaufe  AB,  AF  are  of  one 
affe&ion. 

Case   VII. 

gI#  Given  a  fide  AB  =117    34  7  required  oppofite 

adj.  L.  A    =    31    51  5  fide  BF. 

Rad.        • 10. 

S.AB      (117  34)        —        9-9476655 
Tan.  A  (  31   51)        —  9.7932560 

Tan.FB(  28  51)       —         9.7409215 
which  is  kfs  than  90,  becaufe  A  is  acute. 


Case    VIII. 

oT  Given  a  fide  AB  =  117  24  }         .     -,  .    ^ 

ai»  ,.         *  '   °^  J  required  op.  A  F. 

adj.  A  A    —     31   51  S     n  r 

Rad. * 10. 

S.A  (  31   51)        —         9.7223848 

Cof.  AB(ii7  34)         —       9.6653749 

Cof.  F     (10408)        —  ^      9-3*77597 
which  is  obtufe,  becaufe  AB  is  greater  than  90. 

Case 
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C  a  s  e    IX. 


F  r  g. 


Cof.  A    (  31  51)       —        9.9291289 

Rad. 10, 

Tan,  AB  ( 1 1 7  34)        —       10.2822906 

Tan.  AF  (113  55)       —       10.3531617 
which  is  greater  than  90,  becaufe  A  and  AB  are  of 
different  affe&ion. 


Case    X. 
Given  fideBF  =  28  51  Jg—.     ,  rj      ,.    ,AT>       o~ 

oP.  l a  =  31 51  re^ired  **  adJ- AB-   82- 

Rad.  ■■     ■  — -r*-         10. 

Cot.  A      (  31  51)  —         10.2067440 

Tan.  BF    (  28  51)  — -         9.7410662 

S.AB        (I6I|^0r)      -        ^947*iox 

AB  may  be  either  leffer  or  greater  than  90. 

Case    XI. 

Given  fideBF  =  28  51}         .     ,     ,.        ^  q2 

A  ^    > required  adi.  jl  F.  oz* 

op.  Z.  A  zz:  31   51  )     ^  J 

Cof.  BF  (  28  51) 9.94244.76 

Cof.  A     (  31  51)        •        9.9291289 

Rad.         ■  —  10. 

S.F         (75  53  orx     9.9866813 

which  may  be  either  acute  or  obtufe. 

Case 
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Case    XII. 

Given  a  fide  BF  =s  28  51  7         .  a ,  ,        -  t, 
op.  a  A    =  s,  ^  J  required  hyp.  AF. 


FIG. 
82. 


Op.  L.  A    =31    5 

S.A     (  31  51)        9.7223848 

S.BF  (  28  51)         9-6835137 

Rad.         10. 

S-AF(,^5p      9-S>6lI289 

which  may  be  either  greater  or  lefs  than  90. 


Case    XIII. 
,3.      «ven>1egAB  =  76  5^requiredtIie^A. 

S.AB  (?6  52)  —  9.9884894 

Rad.         — — *        10. 

Tan.  BF    (27  06)      —         9.7090374 
T.  op.  z.  A  (27  43)       —       9/7205480, 
which  is  acute,    becaufe  BF  is  lefs  than  90. 

Case    XlV. 

83.         Given  the  leg  AB  =  76  52   7  required  the  hyjx 

legFB=  27  06  5  AF. 

Rad.       10. 

Cof.  FB  (27  06)        —        9.9494938 
Cof.  AB  (76  52)        —         9,3564426 

Cof.  AF(78  20)        —         9.3059364 
which  is  lefs  than  a  quadrant,  becaufe  AB,  BF  are 
•f  one  affe&ion. 

Case 
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Case    XV. 

Given  the  z.  A  =    31  51  \1^J^  -  u~  ut?      FIG. 
aF  =  104  08  J™!™*  a  leg  BF.        84% 

S.F    (104  08)  9.9866509 

Rad.  ■  i    10. 

Cof.  A  (  31  51)  —  9.9291289 

Cof.  op.  fide  BF  (  28  51)      —        9.9424780 
which  is  kfs  than  90,  becaufe  A  is  acute. 

Case    XVL 
Given  L.  A  =    31  51  7         .     ,  ,         At7  Z   , 

z.  f  =  104  08  {re<iaired  hyp- AF-         84: 

Tan.  F  (104  08)  —  10.5989422 
Cot.  A  (  31  51)  —  10.2067440 
Rad. ■  '     ■■         10. 

Cof.  AF  (113  55)        —        9.6078018 
which  is  greater  than  90,  becaufe  A?  F  are  of  dif- 
ferent affe&ion. 


Oblique 
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Oblique  triangles. 


Case   I. 
FIG,      Given  AFz:  79  137 
85*  BF  =  62  42  v  required  Z,  B. 

z.  A  =  50  12  3 

S.FB  (  62  42) 9.9487147 

S.A    (  50  12)        "9T8855215 

S.AF(  79  13)        • 9.9922626 

19.8777841 
S.B    {  JJ  £  -J       -  -J^^i 

which  is  ambiguous,  becaufe  A  -f-  B,  and  A  +  fup« 
B,  are  each  of  them  lefs  than  180. 


Case    II. 
$5.        Given  AF=  79  13^ 

BF  zz  62  42  5.  required  F. 
jL  A  rz  50  12  3 

Draw  FI  perp.  on  AB,  then 

Rad.  10. 

Cof.  AF    (79-13)        —      9.2720635 
Tan.  A      (50  12)       10.0792671 

Cot.  AFI  (77  21)        ■ — -      9-35I33°6 

Then 
Cot.  AF    (79  13) 9.2798009 

Cof.  AFI  (77  21)         9-3404338 

Cot.  BF    (62  42) 9.7127662 

19.0532000 

Cof.  BFI  (53  36J        9-773399* 

which  is  acute,  becaufe  BF  and  A  are  of  the  feme 
affe&ion.  Then  AFI  +  BFI  =  F  =  130  57  or 
23  45,    ambiguous. 

Case 
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Case    III. 

Given  AF  =  yg  13  ■>  F I G- 

BF=  62  42  >  required  AB*  $5* 

z.  A  =  50  12  * 

Draw  FI  perp.  on  AB,  then 
Rad.  — »-  10. 

Cof.  A  (50  12)         9.8062544 

T.AF   (79  13)        10.7201991 

T.AI    (73  26)        10.5264535 

Then 

Cof.  AF  (79  13)         —  9.2720635 

Cof.  AI    (73  26)         9.4550441 

Cof.  BF  (62  42)        9.6614810 

19.1165251 

Cof.  BI     (45  39)         9.8444616 

which  is  lefs  than  90,  becaufe  BF  and  A  are  of  one 
affe&ion.  Then  AI  $  Bl  =  AB  as  27  47  or  1 19  5^ 
ambiguous. 


A  =50    12} 

BZZ58  08  [  required  AF# 


Case    IV. 

#>■ 
Given    A  =  50  12 
BzzgS  08 
BF  —  62  42 

S.A      (  50  12)        9.8855215 

S.BF    (  62  42)        9.9487147 

S.B      (  58  08)        — ' —  9.9290504 

19.8777651     • 

AF  is  ambiguous,  becaufe  BF  -f  AF,  and  BF  + 
fup.  AF,  are  both  lefs  than  180. 

Case 


86, 
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Case   V; 

FIG*       Givtti     A  =  50  12 1 
B6.  B  =  58  08  f  required  AB\ 

BF=62  42  J 

Draw  FI  perp.  to  AB,  then 

Rad.         -'     ■■         10. 

T.BF  (62  42)        10.2872338 

Cof.B(58  08)        9.7225881 

T.BI  (45  39)        10.0098219 

Then 

Cot.  B  (  58  08)        9-793537* 

Cot.  A(  50  12)        9.9207329 

S.BI     (  45  29)        9.8543564 

19.7750893 


S-AMio6  35^       —        ^f«55«5 
then  AB  (r=  AI  +Bl)  =  1 19  04  or  152  14,  am- 
biguous. 


Case    VI. 

86.        Given    A  =  50  12  ■> 

B   =  58  08  >   required  F. 
BF  =  62 .42  J 
Draw  FI  perp.  on  AB  ;  then 

Rad*        * 10. 

Tan.  B      (58  08)    —     10.2064622 
Cof.    BF    (62  42)    — •      9.6614810 

Cot    BFI  (53  35)    —      9-8679432 


Then 
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Then 

Cof.  6(5808)      9.7225881  FIG. 

S.BFI  (53  35) 9.9056454  86. 

Cof.  A  (50  12) 9.8062544 

19.7118998 

S-AFI  (."  39OT) ~*9*9*"7 

Then  F  (=  BFI  +  AFI)  =  130  56  or  156  14, 
ambiguous. 


Case    Vlt. 

Given  AF  r:    79  13") 

AB  =  119  05  r  required  B.  «?^ 

A     =    50  12  '' 

Draw  FI  perp.  on  AB ;  then 

Rad.         ■  ■    ■  *  .     10, 

Cof.  A  (50  11)      ■•   ■•■■  ■      9.8062544 
T.  AF  (79  13)       ■  10.7201 99 1 

T.  AI  (73  26)       —     10.5264535 

Then  AB  —  AI  =  IB  =  45  39; 
S.Al       (73  26)    9;98i5870 

SBI  (45   39)     —       9'S54r3564r 

Cot,  A  (50  12)    9.9207329 

19.77508^3 
Cot.  B   (58  08)      — —     9-793502^ 

which  is  acute,  becaufe  B  is  of  the  fame  affe&ioii 
as  A* 

Q  Case 
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FIG.  Case    VIII. 

^87.        Given  AF  =    79  13^ 

AB  —  119  05  >   required  FB. 
A     =     50   12^ 
Draw  FI  perp.  to  AB  ;  then 

Rad.         10. 

Cof.  A  (50  12)   — —   9.8062544 
T.  AF  (jy   13) 10.7201991 

T.  AI  (73  26)   10.5264535 

Then  AB  —  AI  =  BI  =  45  39. 

And  cof.  AI  (73  26)  9.4550441 

Cof.  AF(79  13)  9.2720635 

Cof.  BI  (45  39)  9.8445018 

19.1165653 

Cof.  BF  (62  40)  9.66152 12 

which  is  acute,  becaufe  BI  and  A  are  of  the  fame 
affe&ion. 


Case    IX. 


jg^         Given  A 


=    50  l27 

AFB  zz   130  56  >  required  FB. 

AF     =     79  *3> 
Draw  FI  perp.  to  AB  •,  then 

Rad.         ■  10. 

T.  A  (50  12)        10.0792671 

Cof.  AF  (79  13)    9.2720635 

Cot.  AFI  (77  21)  9-35l33°6 

Then  AFB  —  AFI  =  BFI  =  53  35. 

Cof.  AFI  (77  21)  9.3404338 

Cof.  BFI  (53  35)  97735327 

Cot.  AF    (j()  13)  9.2798009 

*9-°533336 

Cot.  BF    (62  42)    9.7128998 

which  is  lefs  than  90,  becaufe  BFI  and  A  are  of  the 
fame  affedtion. 

Case 
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Case     X. 

Given      A  =     50  12^  FIG. 

AFB  =   130  56  V  required  z.  B.                  88. 

AF    =     79   13^ 

Draw  FI  perp.  AB  ;  then 

Rad.         — —        10. 

T.  A  (50  12)        10.0792671 

Cof.  AF  (79  13)   9.2720635 

Cot.  AFI(77  21)    9-35*3306 

Then  AFB  —  AFI  =  BFI  =  53  35. 

S.AFI     (77  21)    9.9893279 

S.BFI     (53  35)    9.9056454 

Cof.  A   {50  12)    9.8062544 

19.7118998 
Cof.  B   (58  08)    — —       9.7225719 
which  is  acute,  becaufe  A  is  acute,  and.  AFI  lefs 
than  AFB. 


Case     XL 
Given  AF  =2    79  13  1 

BF  e    62  42  >  required  A.  2$. 

AB  =  119  05) 
Draw  FI  perp.  to  AB  ;   then 
T.f  AB  (59  32f)     10.2305741 

_  AF  +  BF  /  ,_ 

T. (70  sii) 10,4620031 

_  AF— BF    o 

T —  (8  i5f)    9.1617917 


19.6237948 


Tan.  Q^  =   13  54     9-3932*°7 

Then  f  AB  -f  Q  =  AI  =  73  26f . 

And  rad.  10. 

Tan.  AI  (73  264) 10.5267740 

Cot.  AF   (79  13) 9.2798009 

Cpf.  A    (50  10  ) 9.8065749 

Q^2  CAS 
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FIG. 

90. 


Case    XII. 

Given  A  —    50  121 

B  =    58  08  I  required  AF. 
F  ="136  56  3 
Draw  FI  perp.  to  AB  ;  then 


Cot.  f.A  +  B  (54  10) 

Tan.i.B— A(  3  58) 
Tan.4  F  (65  28)      - 


9.8586019 

8.8409977 

10.3406267 

19.18 16244 
9.3230225 


Tan.Q  (11  53)      

TheniF  +  Q_=  77  21     =  AFI, 

And  tan.  AFI  (77  21)  10.6488941 

Cot.  A  (50  12)      9.9207329 

Rad.       10. 


Cof.AF    (79  13) 


9.2718388 


[    22p    ] 

"The  ufe  of  the  following  Tables  of  na- 
tural and  artificial  fines  and  tangents. 


UTo  find  the  fine,  tangent,  &c.  of  any  number  of  de- 
grees and  minutes  \  and  the  contrary. 

RULE. 

FIND  the  degrees  at  the  head  or  foot  of  the 
table,  and  the  minutes  under  or  above  the  de- 
grees, on  the  fame  fide  of  the  leaf;  againft  which, 
you  have  the  fine  or  tangent  in  its  proper  column  ; 
that  is,  under  the  words  fine,  tang,  if  the  degrees 
are  at  top ;  and  above  the  words  fine,  tang,  if  the 
degrees  are  at  the  bottom  of  the  table. 

And  on  the  contrary,  having  a  fine,  or  tangent, 
given;  find  it,  or  the  neareil  to  it,  in  its  proper 
column,  under  (or  above)  the  word  fine  or  tang,  and 
you  have  the  degrees  at  top  (or  bottom)  of  the 
table,  and  the  minutes  on  the  fide,  under  (or  above) 
thefe  degrees. 

If  more  cxadtnefs  be  required,  as  when  there  are 
odd  feconds,  you  muft  find  a  proportional  part  of 
the  difference  of  the  next  greater  and  leffer  fine,  or 
tangent,  &c.  which  is  to  be  added  or  fubcracted, 
according  as  the  fine  or  tangent  increafes  or  decreafes. 
.And  the  like  method  with  proportional  parts  muft 
be  ufed  to  find  the  odd  feconds,  when  a  fine  or  tan- 
gent cannot  be  exa&ly  found. 

Note,  In  thefe  tables,  if  you  find  not  the  entire  num- 
ber againft  the  minutes,  as  directed ;  look  higher  up 
for  the  reft  of  it. 

Q  3  £*• 
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Ex.  i 


Suppofe  an  arch  0/41°  27'  be  given  \  the  natural 
fine  will  be  .6619662,  the  nat.  cofine  .7495337, 
the  nat.  tangent  .8831707,  the  nat.  cotangent 
1. 1322839. 

Like  wife  the  log.  fine  of  the  fame  arch  is  9. 8  208358, 
log.  cofine  9.8747912,  log.  tangent  9.9460447, 
log.  cotan.  10.0539553. 

And  if  an  arch  of  i?8°  33'  be  propofed,  you 
will  have  the  fame  fine,  tangent,  &c. 

Ex.  2. 

To  find  the  fine i  &c.  of  68°  35'.  The  nat.  fine 
is  .9309496,  the  log  fine  is  9.9689262,  and  fo  of 
the  reft  i  and  the  fame  for  1 1 1°  2//. 

Ex.  3. 

What  is  the  nat.  fine  of  3 8°  i2/  iff*.  ?  S.  of  38* 
12'  is  .6184084;  and  S.  380  13'  is  .6186370; 
the  difference  is  2286  -,  then  fay,  as  diff.  arches  6o7/: 
diff.  fines  2286  :  :   25"  :  952  >  which  added  to 

.6184084 

95* 

gives     .6185036  for  the 
nat.  fine  of  3 8°  i2/  25". 

Ex.  4. 

What  arch  belongs  to  the  nat.  fine  .4586496?  The 
arch  required  is  either  270  i87,  or  1520  42'. 

Ex.  5. 

What  is  the  arch  belonging  to  the  log,  cotangent 
9.5023625?    The  neareft  is  720  22',  or  1070  38'. 

But 
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But  if  more  exadtnefs  be  required,  you  will  find 
Log.  cotan.  720  2i7  159.5026721 
Log.  cotan.  72    22  is  9.5022347 
the  difference     -  43 74 

And  the  difference  between  9.5026721  and 
9.5023625  is  3096;  then  fay,  as  4374  :  60"  :: 
3096  :  42",  and  then  the  arch  is  720  2i/  42". 

Ex.  6. 

To  find  the  nat.  or  log.  fine  and  tangent  of  any 
number  of  fecends  under  6o,  as  fuppofe  of  %y. 

The  nat.  fine  or  tangent  of  1  fecond  is 
.000004848,  which  is  nearly  the  fame  as  the  length 
of  the  arch  of  one  fecond  ;  and  the  log.  fine  or 
tangent  of  1  fecond  is  4.6855749 ;  therefore 
37  X  000004848  =  .0001794  is  the  nat.  fine  or 
tangent  of  37  feconds. 

And  to       —         4*6855749 

Add  log.  37      ■■  1. 5682017 

The  log.  fine  or  tan.  of  37"     6.2^^yy66 


To  find  the  fecant  or  verfed  fine. 

This  is  cafily  done  by  the  notes  prefixed  to  the 
tables. 

X_yJV.  1   9 

What  is  the  nat.  fecant  of  1 30  24'  ? 

The  comp.  of   130  24'  is       <•      760  36' 
Half  the  comp.     -      -    -      -      3818 

Tan.  I3°24/       -     -     -     -     -     .2382336 
Tan.  38   18  (half  the  comp.)  -     .7897524 

The  fecant  of  130  24' 1.0279860 

0^4      *  Ex* 
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Required  the  nat>  verfed  fine  of  6cf  45 /  ? 

Rad.     -     -     -     1. 0000000 
Cof.  65°45/     -     0.4107 1 89 


Verf.  65  45x     -      .5892811 


But  if  the  arch  is  greater  than  90%  you  muft  add 
the  cofine  to  1 . 

Ex.  3. 

JVhat  is  the  log.  fecant  of  720  I4/? 

20. 
Cof.  720  14'     -     -  9.4845010 


Secant  of   720  i4/    10.5154990 

Ex.  .4. 
^0  find  the  log.  verfed  fine  of  370  53'  ? 

Half  the  arch  is     -     .     -     -     180  56^ 
S.  18*  56'     -      -    -  9,5111716 
S,  18  57      -.     -     -  9-5Il5397 

S.  18    $6~;        -      -        19.0227113 

Subtr.   -  9.6989700 
Verf.  37  53       -    -     9-32374i3 

n  y 

Notey  Any  proportion  with  log.  fines,  &c.  is 
wrought  according  to  Ex.  8.  of  the  ufe  of  loga- 
rithms ;  but  with  the  nat.  fines,  tangents,  &x.  you 
muft  multiply  the  2d  and  3d  terms  together,  and 
divide  by  the  firil  term,   to  get  the  fourth, 
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*fhe  nature  and  ufe  of  the  Table  of 
Logarithms. 

THIS  table  contains  the  logarithms  of  all 
numbers  in  their  natural  order,  from  1  to 
10000.  The  firfl  column  contains  the  number, 
and  the  fecond  fhews  the  correfponding  logarithm. 

The  firfl:  figure  (or  that  on  the  left-hand  of  the 
point)  in  any  logarithm,  is  called  the  index  y  or  cha- 
rafteriftic  \  which,  if  it  be  affirmative,  always  fhews 
how  many  places  of  integers  the  number  has,  be- 
ing one  more  than  the  index.  If  the  index  be  ne- 
gative, it  denotes  what  place  of  decimals  the  firfl: 
figure  of  the  number  ftands  in  ;  fo  the  index  always 
fhews  the  diftance  of  the  firfl:  figure  from  the  place 
of  units.  And  though  the  index  in  this  table  is  put 
along  with  the  logarithm,  yet  that  index  muft:  be 
varied,  by  the  foregoing  rule,  according  to  the 
number  of  integers,  or  decimals  in  the  number 
given,  whatever  number  of  places  the  whole  con- 
fifts  of.  So  that  the  index  will  be  -}-  or  — ,  accord- 
ing as  the  number  is  an  integer  or  fraction ;  whilft 
the  logarithm  (without  the  index)  is  to  be  efteemed 
affirmative. 


Thus  the  log.  of  301700  is 

5-4795753 

30170 

4-4795753 

3017 

3-t795753 

301.7 

2.4795753 

3.017 

0-1795753 

.03017 

—^-4795753 

&c. 

When  the  number  exceeds  not  four  places  of 
figures,  their  logarithms  are  had  from  the  table  by 
infpe&ion ;  but  for  larger  numbers,  where  great 
exadtnefs  is  required,  the  log  muft:  be  found  by  the 
rpethod  of  taking  a  proportional  part.     But  the  ufe 

of 
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of  the  table  will  be  ihewn  by  the  following  ex- 
amples. 

Ex.  i. 

A  number  being  given  lefs  than  ioooo,  to  find  its 
logarithm. 

Seek  the  number  in  the  column  Num.  and  adjoin- 
ing to  it,  in  the  column  Logar.  you  have  the  loga- 
rithm of  it. 

Thus  if  the  given  number  is  824,  its  log.  is 
2,9159272. 

And  if  the  number  is  3307,  its  log.  is  3.5194342. 

Note,  If  the  entire  log.  is  not  {et  againft  the  num- 
ber, you  will  find  the  reft  of  it  above. 

A  log.  being  given,   to  find  the  number  anfwering. 

Find  the  log.  or  the  neareft  thereto,  in  the  co- 
lumn Logar.  and  againft  it  in  the  column  Num.  is 
the  number  thereof;  and  the  index  will  fhew  how 
many  places  of  integers  k  confifts  of. 

As  if  the  log.  be  1.897627 1,  the  number  is  79. 

And  if  the  log.  be  3.9812507,  the  neareft  in  the 
table  is  3.9812295,  whofe  number  is  9577. 

And  if  the  log.  be  S^il35h  l^e  number  is 
460400. 

Ex.  3. 

To  find  the  log.  of  a  number  of  more  than  four 
places. 

You  muft  find  a  proportional  part  to  be  added 
to  the  log.  of  the  next  leffer  number.  Or  thus, 
take  the  difference  of  the  logarithms  of  the  next 
greater  and  leffer  numbers  •,  and  multiply  it  by  the 
figures  you  have  above  four  ;  and  cut  off  fo  many 
places  to  the  right-hand  •,  the  reft  muft  be  added 
to  the  log.   of  the  next  lefler  number. 

Let 


the    TABLES. 

Let  the  number  be  705436.     Then 

N.  7054   log.  8484355 

N.  7055    log.  8484970 


The  diff. 

Multiply  by 


9l5 
36 


To  .8484355 
Add  221 


3690 
1845 

22IJ40 


8484576 


Therefore  5. X 48 45 7 6  is  the  log.  of  705436. 

Ex.  4. 

7*0  find  a  number  anfwering  to  any  given  log.  which 
is  not  in  the  table. 

Find  the  neareft  number,  by  Ex.  2,  which  will 
do  for  common  ufe  ;  but  where  more  exadtnefs  is 
required,  find  a  proportional  part,  thus  :  Take  the 
difference  of  the  given  log.  and  the  next  lefs,  that 
you  can  find  in  the  table  ;  likewife  take  the  differ- 
ence between  the  next  leffer  and  next  greater  log. ; 
divide  the  firft  difference  by  the  fecond,  and  annex 
the  quotient  to  the  end  of  the  number  of  the  next 
leffer  log.,  and  make  it  a  proper  number  of  in- 
tegers, agreeable  to  the  index. 


Let  the  log.  be  S- 53*^7 1 5 


leffer  log. 
given  log. 


leffer  log.     5'53%5737   -  N.  3456 
Greater  log.  5.5386994    -  N.  3457 

2d  diff.      1257 


5-53*5737 
5-53%67l5 

1  diff.  978 


«57) 


ns 
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l257  )97$*°  ( *77^y  the  quotient. 

8799  the  number  34.56.7J& 

9810 
8799 


1011 

1005 


And  345677*8  is  the  number  of  the  log-  5.5386715. 

Ex.  5, 

7*o  multiply  fever al  numbers  together. 

This  is  done  by  the  addition  of  their  logarithms* 
thus  :  Set  down  the  logs,  of  the  numbers,  and  add 
them  together ;  and  when  you  come  at  the  indexes, 
add  the  affirmatives,  and  what  you  carry,  into  one 
fum;  and  the  negatives,  if  any,  into  another;  and 
take  the  difference  of  them,  to  which  put  the  fign 
of  the  greater ;  and  this  is  the  index,  for  the  fum 
of  the  logs ;  then  find  the  number  belonging  to  that 
log.,  and  that  will  be  the  produft. 

Multiply  37  by  519. 

N.     37  1 log.  1.5682017 

N.  519 log,  2.7151674 

Prod.  19203  4.2833691 

Multiply  7  and  50430  and  .00681  together* 

N.   7 log.     0.8450980 

N.  50430 — log.  4.7026890 
N.  .00681  —  log.  —  3.8331471 


Produdt  2404  3-3809341 


X  ->   y-  t 
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Ex.  6. 

To  divide  one  number  by  another. 
This  is  done  by  fubtrattion  of  logarithms  ;  fub- 
traft  the  log.  of  the  divifor  from  the  log.  of  the 
dividend,  for  the  log.  of  the  quotient,  borrowing  1 
when  the  fubtrahend  is  greater.  As  to  the  indices, 
change  the  fign  of  the  fubtrahend,  and  follow  the 
rule  of  addition,  in  Ex.  5. 
Divide  3  by  8. 

N.  3  log.  0.4771212 

N.  8   log.  0.9030900 

Quotient  .375    —  1.57403 12 

Divide  3450  log,  3-5378l9I 

by     23  log,    1. 3617278 

Quot.     150     ■  2. 1 7609 1 3 

Divide    .00734  log.  — 3.8656961 

by     21.02  log.        1.3226327 

Quot.  .0003492     — 4-543o634 

Ex.  7. 

To  involve  a  given  number  to  any  power. 

Multiplication  of  logarithms  does  this ;  for  if  you 

multiply  the  log.  of  the  number  by  the  index  of 

the  power,  the  produit  is  the  log.  of  the  power. 

Note>  When  you  come  at  the  index  of  the  log.  if  it 

be  negative,  take  away  from  its  produft  what  you 

carried,  and  fet  down  the  remaining  index  negative. 

To  find  the  cube  of  315  -  log.  2.4983105 

3 

the  cube  31250000  near,   7.4949315 
To  find  the  5th  power  of  .083  7  -  log.  — 2.9227255 

5 
5th  power  .000004108—6.6136275 

Ex. 
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Ex.  8. 

To  extraft  any  root  of  a  given  number. 

This  is  performed  by  divifton  of  logarithms,  thus : 
Divide  the  log.  of  the  number  by  the  index  of  the 
root :  the  quotient  is  the  log.  of  the  root.  If  the 
index  is  negative,  you  muft  increafe  it  till  it  is  divi- 
fible  (if  not  fo  already)  and  increafe  the  log.  alfo 
by  the  fame  number,  before  you  begin  your  divifion. 

What  is  the  fquare  root  of  6889  ? 

Index  2  )  log.  3.8381562 
Root  83.  1.9190781 

What  is  the  5th  root  of  .007067  ? 

5)—3-*492351     -       —5- 

^2. 8492351 

(     —1.5698470 

Its  number  .3714,  is  the  root. 

Ex.  9. 

To  refolve  a  quejiion  by  the  dirett  rule  of  three. 

Set  the  logs,  of  the  numbers  in  order,  one  under 
another,  and  add  the  logs,  of  the  2d  and  3d  terms 
together,  and  from  the  fum  fubtradt  the  log.  of  the 
firft ;  the  remainder  is  the  log.  of  the  fourth. 

The  indirect  or  invkrfe  rule  of  three  is  wrought 
the  fame  way,  putting  the  third  term  in  the  place  of 
the  firft. 

If  3 1 7  Cwt.  give  53  lb.  what  will  29^  Cwt.  give  ? 
317       log.  2.5010593 
53  1.7242759 

29.25  1.4661259 

3.1904018 


4.89  0.6893425 

Or  4I.  —  17  s.  — 9td. 

Ex. 
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Ex.  10. 

Two  numbers  being  given ;  to  find  a  3^,  4/^,  5/^, 
6? f.  /»  continual  proportion. 

Find  as  maDy  logarithms  in  continual  arithmetic 
proportion  to  the  logarithms  of  the  numbers  given , 
thus  : 

Take  the  log.  of  the  firft  term  from  the  log. 
of  the  fecond  ;  and  multiply  the  remainder  by  2,  3, 
4,'&c.  for  the  3d,  4th,  5th,  &c.  proportional; 
(that  is,  by  1  lefs  than  the  number  denoting  the  pro- 
portional fought)  and  to  the  produdt  add  the  log.  of 
the  firft  term,  gives  the  log.  of  the  term  required. 

To  find  a  6th  proportional  to  37  and  47, 
47  log.  1.6720979 
37  log.   1.5682017 

Rem.      0,1038962 
Multiply 5 

0.5194.810 

_  Add       1. 5682017 

The  term  7  -^ — — L 

required  }    I22-4        2.0^^27 

To  find  a  4th  proportional  to  27  and  7. 
7  its  log.       0.8450980 
2  7       log.       1-43*3638 
—1.4137342 

3 

— 2.2412026 
0.8450980 

fought    }'122  ^1'Q8b3°°6 


239 


The  term 

>  .122 

Ex.  11. 


2*  find  any  number  of  mean  proportional  between 
two  numbers  given. 

This  is  done  by  finding  as  many  arithmetic  means, 
between  the  logarithms  of  the  numbers  given,  thus : 

Take 
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Take  the  log.  of  the  firft  number  from  the  log.  of 
the  fecond,  and  divide  the  remainder  by  i  more  than 
the  number  of  mean  proportionals  :  then  the  quotient 
added  to  the  log.  of  the  firft  term,  gives  the  log.  of 
the  firft  mean  ;  and  continually  adding  thefaid  quo- 
tient, you  get  the  logs,  pf  the  2d,  3d,  4th  mean,  &c. 

To  find  5  means  between  16  and  7093. 

7093  lo&  3-85°%3°° 

16 log.  1. 2041200 

■ 

6)  2.6467100 

Quotient   0.441 11 83 
"Add     1,2041200 

1  mean  44. 18    .  .  .     1.6452383 

Add      .44iIl83 

2  mean  122    ....     2.0863566 

Add      4411183 

3  mean  336.9  ....  2.5274749,  Sec. 

■>'"  ■"■» 

Ex.  12. 

5T0  convert  the  common  logs,  into  Naper's  or  hyperbolic* 
logarithms. 

Multiply  the  common  log.  by  2.30258509,  the 
produft  is  the  hyp.  log. 

What  is  Naper's  log.  of  8  ? 

Com.  log.  of  8  is  a.9030900 

2.30258509 

812781 

45 1 545 
722472 

451545 
180618 

270927 

180618 


2.0794415  the  hyp.  log.  of  8* 
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TABLE 

O   F 

Natural  Sines  and  Tangents, 

TO     EVERY 

Pegree  and  Minute  of  the  Quadrant; 
The  Radius  being  1.0000000$ 

From   whence  the   Secants  and   Verfed   Sines 
are  eafily  found. 

For, 
Note  i .  Verfed  Sine  =  i  +  Cofine. 

2.  Secant  —  Tangent  +  Tan.  i  Complement. 

If  half  the  complement  comes  to  half  an  odd 
minute ;  take  a  mean  between  the  tangents  on  each 
fide,  or  half  the  fum  of  the  next  greater  and  leffer 
tangents* 


*  A 


NATURAL  SINES 

o 
I 

0        Degrees                      1 79 

S*«g 

Cofine 

Tangent 

O.OQOOOOO 

Cotangent 

.0000000 

1. 0000000 

Infinite 

60 
59 

.0002909 

-9999999 

.OOO29O9 

3^37.74-667 

2 

5818 

q8 

m4 

5818 

1718. 87319 

58 

3 

8727 

96 

8727 

1I45-9I53° 

57 

4 

.0011636 

93 

.0011636 

859-4363o 

5t 

5 
6 

4544 

89 

4544 

687.54887 

55 
54 

7453 

•99999s5 

7453 

572.95721 

7 

.0020362 

79 

.0020362 

491.10600 

53 

8 

3271 

73 

3271 

4297r757 

52 

9 

6180 

66 

6180 

381.97099 

5i 

IO 

ii 

9089 

58 

9089 
.0031998 

343-77371 

50 
49 

.0031998 

49 

3I2-52137 

12 

490b 

39 

4907 

28.6.47773 

48 

i3 

78i5 

28 

7816 

264.44080 

47 

*4 

.0040724 

17 

.0040725 

245-55J98 

46 

*5 
16 

3633 

05 

3633 

229.18166 
214.85762 

45 
44 

6542 

.9999892 

6542 

17 

945 1 

78 

945i 

202.21875 

43 

18 

.0052360 

63 

.0052360 

190.98419 

42 

19 

5268 

47 

5269 

180.93220 

41 

20 
21 

8177 

.OO6JO86 

3i 

8178 

171.88540 

40 
39 

13 

.0061087 

163.70019 

22 

3995 

■9999795 

3996 

156.25908 

38 

23 

6904 

76 

6905 

149.46502 

37 

24 

9813 

56 

9814 

143.23712 

36 

25 
26 

.0072721 

36 

.0072723 
5632 

i37-5°745 

15 
34 

563° 

14 

132.21851 

27 

$539 

■9999692 

8541 

127.32134 

33 

28 

.0081448 

68 

.0081450 

122.77396 

32 

29 

4357 

44 

4360 

1 1 8.5401 8 

3' 

3° 

7265 

*9 

7269 

114.58865 

3£ 

1 

Cofine 

Sine 

Cotang. 

Tangent 

90        Degrees                        89 

AN  D  TANGENTS. 

ss 

3° 

3< 

0        Degrees 

179 

Sine 

Cbfine 

Tangent 

Cotangent 

3° 
29 

.op$j265 

.9999619 

.0087269 

1 14.58805 

.0090174 

•9999593 

.0090178 

1 10.89205 

32 

3083 

66 

3087 

107.42648 

2S 

33 

5992 

39 

5996 

104.17094 

27 

34 

8900 

1 1 

89?5 

101.10690 

26 

35 
3* 

.0101  809 

.9999482 

.0101814 

98.217943 

25 
24 

4718 

52 

4724 

95-^9^75 

37 

7627 

21 

7633 

92.908487 

23 

3* 

.0110535 

•99993%9 

.0110542 

90.463336 

22 

39 

3444 

56 

3451 

88.143572 

21 

40 
41 

6353 

23 

6361 

%5-93979l 

20 

'9 

9261 

.9999289 

9270 

83-8435°7 

42 

,0122170 

54 

.0122179 

81.847041 

18 

43 

5079 

18 

5088 

79-94343° 

l7 

44 

7987 

.9999181 

7998 

78.1  26342 

\6 

45 
40 

,0130896 

43 

.0130907 

76.390009 
74.729165 

l5 
14 

3805 

04 

3817 

47 

6713 

.9999065 

6726 

73-'3899i 

13 

48 

9622 

25 

9635 

71.615070 

12 

49 

.0142530 

.9998984 

.0142545 

7°-J53346 

11 

50 
51 

5439 

42 

5454 

68. :  50087 

10 
9 

834s 

,9998899 

8364 

67.40 1 854 

52 

.0151256 

55 

.0151273 

66.105473 

8 

53 

4165 

11 

4183 

64.858008 

7 

54 

7°73 

.9998766 

7°93 

63.656741 

6 

55 
56 

9982 

720 
673 

.0160002 

62.499154 

5 
4 

.016^.890 

.0162912 

61.382905 

57 

5799 

625 

5821 

60.305820 

3 

5« 

8707 

57^ 

873i 

5g.265Sy2 

2 

59 

.0171616 

5*7 

.0171641 

58.261174 

1 

60 

4524 

477 

455' 

57.289962 
Tangent 

0 

si 

Ccfine 

Sine 

Cotang. 

90        Degrees 

89 

* 
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• 

.OI74524 

Cofine 

Tangent 

Cotangent 

60 
59 

o 

.9998477 

•OI74551 

57.289962 

I 

7432 

426 

7460 

56-35°59° 

2 

.O18034I 

374 

.0180370 

55.441517 

58 

3 

3249 

321 

3280 

54.561300 

57 

4 

6158 

267 

6190 

53-7oS5>7 

56 

5 

9066 

212 

•9100 
.0192010 

52.882109 
080673 

55 
54 

6 

.OI91974 

l57 

7 

.  4883 

IOI 

4920 

5i-3°3I57 

53 

8 

7791 

044 

7830 

50.548506 

52 

9 

.0200699 

.9997986 

.0200740 

49.815726 

5i 

IO 

3608 

927 

3650 

10388 1 

5-2 
49 

ii 

6516 

867 

6560 

40.412084 

12 

9424 

806 

9470 

47.739501 

48 

13 

.O212332 

745 

.0212380 

085343 

47 

14 

5241 

683 

5291 

46.446862 

46 

15 

8149 

620 

8201 

45.829351 

45 
44 

16 

.O22IO57 

556 

.0221111 

226141 

*7 

3965 

491 

4021 

44.638596 

43 

18 

6873 

425 

6932 

066113 

42 

J9 

9781 

359 

9842 

43.508122 

4i 

22 

21 

.0232690 

5598 

292 

.0232753 

42.964077 

40 
39 

224 

5^3 

433464 

22 

8506 

*55 

*>574 

41.915790 

38 

23 

.0241414 

085 

.0241484 

410588 

37 

24 

4322 

014 

4395 

40.917412 

36 

25 
26 

7230 

•999694-3 

73°5 

435837 

35 
34 

.0250138 

871 

.0250216 

39.965460 

27 

3046 

798 

3127 

505895 

33 

28 

5954 

724 

6038 

056771 

32 

29 

8862 

649 

8948 

38.617738 

31 

30 

.0261769 
Cofine 

573 

.0261859 

188459 

3° 

J5 

Sine 

Cotang. 

Tangent 

91 
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JS 

31 

1 
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Sine 

Cofine 

"Tangent 

Cotangent 

30 
29 

.0261769 

-999b573 
496 

.0261859 

38.188459 

4677 

477° 

37.76861-,- 

32 

7585 

419 

7681 

35/892 

28 

33 

.0270493 

34i 

.0270592 

36.956001 

27 

34 

3401 

262 

3503 

562659 

,6 

35 
36 

6309 

182 

6414 

177596 

11 
24 

9216 

101 

9325 

35-800553 

37 

.0282124 

019 

.0282236 

431282 

23 

38 

5032 

•999593b 

5148 

069546 

22 

39 

7940 

853 

8059 

34.715115 

21 

40 
4* 

.0290847 

769 

.0290970 

367771 

20 
'9 

3755 

684 

3882 

027303 

42 

6662 

598 

6793 

33-6935°9 

18 

43 

957o 

51' 

97<>5 

366194 

l7 

44 

.0302478 

424 

.0302616 

045173 

16 

45 
46 

5385 

336 

5528 
8439 

32.730264 

15 
14 

8293 

247 

421295 

47 

.0311200 

157 

.0311351 

118099 

J3  , 

48 

4108 

066 

4263 

31.820516 

12' 

49 

7015 

.9994974 

7*74 

528392 

11 

1 

£2 
51 

9922 
.0322830 

881 

.0320086 

241577 

10 
~9 

788 

299S 

30.959928 

52 

5737 

694 

5910 

683307 

8 

53 

8644 

599 

8822 

41 1580 

7 

54 

.033'552 

503 

•o33I734 

144619 

6 

55 
56 

4459 

406 

4646 

29.882299 

_5 

4 

7366 

308 

7558 

624499 

57 

.0340273 

209 

.0340471 

371106 

3 

58 

3181 

109 

3383 

122005 

2 

59 

6088 

009 

6295 

28.877089 

1 

60 

899$ 

.9993908 

9208 

636253 

Tangent 

0 

Cofine 

Sine      J  |  Cotang. 

91 

Degrees                     8  8 
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as 

O 
1 

2 

Degrees                    177 

$pA? 

Cofine 

Tangent 

Cotangent 

60 
59 

.0348995 

.9993908 

.0349208 
.0352120 

28.636253 

.0351902 

80& 

399397 

2 

4809 

7°3 

5033 

166422' 

58 

3 

7716 

599 

7945 

27-937233 

57 

4 

.0360623 

495 

0360858 

711740 

56 

5 
6 

3530 

39° 

3771 

489853 

55 
54 

6437 

284 
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Artificial  or  Logarithmic 

Sines     and     Tangents, 

TO     EVERY 

Degree  and  Minute  of  the  Quadrant; 
The  Radius  being  10.0000000; 

From  whence  the  Verfed  Sines  and  Secants  are 

eafily  found. 

For, 
Note  i.  Verfed  Sine  =  2  x  Sine  of  £  Arch  —  9.6989700 

2.  Secant  =  20  —  Cofine. 

When  half  the  Arch  comes  to  half  an  odd  Minute, 
take  the  Sum  of  the  next  greater  and  leffer  Sines,  inftead 
of  twice  the  Sine :  but  this  holds  not  exa&ly  in  fmall 
Arches. 
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46 

5817 

37*7 

9.9962100 

10.0037900 

l5 
H 

9.8477091 

9.8512465 

4627 

5373 

47 

8365 

1211 

7i54 

2846 

J3 

48 

9637 

9-s5°9957 

9680 

0320 

12 

49 

9.8480909 

8702 

9.9972207 

10.0027793 

11 

50 
5i 

2180 

7446 

4734 

5266 

10 
9 

345° 

9.8506190 

7260 

2740 

£2 

4720 

4933 

9787 

0213 

I 

53 

59^9 

3675 

9.9982314 

10.0017686 

7 

54 

7257 

2417 

4840 

5160 

6 

55 
56 

8524 

lI57 

7367 

2633 

5 
4 

9791 

9.8499897 

9893 

0107 

57 

9.8491057 

863, 

9.9992420 

10.0007580 

3 

58 

2322 

7375 

4947 

5053 

2 

59 

'  3586 

6113 

7473 

2527 

1 

60 

4850 

4850 

10  0000000 

10.0000000 

0 

si 
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Here  followeth 


A     TABLE 


O  F    T  H  E 


LOGARITHMS 


OF 


ABSOLUTE    NUMBERS 


From  i  to  ioooq. 


LOGARITHMS. 

mmmmmgm _                      / 

Num 
i 

Logarithms 

Num 

36 

Logarithms 

Num 
~7~ 

Logarithms 

0.0000000 

1.5563025 

1. 8512583 

2 

0.3010300 

37 

1. 5682017 

72 

I-8573325 

3 

0.4771212 

38 

J-5797836 

73 

1.8633229 

4 

0.6020600 

39 

1.5910646 

74 

1. 8692317 

5 
6 

0.6989700 

40 
41 

1.6020600 

75 
76 

1. 8750613 

0.7781512 

1. 6127839 

1. 8808136 

7 

0.8450980 

42 

1.6232493 

77 

1.8864907 

8 

0.9030900 

43 

1-6334685 

78 

1.8920946 

9 

0.9542425 

44 

1-6434527 

79 

1.8976271 

IO 

ii 

1. 0000000 

45 
46 

1. 6532125 

80 
81 

1.9030900 

1.0413927 

1.6627578 

1.9084850 

12 

1.0791812 

47 

1.6720979 

82 

1.9138138 

i3 

*•  "39433 

48 

1.6812412 

83 

1.9190781 

U 

1.1461280 

49 

1.6901961 

84 

1.9242793 

J5 
16 

1.1760913 

50 

51 

1.6989700 

85 
86 

1.9294189 

1. 2041200 

1.7075702 

1.9344984 

i7 

1.2304489 

52 

1. 7160033 

87 

I-9395*92 

18 

l^5&725 

53 

1.7242759 

88 

1.9444827 

J9 

1.2787536 

54 

I-7323938 

89 

1.9493900 

20 

21 

1. 3010300 

55 
56 

1.7403627 

9° 
91 

1.9542425 

1. 3222193 

1. 7481880 

1.9590414 

22 

1.3424227 

57 

1.7558748 

92 

1.9637878 

23 

1. 3617278 

58 

1.7634280 

93 

1.9684829 

24 

1.3802112 

59 

1.7708520 

94 

1.9731278 

25 
26 

J-39794oo 

60 
61 

1.7781512 

95 
96 

i,9yyy2g6 

I^149733 

1.7853298 

1. 9822712 

27 

i-43*3638 

62 

1. 7923917 

97 

1.9867717 

28 

1.4471580 

63 

'•7993405 

98 

1.9912261 

29 

1.4623980 

64 

1. 8061800 

99 

1-995635Z  ' 

3° 
31 

1.4771212 

65 
66 

1.8129133 

100 

2.0000000 

1.4913617 

1. 8i95439 

32 

1.5051500 

67 

1.8260748 

33 

1-5185139 

68 

1.8325089 

34 

I-53I4789 

69 

1.8388491 

35 

1.5440680 

70 

1.8450980 
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A    TABLE      of 


Num 

JOI 

Logarithms\   ! 

Num\ 

Logarithms 

Num 
I71 

Logarithms 

2.00432 14 

i36  2.1335389 

2.2329961 

102 

86002 

*37 

67206 

1-72 

55284 

IO3 

2.0128372 

j38 

9%79l 

173 

80461 

I C4 

7°333 

139 

2.1430148 

174 

2.2405492 

IO5 
106 

2.0211893 
~B3°59 

140 
141 

612801 

*75 
176 

30380 

92191 

55127 

IO7 

93838 

142 

2.1522883 

177 

79733 

I08 

2.0334238 

143 

5336° 

178 

2.2504200 

109 

74265 

144 

83625 

179 

28530 

no 
III 

2.0413927 

145 
146 

2.1613680 

180 
181 

52725 

53  2  3° 

43528 

76786 

112 

92180 

147 

73l73 

182 

2.2600714 

-  It* 

2.0530784 

148 

2.1702617 

183 

2451 1 

114 

69048 

149 

31863 

184 

48178 

115 

Il6 

2.0606978 

150 
15' 

60913 

185 
186 

717*7 

44580 

89769 

95129 

117 

81859 

152  2.1818436 

187 

2.2718416 

Il8 

2.0718820 

153.    469H 

188 

4i578 

II9 

5547o 

154 

75207 

189 

64618 

I20 
121 

91812 

J55 
156 

2.1903317 

190 
191 

%7536 

2.0827854 

31246 

2.2810334 

122 

63598 

*57 

58996 

192 

33012 

123 

99051 

158 

86571 

l93 

55573 

124 

2.0934217 

159 

2.2013971 

194 

78OI7 

*25 
126 

69100 

160 
T<5i 

41200 

__£95 
J96 

2.2900346 

2.1003705 

68259 

22561 

127 

38037 

162 

95J5Q 

197 

44662 

128 

72100 

163 

2.2121876 

198 

66652 

129 

2.1 105897 

164 

48438 

199 

88531 

130 
73 « 

39433 

165 
166 

74839 

200 

2.3OIO3OO 

727M 

2.2201081 

132 

2.1205739 

167 

27165 

• 

*33 

,385l6 

168 

53093 

134 

71048 

169 

78867 

■ 

i35t2.J3°3338 

170 

2.2304489 

L 

OGARITHMS. 

Num 
201 

Logarithms 

Num 
236 

Logarithms 
2.3729120 

Num 
271 

Logarithms  j 

2.3031961 

2.4329695 

202 

535H 

237 

47483 

272 

45689 

203 

74960 

238 

65770 

273 

6 1 6 2  c 

204 

96302 

239 

^3979 

274 

77506 

_205 

206 

2-3I1[7539 

240 
241 

2.3802112 

275 
276 

93327 

38672 

20170 

2.4409091 

207 

597°3 

242 

38154 

277 

24798 

208 

80633 

243 

56063 

278 

40448 

209 

2.3201463 

244 

73898 

279 

56042 

210 

211 

22193 

245 
246 

91661 

280 
281 

71580 

42824 

2.390935i 

8yo6g 

212 

63359 

247 

26<)6() 

282 

2.4502491 

213 

83796 

248 

44517 

283 

17864 

214 

2-33°4i38 

249 

6l993 

284 

33^3 

215 
2l6 

24385 

250 
251 

79400 

285 
286 

48449 
63660 

44537 

96737 

217 

64597 

252 

2.4014005 

287 

78819 

218 

84565 

253 

3J2Q5 

288 

939z5 

219 

2.3404441 

254 

48337 

289 

2.4608978 

220 
221 

24227 

_2_55 
256 

65402 

290 
291 

23980 

43923 

82400 

389^0 

222 

63530 

257 

99331 

292 

53828 

223 

83049 

258 

2.4116197 

293 

68676 

224 

2.3502480 

259 

32998 

294 

83473 

225 
226 

21825 

260 
261, 

4-9733 

J£5 
296 

98220 

41084 

66405 

2.4712917 

227 

60259 

262 

83013 

297 

27564 

228 

79348 

263 

99557 

298 

42163 

229 

98355 

264 

2.4216039 

299 

56712 

23O 
23I 

2.3617278 

265 
266 

32459 

300 

7J2I2 

36120 

48816 

■ 

232 

54880 

267 

65113 

233 

73559 

268 

81348 

" 

234 

92159 

269 

975^3 

235 

2.3710679 

270 

2-43J3638 

A  TABLE  of 

Num 
301 

Logarithms 

Num 
336 

Logarithms 

Num 

Logarithms 

2.478566., 

2-5263393 

2- 5fy3739 

302 

2.4800069 

337 

76>-99 

372 

2.5705429 

303 

14426 

338 

89167 

373 

17088 

3°4 

28736 

339 

2.5301997 

374 

28716 

305 
306 

42998 

340 
34i 

14789 

375 
376 

40313 

572I4 

27544 

2.5751878 

307 

7i384 

342 

40261 

377 

634i3 

30b 

^55°7 

343 

52941 

378 

74918 

309 

,     995^5 

344 

65584 

379 

86392 

3*< 

2.4913617 

_345 
346 

78191 

380 
381 

97836 

27604 

90761 

2.5809250 

312 

41546 

347 

2.5403295 

382 

20634 

3J3 

55443 

348 

I5792 

383 

31988 

3l4 

69296 

349 

28254 

384 

433 1 2 

J.IA 
316 

83105 

_350 

35^ 

40680 

385 
386 

.  54607 
2.5865873 

96871 

2.5453071 

3*7 

2.5010593 

352 

65427 

387 

77110 

318 

24271 

353 

77747 

388 

88317 

3J9 

37907 

554 

90033 

389 

99496 

_3_2£ 

321 

51500 

A55 
356 

2.5502283 

_i_9o 
391 

2.5910646 

65050 

1450° 

21768 

322 

78559 

357 

26682 

392 

32861 

323 

92025 

358 

38830 

393 

43925 

324 

2.5105450 

359 

50944 

394 

54962 

325 
326 

18834 

360 
361 

63025 

395 
396 

6597i 
2-5976952 

32176 

2.5575072 

327 

45477 

362 

87086 

397 

87905 

328 

58738 

363 

99066 

398 

98831 

329 

71959 

364 

2.5611014 

399 

2.60O9729 

MS. 

331 

85139 

365 
(3? 

22929 

400 

20600 

98280 

348 1 1 

332 

2.5211381 

367 

1   46661 

333 

24442 

368 

58478 

334 

374% 

369 

7O264 

335 

50448 

370 

82017 

j  _ 

LOGARITHMS. 

Num 
401 

Logarithms 
2.6031444 

Num 
43  6 

Logarithms 

Num 
47* 

Logarithms 

2.6394865 

2.6730209 

402 

42260 

437 

2.6404814 

472 

39420 

403 

53°5o 

438 

1 474 1 

473 

4861 1 

404 

63814 

439 

24645 

474 

57783 

405 
406 

74550 

440 
441 

34527 

475 
476 

66936 

2.6085260 

2.6444386 

2.6776069 

407 

95944 

442 

54223 

477 

85184 

408 

2.6106602 

443 

64037 

478 

94279 

409 

!7233 

444 

7383° 

479 

2.6803355 

410 
41*1 

27839 

445 
446 

83600 

480 

481 

12412 

2.6138418 

93349 

2 145 1 

412 

48972 

447 

2.6503075 

482 

30470 

4i3 

59500 

448 

12780 

483 

39471 

414 

70003 

449 

22463 

484 

48454 

_4£5 
416 

80481 

45° 

45 1 

32125 

485 
486 

57417 

9°933 

2.6541765 

2.6866363 

417 

2.6201360 

452 

51384 

487 

75290 

418 

1 1 763 

453 

60982 

488 

84198 

419 

22140 

454 

7°558 

489 

93089 

420 
421 

32493 

455 
456 

801 14 

49° 
491 

2.6901961 

2.6242821 

89648 

.$©815. 

422 

53I24 

457 

99162 

492 

1 965 1 

423 

63404 

458 

2.6608655 

493 

28469 

424 

73659 

459 

18127 

494 

37269 

425 
426 

83889 

460 
461 

27578 

495 
496 

46052 

94096 

37009 

,2.6954817 

427 

2.6304279 

462 

46420 

497 

63564.1 

428 

r4438[ 

463 

55810 

498 

72293 

429 

24573 

464 

65180 

499 

81005 

43° 
431 

34685 

465 
466 

74529 

500 

89700 

2.6344773 

83859 

432 

54837 

467 

93i69 

433 

64879 

468 

2.6702458 

434 

74897 

469 

11728 

435 

1    84893 

470 

20979 

A  TABLE  of 

Num 

Logarithms 
2.6998377 

Num 
536 

Logarithms 
2.7291648 

Num 

57* 

1  - 

Logarithms 

501 

2  756636i 

502 

2.7007037 

537 

99743 

572 

73960 

5°3 

15680 

538 

2.7307823 

573 

81546 

5°4 

243°5 

539 

15888 

574 

89119 

505 
506 

329*4 

540 

54i 

23938 

575 
576 

96678 

4i5°5 

2-733*973 

2.7604225 

5°7 

50080 

542 

39993 

577 

1 1 758 

508 

58637 

543 

47998 

578 

19278 

509 

67178 

544 

559^9 

579 

25786 

510 
5ii 

75702 

_545 
546 

63965 

580 
581 

34280 

84209 

2.7371926 

2.7641761 

5:2 

92700 

547 

79^73 

582 

49230 

5*3 

2.7101174 

548 

87806 

583 

56685 

5i4 

09631 

549 

95723 

584 

64128 

5*5 
516 

18072 

_552_ 
551 

2.7403627 

585 
586 

7*559 

2.7126497 

11516 

.2.7678076 

5*7 

349°5 

55* 

J939i 

587 

86381 

518 

43298 

553 

27251 

588 

93773 

5i9 

51674! 

55  A 

35098 

589 

2.7701 153 

_j>20 
521 

60033 

565 
556 

42930 

591 

l   08520 

2.7168377 

2.7450748 

15875 

522 

76705 

557 

58552 

592 

23217 

523 

85017 

558 

66342 

593 

3°547 

524 

933*3 

559 

74118 

594 

37864 

_5}_5 
526 

2.7201593 

_56o 
561 

.81880 

-595 
596 

45170 

09857 

89629 

2.7752463 

527 

18106 

562 

9  7363 

597 

59743 

528 

26339 

5b3 

2.7505084 

598 

67012 

529 

34557 

564 

12791 

599 

74268 

531 

42  759 

5^5 
566 

20484 

600 

81512 

2.7250945 

2.7528164 

S32 

59116 

567 

35831 

533 

67272 

568 

43483 

534 

75413 

569 

5*l23 

535 

83538 1 

57° 

58748 

m 

LOGARITHMS. 

Nam 
60 1 

Logarithms 
z-77*s74-5 

Num 

636 

Logarithms 

Num 

671 

Logarithms 

2-8034571 

2.8267225 

602 

95965 

637 

41394 

672. 

73693 

603 

2.7803173 

638 

48207 

673 

80151 

604 

10369 

639 

55009 

674 

86599 

605 
606 

17554 

640 
641 

61800 

2.8068580 

675 
6y6 

93038 

2.7824726 

99467 

607 

31887 

642 

75350 

677 

2.8305887 

608 

39036 

643 

82110 

678 

12297 

609 

46173 

644 

88859 

679 

18698 

610 
611 

53298 

645 
646 

95597 

680 
681 

25089 

2.7860412 

2.8102325 

2.8331471 

612 

675I4 

647 

09043 

682 

37844 

613 

74605 

648 

15750 

683 

44207 

614 

81684 

649 

22447 

684 

50561 

615 
616 

88751 

650 
651 

29134 
2.8135810 

685 
686 

56^06 

95807 

2.8363241 

617 

2.7902852 

652 

42476 

687 

69567 

618 

09885 

653 

49J32 

688 

75884 

019 

16906 

654 

55777 

689 

82192 

620 
621 

23917 

6  55 
656 

62413 

690 
691 

88491 

2.7930916 

2.8169038 

94780 

622 

379°4 

657 

75654 

692 

2.8401061 

623 

44880 

658 

82259 

693 

07332 

624 

51846 

659 

88854 

694 

*3595 

625 
626 

58800 

660 
661 

95439 

695 
696 

19848 

z>7965743 

2.8202015 

2.8426092 

627 

.    726y5 

662 

08580 

697 

32328 

628 

79596 

663 

I5I35 

698 

38554 

629 

86506 

664 

21681 

699 

44772 

630 
631 

93405 

665 

666 

28216 

700 

50980 

2.8000294 

2.8234742 

632 

07171 

66y 

41258 

6  33 

14037 

668 

47765 

634 

20893 

669 

54261 

1  635 

27737 1 

670 

60748 

A  TABLE  of 

Num' 
701 

Logarithms 

Num 
736 

Logarithms 

Num  \ 
~77~i 

Logarithms 

2.8457180 

2.8668778 

2.8870544 

702 

63371 

737 

74675 

772 

76173 

703 

69553 

738 

80564 

773 

^795 

704 

75727 

739 

86444 

774 

87410 

7°5 
706 

81891 

J4° 
74i 

92317 

J2A 
776 

93017 

88047 

98182 

98617 

707 

94194 

742 

2.8704039 

777 

2.8904210 

708 

2.8500333 

743 

09888 

778 

09796 

709 

06462 

744 

15729 

779 

I5375 

710 
777 

12583 

_745 
746 

21563 

780 
"781 

20946 

2.8518696 

2.8727388 

2.8926510 

712 

24800 

747 

33206 

782 

32067 

7*3 

30895 

748 

39016 

783 

37618 

7J4 

36982 

749 

44818 

784 

43161 

716 

43060 

_75o 
75l 

50613 

785 
786 

48696 

2.8549130 

2-8756399 

2.8954225 

717 

55191I 

752 

62178 

787 

59747 

71% 

61244 

753 

67950 

788 

65262 

719 

67289 

754 

737*3 

789 

70770 

720 
721 

73325 

1.55 
756 

79469 

79° 
791 

76271 

*>%579353 

2.8785218 

2.8981765 

722 

%537* 

757 

9°959 

792 

87252 

723 

■9I3%3 

75* 

96692 

793 

92732 

724 

97386 

759 

2.8802418 

79\ 

98205 

726 

2.8603380 

760 
761 

08136 

795 
796 

2.9003671 

0936b 

13847 

09131 

727 

15344 

762 

i955o 

797 

14583 

728 

21314 

763 

25245 

798 

20029 

729 

27275 

764 

30934 

799 

25468 

73o 
73i 

33229 

765 
766 

36614 

800 

30900 

2.8639x74 

2.S842288 

732 

451 11 

767 

47954 

733 

51040 

768 

53612 

734 

56961 

769 

59l63 

,735 

62873 

770 

1    64907 

LOGARITHMS. 

Num 
Toi 

|  Logarithms 

Num 
"836 

Logarithms 

Num 

Logarithms 

2.9036325 

2.9222063 

2.9400181 

802 

41744 

837 

27254 

872 

05165 

803 

47I55 

838 

32440 

873 

10142 

804 

52560 

839 

37620 

874 

15U4 

805 
T06 

57959 

840 
841 

42793 
2.9247960 

875 
876 

20080 

2-9o6335o 

2.9425041 

807 

6*735 

842 

53I2i 

877 

29996 

808 

741 14 

843 

58276 

878 

.  34945 

809 

79485 

844 

63424 

879 

39889 

810 
~8~77 

84850 

845 
846 

6H567 

880 
881 

44827 

90208 

2.9273704 

2-9449759 

812 

9556° 

847 
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3225 

1692 

4004 

1623 

3i85 

1658 

5845 

1693 

6570 

1624 

5860 

1659 

8464 

1694 

9'34 

1625 
1626 

8534 

1660 
1661 

3.2201081 

1695 
169b 

3.2291697 

3.2111205 

3696 

4258 

1627 

3876 

1662 

-  6310 

1697 

6818 

1628 

6544 

1663 

8922 

1698 

9377 

1629 

9211 

1664 

3.2211533 

1699 

3.2301934 

1630 
1631 

3.2121876 

1665 
1666 

4142 

I700 

4489 

4540 

6750 

1632 

7201 

1667 

9356 

^33 

9862 

1668 

3.2221960 

l634 

3.2 1 3252  j 

1669 

4563 

l635 

5*7$ 

1670 

7i65\ 
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Nam 

Logarithms 

Nam 
i736 

Logarithms 

Nam 
1771 

Logarithms 

1701 

3.2307043 

3-2395497 

3.2482186 

1702 

959b 

1737 

7998 

1772 

4637 

1703 

3.2312146 

1738 

3.2400498 

J773 

7087 

1704 

4696 

1739 

2996 

J774 

9536 

1705 
1706 

7244 

£74° 
1 741 

5492 

1775 
i776 

3.2491984 

9790 

7988 

443° 

1707 

3.2322335 

1742 

3.2410481 

1777 

6874 . 

1708 

■    4879  ' 

J743 

2974 

1778 

9318 

1709 

7421 

1744 

54% 

1779 

3.2501759 

1710 
171 1 

9961 

1745 
1746 

7954 

1780 

7^87 

4200 

3-2332500 

3.2420442 

6639 

1712 

5038 

!747 

2929 

1782 

9077. 

'7*3 

7574 

1748 

54H 

1783 

3-25"5i3 

1714 

3.2340108 

J749 

7898 

1784 

3948 

1715 
!  1716 

2641 

l7S° 
n5* 

3.2430380 

1785 
1786 

6382 

5*73 

2861 

8815 

1  1717 

77°3 

*752 

534i 

1787 

3.2521246 

!  17^' 

3.2350232 

l753 

7819 

1788 

3^75 

1719 

2759 

I754- 

3.2440296 

1789 

6103 

J 1720 

5284 
7809 

*755 
1756 

2771 

1790 
1791 

853° 

1  1 72 1 

5245 

3.2530956 

;  1722 

3.2360331 

1757 

7718 

1792 

338o 

1723 

2853 

1758 

3.2450189 

l793 

5803 

1724 

5373 

J759 

2658 

'794 

8224 

1212 

1726 

7891 

1760 
1761 

5127 

H95 
i796 

3.2540645 

3.2370408 

7594 

3°63 

1727 

2923 

1762 

3.2460059 

1797 

5481 

1728 

5437 

1763 

2523 

1798 

7897 

1729 

7950 

1764 

4986 

1799 

3.2550312 

173° 

*73* 

3.23^0461 

1765 
1766 

7447 

1800 

2725 

2971 

9907 

1732 

5479 

1767 

3.2472365 

173^ 

7986 

1768 

4823 

x734 

3.2390491 

1769 

7278 

1*735 

2995 

1770 

9733 

LOGARITHMS. 

\Num 

Logarithms 

Num 
.836 

!  Logarithms 

Num 
1871 

Logarithm* 

1801 

3-2555*37 

j3- 2638727 

3.272073? 

1802 

7548 

1837 

I  3.2641092 

1872 

3058 

1803 

9957 

1838 

3455 

1873 

5378 

1804 

3-2562365 

1839 

5817 

1874 

j6g6 

1805 
1866 

4772 

1840 
18^1 

8178 

i»75 
1876 

3.2730013 
2328' 

7177 

3.2650538 

1807 

9582 

1842 

2896 

1877 

4643' 

1808 

3.2571984 

1843 

5253 

1878 

6956 

1809 

4386 

1844 

7609 

1879 

9268 

1810 
1811 

6786 

1845 
1846 

9964 

1880 
1881 

13.2741578 

9184 

3.2662317 

3888 

1812 

3.2581582 

1847 

4669 

1882 

6196 

1813 

3978 

1848 

7020 

1883 

85°3 

1814 

6373 

1849 

9369 

1884 

3.2750809 

1815 
1816 

8766 

1850 
1851 

3.2671717 

1885 
1886 

3^3 

3.2591158 

4064 

54^7 

1817 

3549 

1852 

6410 

1887 

7719 

1818 

5939 

1853 

8754 

1888 

3.2760020 

1819 

8327 

1854 

3.2681097 

1889 

2320 

1820 
182T 

3.2600714 

1855 
1856 

3439 

1890 
1 89 1 

4618 

3°99 

5780 

6915 

1822 

5484 

1857 

8119 

1892 

92 1 1 

1823 

7867 

1858 

3.2690457 

1893 

3.2771506 

1824 

3.2610248 

1859 

2794 

i894 

3800 

182/5 
1826 

2629 
5008 

i860 
1861 

5129 

1895 
1896 

6092 

7464 

8383 

1827 

7385 

1862 

9797 

1897 

3.2780673 

1828 

9762 

1863 

3.2702128 

1898 

2962 

1829 

3.2622137 

1864 

4459 

1899 

5250 

1830 
1831 

45*  1 

1865 
1866 

6788 

I9OO 

7536 

6883  | 

9116 

1832 

9255  j 

1867 

3.271 1443 

i833 

3.2631625 

1868 

37fy 

1834 

3993 

1869 

6093 

1835 

6361 J 

J1870 

8416 
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Num 

Logarithms 

Num 
1936 

Logarithms 

Num 
1971 

Logarithms\ 

1901 

3.27^9821 

3.2869054 

3.2946866 

1902 

3.2792105 

l937 

3.2871296 

1972 

9069 

1903 

4388 

m* 

3538 

l973 

3.2951271 

1904 

6669 

l939 

5778 

l97A 

3471 

1905 
1906 

8950 

1940 
1941 

8017 

*975 
i976 

5671 

3.2801229 

3.2880255 

7869 

1907 

35°7 

1942 

2492 

1977 

3.2960067 

1908 

5784 

J943 

4728 

1978 

2263 

1909 

8059 

1944 

6963 

1979 

4458 

1910 
1911 

3.2810334 

*945 
1946 

9196 

1980 
1981 

6652 

2607 

3.2891428 

8845 

1912 

4879 

J947 

3659 

1982 

3.2971036 

l9l3 

7l5° 

1948 

5889 

1983 

3227 

1914 

9419 

1949 

8118 

1984 

5417 

I9l5 
1916 

3.2821688 

1950 
1951 

3.2900346 

1985 
J986 

7605 

3955 

2573 

9792 

1917 

6221 

1952 

4798 

1987 

3.2981979 

1918 

8486 

!953 

7022 

1988 

4164 

1919 

3.2830750 

l954 

9246 

1989 

6348 

1920 
1921 

3012 

l955 
1956 

3.291 1468 

1990 
1991 

8531 

5274 

3688 

3.2990713 

1922 

7534 

1957 

5908 

1992 

2893 

1923 

9793 

1958 

8127 

*993 

5073 

1924 

3.2842051 

*959 

3.2920344 

1994 

7251 

1925 
1926 

4307 

i960 
1961 

2561 

l995 
i996 

9429 

65$3 

4776 

3,3001605 

1927 

5817 

1Q62 

6990 

1997 

378i 

1928 

3.2851070 

1963 

9203 

1998 

5955 

1929 

3322 

1964 

3.2931415 

1999 

8128 

1930 
1 93 1 

5573 

*965 
i966 

3626 

2000 

3.3010300 

7823 

5835 

1932 

3.2860071 

1967 

8044 

J933 

2318 

1968 

3.2940251 

*934 

4565 

1969 

2457 

i93 

6810 

1970 

4662 

» f 


LOGARITHMS. 

Num 
200 1 

Logarithms 
3.3012471 

Num) 
2036 

Logarithms 

Num 
icyi 

j  Logarithms 
3.3161801 

3.3087778 

2C02 

4641 

2037 

9910 

2072 

3897 

2OO3 

6809 

2038 

3.3092042 

2073 

5993 

2C04 

8977 

2039 

4172 

2074 

8087 

2005 
2006 

3.302 1 144 

2040 
2041 

6302 

2075 
2076 

3.3170181 

33°9 

8430 

2273 

2OO7 

5474 

2042 

3.3100557 

2077 

43  65 

2008 

7637 

2043 

2684 

2078 

6455 

2OO9 

9799 

2044 

4809 

2079 

8545 

20IO 
20I  I 

3.3031961 

2045 
2046 

6933 

2080 
2081 

3.3180633 

4121 

9056 

2721 

2012 

6280 

2047 

3.3111178 

2082 

4807 

2013 

8438 

2048 

3299 

2083 

6893 

2014 

3-3040595 

2049 

5420 

2084 

8977' 

2OI5 
20l6 

2751 

2050 
2051 

7539 

2085 
2086 

3.3191061 

49°5 

9657 

3J43 

2-017 

7059 

2052 

3-3J2I774 

2087 

5224 

20l8 

9212 

2053 

3889 

2088 

7305 

2019 

3-305i363 

2054 

6004 

2089 

9384 

2020 
202I 

35H 

2055 
2056 

8118 

2090 
209 1 

3.3201463 

5663 

3-3l3°23l 

3540 

2C22 

7812 

2057 

2343 

2092 

5617 

2023 

9959 

2058 

4454 

2093 

7692 

2024 

3.3062105 

2059 

6563 

2094 

9767 

2025 
2026 

4250 

2060 
2061 

8672 

2095 
2096 

3.3211840 

6394 

3.3140780 

39l3 

2027 

s537 

2062 

2887 

2097 

59U 

2028 

3.3070679 

2063 

4992 

2098 

8055 

2029 

2820 

2064 

7097 

2099 

3.3220124 

2030 
2031 

4960 

2065 
2066 

9200 

2100 

2193 

7099 

3-3I5I303 

2032 

9237 

2067 

3405 

2033 

3.3081374 

2068 

5505 

2034 

3509 
5644 1 

2069 

7605 

2°35 

(2070 

9703 
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jNum 

Logarithms 

Num 
2136 

Logarithms 

Num 
2171 

> 

Logarithms 

J2IOI 

3.3224260 

3.3296012 

3-3366598 

2102 

6327 

2137 

8045 

2172 

8598' 

,  2I°3 

8393 

2138 

3.3300077 

2173 

3-337°597 

2T04 

3-3230457 

2139 

2108 

2174 

2595 

2IO5 
2I06 

2521 

2140 
2141 

4138 

2175 
2176 

4593 

4584 

6i6y 

6589 

2107 

6645 

2142 

8195 

2177 

8584 

2108 

8706 

2143 

3.3310222 

2178 

3-33^°579 

2109 

3.3240766 

2144 

2248 

2179 

2572  ) 

2IIO 
2III 

2825 

2145 
2146 

4273 

2180 
2181 

4565' 

4882 

6297 

^557 

2112 

6939 

2147 

8320 

2182 

8547 

2113 

8995 

2148 

3-332°343 

2183 

3-339°537 

2114 

3.3251050 

2149 

2364 

2184 

2526 

211/5 

2116 

3104 

2150 
2151 

4385 

2185 
2186 

45  f4 

5157 

6404 

6501 

2117 

7209 

2152 

8423 

2187 

8488 

2118 

9260 

2153 

3.3330440 

2188 

3.3400473 

2119 

3.3261310 

2154 

2457 

2189 

2458 

2120 
2 12 1 

3359 

2155 
2156 

4473 

2iqo 

2191 

4441 

5407 

6488 

6424 

2122 

7454 

2157 

8501 

2192 

8405 

2123 

9500 

2158 

3-334°5I4 

2193 

3.3410386 

2124 

3-327I545 

2159 

2526 

2194 

2366 

2125 
2126 

.  3589 

2160 
2161 

4537 
6548 

21 95 
2196 

4345 

5633 

6323 

2127 

7675 

2162 

^557 

2197 

8301 

2128 

9716 

2163 

3-335°565 

2198 

3.3420277 

2129 

3- 32"8 1 757 

2164 

2572 

2199 

2252 

2130 
2131 

3796 

2165 
2166 

4579 

2200 

4227 

5834 

6585 

2132 

7872 

2167 

8589 

2133 

9909 

2168 

3-336°593 

2134 

3.3291944 

2169 

2596 

- 

2135 

3979 

2170 

4597 
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LOGARITHMS. 

Num 
2201 

Logarithms 

Num 
2236 

Logarithms 

Num 
2271 

Logarithms 

3.3426200 

3.3494718 

3-3562i7i 

2202 

8i73 

2237 

6660 

2272 

4083 

2203 

3-3430I45 

2238 

8601 

2273 

5994 

2204 

2116 

2239 

3.3500541 

2274 

7905 

2205 
2206 

4086 

2240 
2241 

2480 

2275 
2276 

9814 

6055 

4419 

3-3571723 

2207 

8023 

2242 

6356 

2277 

363° 

2208 

9991 

2243 

8293 

2278 

5537 

2209 

3-3441957 

2244 

3.3510228 

2279 

7443 

22IO 
2211 

3923 

2245 
2246 

2163 

2280 
2281 

9348 

5887 

4098 

3-3581253 

2212 

7*5* 

2247 

6031 

2282 

3156 

2213 

9814 

2248 

7963 

2283 

5059 

2214 

3-345I776 

2249 

9%95 

2284 

6961 

2215 

22l6 

3737 

2250 
2251 

3.3521825 

2285 
2286 

8862 

5698 

3755 

3.3590762 

2217 

7657 

2252 

5684 

2287 

2662 

22l8 

96i5 

2253 

7612 

2288 

4560 

2219 

3-346i573 

2254 

9539 

2289 

6458 

2220 
2221 

353o 

2255 
2256 

3-353H65 

2290 
2291 

8355 

5486 

339* 

3.3600251 

2222 

7441 

2257 

53l6 

2292 

2146 

2223 

9395 

2258 

7239 

2293 

404  X 

2224 

3-347*348 

2259 

9162 

2294 

5934 

2225 
2226 

3300 

2260 
2261 

3.3541084 

2295 
2296 

7827 

5252  I 

3006 

9719 

2227 

7202 

2262 

4926 

2297 

3.3611610 

2228 

9152 

2263 

6846 

2298 

3500 

2229 

3.3481101 

2264 

8764 

2299 

539° 

223O 
2231 

3049 

2265 
2266 

3.3550682 

2300 

7278- 

4996 

2599 

2232 

6942 

2267 

4515 

2233 

8887 

2268 

6430 

i 

2234 

3-349o832 

2269 

8345 

: 

2235 

2775| 

2270 

3.3560259 
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Num 
2301 

Logarithms 

Num 
2336 

Logarithms 

Num 
2371 

Logarithms 

3.3619166 

3.3684728 

3-37*93i6 

2302 

3.3621053 

2337 

6587 

2372 

3-375I*47 

2303 

2939 

2338 

8445 

2373 

2977 

2304 

4825 

2339 

3.3690302 

2374 

4807 

2305 
2306 

6709 

2340 
2341 

2159 

2375 
2376 

6636 

8593 

4014 

8464 

2307 

3.3630476 

2342 

5869 

2377 

3.3760292 

2308 

2358 

2343 

7723 

237* 

2118 

2309 

4239 

2344 

9576 

2379 

3944 

2310 
23 1 1 

6120 

2345 
2346 

3.3701428 

2380 
2381 

5769 

7999 

3280 

7594 

2312 

9878 

2347 

5^31 

2382 

9418 

2313 

3-364i756 

2348 

6981 

2383 

3.3771240 

23H 

3633 

2349 

8830 

2384 

3062 

2315 
2316 

55!0 

2350 
235* 

3.3710679 

2385 
2386 

4884 

7386 

2526 

6704 

2317 

9260 

2352 

4373 

2387 

8524 

2318 

3.3651134 

2353 

6219 

2388 

3-3780343 

2319 

3007 

2354 

8065 

2389 

2161 

2320 
2321 

4880 

2355 
2356 

99P9 

2390 
2391 

3979 

675i 

3-372I753 

5796 

2322 

8622 

2357 

3596 

2392 

7612 

2323 

3.3660492 

2358 

5438 

2393 

9427 

2324 

2361 

2359 

7279 

2394 

3379I24i 

2325 
2326 

4230 

2360 
2361 

9120 

2395 
2396 

3055 

6097 

3.3730960 

4868 

2327 

7964 

2362 

2799 

2397 

6680 

2328 

9830 

2363 

4637 

2398 

8492 

2329 

3-367*695 

2364 

6475 

2399 

3.3800302 

233° 
2331 

3559 

2365 
2366 

8311 

2400 

2112 

5423 

3  -3  74°  1 47 

2332 

7285 

2367 

1983 

:2333 

9H7 

2368 

3817 

2334 

3.3681008 

2369 

5651 

2335I    2869 
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2370 

7483 
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OGARITHMS. 

Num 
2401 

Logarithms 

Num 
2436 

Logarithms 

Num 

2471 

Logarithms 

3.3803922 

3.3866773 

3.3928727 

2402 

573° 

2437 

%555 

2472 

3-3930485 

2403 

7538 

2438 

3-3870337 

2473 

2241 

2404 

9345 

2439 

2118 

2474 

3997 

2405 
2406 

3-38lII5i 

2440 
2441 

3898 

2475 
2476 

575^ 

2956 

5678 

7506 

2407 

4761 

2442 

7457 

2477 

9260 

2408 

6565 

2443 

9235 

2478 

3-394ioi3 

2409 

8368 

2444 

3.3881012 

2479 

2765 

2410 
2411 

3.3820170 

2445 
2446 

2789 

2480 
2481 

45i7 

1972 

4565 

6268 

2412 

3773 

2447 

6340 

2482 

8018 

2413 

5573 

2448 

8114 

2483 

97^7 

2414 

7373 

2449 

9888 

2484 

3'395i5i6 

2415 
2416 

9171 

2450 

2451 

3.3891661 

2485 
2486 

3264 

3.3830969 

3433 

501 1 

2417 

2766 

2452 

5205 

2487 

6758 

2418 

4563 

2453 

6975 

2488 

8504 

2419 

6359 

2454 

8746 

2489 

3.3960249 

2420 
2421 

8154 

2455 
2456 

3-39005I5 

2490 
2491 

l993 

9948 

2284 

3737 

2422 

3-384I74i 

2457 

4052 

2492 

5480 

2423 

3534 

2458 

5819 

2493 

7223 

2424 

5326 

2459 

7585 

2494 

8964 

2425 
2426 

7117 

2460 
2461 

935i 

2495 
2496 

3.3970705 

8908 

3.3911116 

2446 

2427 

3.3850698 

2462 

2880 

2497 

4185 

2428 

2487 

2463 

4644 

2498 

5924 

2429 

4275 

2464 

6407 

2499 

7662 

2430 

243 » 

6063 

2465 
2466 

8169 

2500 

9400 

7850 

993i 

2432 

9636 

2467 

3. 392 1 69 1 

2433 

3.3861421 

2468 

3452 

. 

2434 

3206 

2469 

5211 

2435 

4990 

2470 

6969 
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Num 
2501 

Logarithms 

Num 
2536 

Logarithms  j 

Num 
257i 

Logarithms 
3.4101021 

3-398lI37 

3.4041492 ! 

2502 

2873 

*537 

32°5| 

2572 

2710 

2503 

4608 

Z538 

4916 

2573 

4398 

2504 

^343 

Z539 

6627 

2574 

6085 

2505 

8077 

2540 
2541 

8337 

£575 
2576 

7772 

J2506 

9811 

3.4050047 

9459 

2507 

3-399l543 

2542 

1755 

2577 

3.41 1 1 144 

2508 

3*75 

2543 

3464 

2578 

2829 

2509 

5007 

2544 

5171 

2579 

4513 

2510 
2511 

6737 

2545 
2546 

6878 

2580 
2587 

6197 

8467 

8584 

7880 

2512 

3.4000196 

2547 

3.4060289 

2582 

9562 

25i3 

1925 

2548 

1994 

2583 

3.4121244 

2514 

3653 

2549 

3698 

2584 

2925 

^5i5 
2516 

538o 

2550 
2551 

5402 

2585 
2586 

4605 

7106 

7105 

6285 

25*7 

8832 

2552 

8807 

2587 

.  79  64 

2518 

3.4010557 

2553 

3.4070508 

2588 

9<M3 

2519 

2282 

2554 

2209 

2589 

3.4131320 

2520 
2521 

4005 
5728 

2555. 
2556 

39°9 

2590 
2591' 

2998 

5608 

4674 

2522 

745i 

2557 

7307 

2592 

6350 

2523 

9l73 

2558 

9005 

2593 

8025 

2524 

3.4020893 

2559 

3.4080703 

2594 

9700 

2525 
2526 

2614 

2560 
2561 

2400 

2595 
2596 

3-4i4i374 

4333 

4096 

3°47 

2527 

6052 

2562 

5791 

2597 

.  4719 

2528 

777i 

2563 

7486 

2598 

6391 

2529 

9488 

2564 

.  9180 

2599 

8063 

2530 
2531 

3.4031205 

25% 
2566 

3.4090874 

2600 

9733 

2921 

2567 

2532 

4637 

2567 

4259 

2533 

6352 

2568 

5950 

2534 

8066 

2569 

7641 

2535 

9780 

2570 

933* 

LOGARITHMS. 

Num 
2601 

Logarithms 

Num 
2636 

Logarithms 

Num 
2671 

Logarithms 

3.4151404 

3.4209454 

3.4266739 

2602 

3°73 

2637 

3.4211101 

2672 

8365 

2603 

4742 

2638 

2748 

2673 

9990 

2604 

6410 

2639 

4394 

2674 

3.4271614 

2605 
2606 

8077 

2640 
2641 

6039 

2676 

3238 

9744 

7684 

4861 

2607 

3.4161410 

2642 

9328 

2677 

6484 

2608 

3076 

2643 

3.4220972 

2678 

8106 

2609 

474i 

2644 

2614 

2679 

9727 

2610 
2611 

6405 

2645 

2646 

4257 

2680 
2687 

3.4281348 

8069 

5898 

2968 

2912 

9732 

2647 

7539 

2682 

4588 

2613 

3-4*7I394 

2648 

9180 

2683 

6207 

2614 

3°56 

2649 

3.4230820 

2684 

7825 

2615 
2616 

4717 

2650 
2651 

2459 

2685 
2686 

9*43 

6377 

4097 

3.4291060 

2617 

8037 

2652 

5735 

2687 

2677 

2618 

9696 

2%3 

7372 

2688 

4293 

2619 

3-4i8i355 

2654 

9009 

2689 

5908 

2620 
2621 

3°<3 

*655 
2656 

3.4240645 

2690 
2691 

7523 

4670 

2281 

9*37 

2622 

6327 

2657 

3916 

2692 

3.4300751 

2623 

7983 

2658 

555o 

2693 

'  2364 

2624 

9638 

2659 

7183 

2694 

397^ 

2525 
2626 

3.4191293 

2660 
2661 

8816 

2_695 
2696 

5588 

2947 

3.4250449 

7l99  \ 

2627 

4601 

2662 

2080 

2697 

8809 

2628 

6254 

2663 

3712 

2608 

3.4310419 

2629 

7906 

2664 

5342 

2699 

2029 

2630 
2631 

9557 

2665 
2666 

6972 

2700 

3638 

3.4201208 

8coi 

2632 

2859 

2667 

-  0230 

2633 

45°9 

2668 

3.42618.^8 

2634 

6158 

2669 

3486 

2635I 

7806 

2670 

5lI3 

r.  -     .,    1  y*+- 
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Num 
2701 

Logarithms 

Num 

2736 

Logarithms 

Num 

2771, 

Logarithms 

3-43x5426 

3.4371161 

3.4426365 

2702 

6853 

2737 

2748 

2772 

7932 

2703 

8460 

2738 

4334 

2773 

9499 

2704 

3.4320067 

2739 

5920 

2774 

3.4431065 

2705 
2706 

1673 

2743 
2741 

7506 

2775 
2776 

2630 

3278 

9090 

4195 

2707 

4882 

2742 

3.4380674 

2777 

5759 

2708 

6487 

2  743 

2258 

2778 

7322 

2709 

8090 

2744 

3841 

2779 

88-85 

2710 
2711 

9693 

2745 
2746 

5423 

2780 
2781 

3.4440448 

3-433™95 

7005 

2010 

2712 

2897 

2747 

8587 

2782 

357  * 

2713 

4498 

2748 

3.4390167 

2783 

5132 

2714 

6098 

2749 

1747 

2784 

6692 

*7*5 

2Jl6 

7698 

2750 
2751 

3327 

2785 
2786 

8252 

9*9$ 

4906 

9811 

2717 

3.4340896 

2752 

6484 

2787 

3.4451370 

2718 

2494 

2753 

8062 

2788 

2928 

2719 

4092 

2  754 

9639 

2789 

4485 

2720 
2721 

5689 

2755 
2756 

3.4401216 

2790 
2791 

6042 

7285 

2792 

7598 

2722 

8881 

2757 

4368 

2792 

9*54 

2723 

3-4350476 

2758 

5943 

2793 

3.4460709 

.2724 

2071 

2759 

75l7 

2  794 

2264 

2725 
2726 

3665 

2760 
2761 

9091 
3.4410664 

2795 
2796 

3818 

5258 

5372 

2727 

6851 

2762 

2237 

2797 

6925 

2728 

8444 

2763 

3809 

2798 

8477 

2729 

3.4360035 

2764 

538o 

2799 

3.4470029 

273° 
2731 

1626 

2765 
2766 

6951 

2800 

1580 

32J7 

8522 

2732 

48c7 

2767 

3.4420092 

2733 

6396 

2768 

1661 

2734 

7985 

2769 

3229 

•2735 

9573 

2770 

4798 

LOG  ARIT  H  MS. 

Num 
2801 

Logarithms 

Num\  Logarithms 

Num 
2%yi 

Logarithms 

3-4473*3 ' 

2836 

3.4527002 

3-458033'- 

2802 

4681 

2837 

^593 

2872 

1844 

2803 

6231 

2838 

3.4530124 

2873 

335^ 

2304 

7780 

2839 

1654 

2874 

4867 

2805 
2806 

9329 

2840 
2841 

3**3 
4712 

2875 
2876 

6378 

3.4480877 

7889 

2807 

2424 

2842 

.6241 

2877 

9399 

2808 

3971 

2843 

7769 

2878 

3.4590908 

2809 

55i7 

2844 

9296 

2879 

2417 

2810 
2811 

7063 

2845 
2846 

3.4540823 
2349 

2880 
2881 

3925 

8608 

5433 

2812 

3.4490153 

2847 

3875 

2882 

6940 

2813 

1697 

2848 

5400 

2883 

8446 

2814 

3241 

2849 

6924 

2884 

9953 

2815 
2816 

4784 
6326 

2850 
2851 

8449 

2885 
2886 

3.4601458 

9972 

2963 

2817 

7868 

2852 

3-455*495 

2887 

4468 

2818 

9410 

2853 

3018 

2888 

5972 

2819 

3.4500951 

2854 

4540 

2889 

7475 

2820 

2817 

2491 

2855 
2856 

6061 

2890 
2891 

8978 

403 « 

7582 

3.46104S1 

2822 

557° 

2857 

9102 

2892 

1983 

2823 

7109 

2858 

3.4560622 

2893 

3484 

2824 

8647 

2859 

2142 

2894 

49  3  5 

2825 
2826 

3.4510184 

2860 
2861 

3660 

2895 
2896 

6486 

1721 

5*79 

7986 

2827 

3258 

2862 

6696 

2897 

9485 

2828 

4794 

2863 

8213 

2898 

3.4620984 

2829 

6329 

2864 

973o 

2899 

2482 

2830 
2831 

7864 

2865 

28 1  6 

3.4571246 

2900 

398o 

9399 

2762 

2832 

3.4520932 

2867 

4277 

2833 

2466 

2-68 

579 1 

2834 

3998 

2869 

73°5 

2835 

553 '1 

2870 

8819 

O   2 
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Num 
2901 

Logarithms 

Num 
2936 

Logarithms 

Num 
2971 

Logarithms 

3.4625477 

3-467756o 

3.4729027 

2902 

6974 

2937 

9°Z9 

2972 

3.4730488 

2903 

8470 

2938 

3.4680518 

2973 

1949 

2904 

9966 

2939 

19961 

2974 

34io 

2905 
2906 

3. 463.146 1 

2940 
2941 

3473  I 

2975 
2976 

4870 

2956 

4950  j 

6329 

2907 

4450 

2942 

6427 1 

2977 

7788 

2908 

5944 

2943 

79°3! 

2978 

9247 

2909 

7437 

2944 

9378 

2979 

3,4740705 

2910 
=2911 

8930 

2945 
2946 

3.4690853 
2327 

2980 
298T 

2163 

3.4640422 

3620 

2912 

1914 

2947 

3801 

2982- 

5076 

2913 

3405 

2948 

5275 

2983 

6533 

2914 

4895 

2949 

6748 

2984 

7988 

6386 

2950 
2951 

8220 
9692 

2985 
2986 

9443 

7*75 

3.4750898 

z9*7 

9364 

2952 

3.4701 163 

2987 

2352 

2918 

3'465°853 

2953 

2634 

2988 

3806 

2919 

2341 

2954 

4105 

2989 

5259 

2920 

2921 

3828 

2955 
2956 

557^ 

2990 
2991 

6712. 

53*6 

7044 

8164 

292a 

6802 

2957 

8513 

2992 

9616 

|2923 

8288 

2958 

9982 

2993 

.3.4761067 

2924 

9774 

2959 

3.4711450 

2994 

2518 

2925 
2926 

3.4661259 

2743 

2960 
2961 

2917 
4384 

2995 
2996 

3968 

5418 

,2927 

4227 

2962 

5$5  • 

2997 

6867 

2928 

57*1 

2963 

73*7 

2998 

8316 

2929 

7*94 

2964 

8782 

2999 

9765 

2930 
2931 

8676 

2965 
2966 

,3.4720247 

3000 

3.4771212 

j  3.46701 58 

1711 

2932 

1640 

2967 

3*75 

2933 

3121 

2968 

4639 

12934 

4601 

2969 

6102 

(2935 

6081 

2970 

7564 

LOGARITHMS. 


Num 
3001 

Logarithms 

Num 
3°36 

Logarithms 

|  Num 
3°7 : 

Logarithms 

3.4772660 

3.4823018 

3.4872798 

3002 

4107 

3037 

4448 

3072 

4212 

3003 

5553 

3038 

5878 

3073 

5626 

3004 

6999 

3039 

7307 

3074 

7°391 

3005 
3006 

8445 

3040 

3041 

8736 

3075 
3076 

845 « 
9863 

9890 

3.4830164 

3007 

3-478i334 

•3042 

1592 

3077 

3.4881275 

3008 

2778 

3°43 

3019 

3078 

2686 

3009 

4222 

3044 

444b 

3079 

4097 

3011 

5M5 

3045 
3046 

5873 

3080 
3081 

5507 

7108 

7299 

6917 

3012 

8550 

3047 

8725 

.082 

8326 

3013 

9991 

3048 

3.4840150 

3083 

9735 

3OI4 

3,4791432 

3°49 

1574 

3084 

3.4891 144 

3ol5 
3016 

2873 

3°50 
3°5l 

2998 

3085 
3086 

2552 

43*3 

4422 

3959 

3017 

5753 

3°52 

5845 

3087 

50,66 

3018 

7192 

3°53 

7268 

3088 

6773 

3019 

8631 

3054 

8690 

3089 

8179 

3020 
3021 

3.4800069 

3^55 
3056 

3. 48501.12 

3090 
3091 

9585 

'507 

l533 

3.4900990 

3022 

2  945 

3057 

*954- 

3092 

2395 

3023 

4381 

3058 

4375 

3093 

3799 

3024 

58x8 

3059 

5795 

3094 

5203 

3025 
3026 

7254 

3060 
3061 

7214 

3095 
3096 

6607 

8689 

8633 

8009 

3027 

3.4810124 

3062 

3.4860052 

3097 

9412 

3028 

*M9 

3o63 

1470 

3098 

3.4910814 

3029 

2993 

3064 

2888 

3°99 

2216 

3030 
3°3' 

4426 

3065 
3066 

43  °5 

3100 

3617 

5859 

572i 

3°3  2 

7292 

3067 

7138 

3033 

8724 

3068 

8554 

3°34 

3  4820156 

3069 

9969 

I3035 

1587 

13070 

1 3.4871384 

O  3 
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Num 
3101 

Logarithms 

Num 

Logarithms  J 

Num 
3i7i 

Logarithms 

3.4915018 

3136 

3-496376i 

3.501 1962 

3102 

6418 

-JI37 

5H5 

3172 

3332 

3'Q3 

7818 

3138 

6529 

3173 

470 1 

3104 

9217 

3^39 

79l3 

3174 

6069 

3105 
3106 

3.4920616 

1112 
3141 

9296 

3^75 
3176 

7437 

2014 

3.4970679 

8805 

3J07 

3413 

3H2 

2062 

3177 

3.5020172 

3108 

4810 

3143 

3444 

3178 

1539 

3109 

6207 

3H4 

4825 

3179 

2905 

3110 
3  11 

7604 

3J45 
3H6 

6206 

3180 
3181 

4271 

9000 

75^7 

5637 

3112 

3-A93°396 

3147 

8967 

3182 

7002 

3113 

1791 

3148 

3.4980347 

3«83 

8366 

3ii4 

3186 

3149 

1727 

3184 

973i 

31 15 
3116 

4580 

3J5£ 
3151 

3106 

3i85 
3186 

3.5031094 

5974 

4484 

2458 

3117 

7308 

3X$1 

5862 

3187 

3821 

3118 

876. 

3i53 

7240 

3188 

5183 

3119 

3.4940 r 54 

3i54 

8617 

3189 

6545 

3120 
3121 

•  546 

3i55 
3156 

9994 

3190 
3I91 

7907 

2938 

3.4991370 

9268 

3122 

4329 

3{57 

2746 

3192 

3.5040629 

3123 

5720 

3*5% 

4121 

?i93 

1989 

3124 

7110 

3*59 

5496 

3194 

3349 

3125 
3126 

8500 

3160 
3161 

6871 

3115 
3196 

4709 

9890 

8245 

6068 

3127 

3.4951279 

3162 

9619 

3197 

7426 

3128 

-  2667 

3163 

3.5000992 

3*98 

8785 

3129 

4056 

3i64 

2365 

3199 

3.5050142 

3130 
3i  3 1 

5443 

3l65 
3166 

3737 

3200 

1500 

"6831 

5109 

3132 

8218 

3167 

6481 

3133 

9604 

3168 

785i 

3134 

3.4960990 

3169 

9222 

3J35i 

2375 

3»7of 

3.5010593 

LOGARITHMS. 

Num 
3201 

Logarithms 

Num 
3236 

Logarithms 

Num 

3271" 

■ 
logarithms 

3.5146805 

3.5052857 

3.5100085 

3202 

4213 

3237 

1427 

3272 

8l33 

32°3 

55^9 

3238 

2768 

3273 

9460 

3204 

6925 

3239 

4109 

3274 

3-5I50787 

3121 
3206 

8280 

3240 
3241 

545° 

3175 
3276 

2113 

9635 

6790 

3439 

3207 

3.5060990 

3242 

8130 

3277 

4764 

3208 

2344 

3243 

9469 

3278 

6089 

3209 

3697 

3244 

3.51 10808 

3279 

7414 

3112 

3211 

5°5° 

3245 
3246 

2147 

3280 
3281 

8738 

6403 

3485 

3.5160062 

3212 

7755 

3247 

4823 

3282 

1386 

3213 

9107 

3248 

6160 

3283 

2709 

3214 

3.5070459 

3249 

7497 

3284 

4031 

3111 
3216 

1810 

3250 
325' 

8834 

3285 
3286 

5354 

3160 

3. 5 1 201 70 

6676 

3217 

4511 

3252 

1505 

3287 

7997 

3218 

5860 

3253 

2841 

3288 

93i% 

3219 

7210 

3254 

4175 

3289 

3-5^7o639 

3220 
3221 

$559 

3255 
3256 

55io 

3192 
3291 

l959 

9907 

6844 

3279 

3222 

3.5081255 

3257 

8178 

3292 

4598 

3223 

2603 

3258 

95" 

3293 

59l7 

3224 

3950 

3259 

3.5130844 

3294 

7236 

3111 
3226 

5297 

3260 
3261 

2176 

3195 
3296 

8554 

6644 

35o8 

9872 

3227 

7990 

3262 

4840 

3297 

3.5181189 

3228 

9335 

3263 

6171 

3298 

2506 

3229 

3.5090680 

3264 

750i 

3299 

3823 

31.32 
3231 

2025 

3265 
3266 

8832 

3J22 

5i39 

337° 

3.5140162 

3232 

47i3 

3267 

1491 

3233 

6057 

3268 

2820 

3234 

7400 

3269 

4149 

i 

3235 

8H3 

3270 

5478 

1 

o 
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Num 


33™ 
3317 
3318 

3319 

3320 

3321 
33  22 

3323 

vM 

33J5 

3326 
33*7 
3328 

3329 
333° 

333 1 
3332 
3333 
3334 
3335 


Logarithms 

Num 
3336 

3-5^6455 

7771 

3337 

9086 

3338 

3.5190400 

3339 

*7*5 

3340 
334i 

3028 

4342 

3342 

5655 

3343 

6968 

3344 

8280 

3345 

9592 

3346 

3.5200903 

3347 

2214 

3348 

3525 

3349 

4835 

3352 
3351 

6145 

7455 

3352 

8764 

3353 

3.5210073 

335A- 

1 38 1 

3355 
3356 

2689 

3996 

3357 

5303 

3358 

6610 

3359 

79i6 

3360 
33^ 

9222 

3.5220528 

3362 

1833 

3363 

3»38 

3364 

4442 

3365 
3366 

5746 

7056 

3367 

%353 

3368 

9656 

3369 

3.5230958 

337° 

Logarithms 

Num\ 

Logarithms 

3.5232260 

337i 

3-52775^ 

3562 

3372 

8876 

4863 

3373 

3.5280163 

6164 

3374 

U51 

7465 

3375 
337^ 

2738 

8765 

4024 

3.5240064 

3377 

53" 

1364 

337% 

6596 

2663 

3379 

7882 

3961 

338o 
338i 

9i6y 

5259 

3.5290452 

^557 

3382 

1736 

7854 

3383 

3020 

9*5* 

3384 

43°3 

3.5250448 

3385 
3386 

5587 

1744 

6869 

3040 

3387 

8152 

4335 

3388 

9434 

5631 

3389 

3.5300716 

6925 

339° 
3391 

1997 

8219 

3278 

95i3 

3392 

4558 

3.5260807 

3393 

5839 

2100 

3394 

7118 

3393 

3395 
3396 

8398 

4685 

96yy 

5977 

3397 

3-53I0955 

7269 

3398 

2234 

8560 

3<99 

35i2 

9851 

3400 

4789 

3.5271 141 

2431 

372i 

5010 

6299 

> 

LOGARITHMS. 

Num 
340I 

Logarithms 

Num 
3436 

Logarithms 

Num 

347 l 

Logarithms 

3.5316066 

3-536o532 

3-54°45r6 

3402 

7343 

3437 

1795 

3472 

5797 

3403 

8619 

3438 

3059 

3473 

7048 

3404 

9895 

3439 

4322 

3474 

8298 

3_4°5 

3406 

3.5321171 

3440 
344i 

5584 
6847 

3475 
3476 

9548 

2446 

3.5410798 

3407 

3721 

3442 

8109 

3477 

2047 

3408 

4996 

3443 

937° 

3478 

3296 

3409 

6270 

3444 

3.5370631 

3479 

4544 

34io 
34«* 

7544 

3445 
3446 

1892 

3480 
348i 

5792 

8817 

3l53 

7040 

34" 

3-533°°9° 

3447 

4413 

3482 

8288 

3413 

^363 

3448 

5672 

3483 

9535 

34H 

2635 

3449 

6932 

3484 

3.5420781 

34'5 
3416 

39°7 

3450 
345i 

8191 

3485 
3486 

2028 

5I79 

9450 

3274 

3417 

6450 

3452 

3.5380708 

3487 

4519 

34i  8 

7721 

3453 

1966 

3488 

5765 

3419 

8991 

3454 

3223 

3489 

7010 

3420 

3421 

3.5340261 

3455 
3456 

4481 

3490 
349 l 

8254 

153i 

5737 

9498 

3422 

2800 

3457 

6994 

349^ 

3.5430742 

3423 

4069 

3458 

8250 

3m 

1986 

3424 

5338 

3459 

9506 

3494 

3229 

3425 
3426 

6606 

3460 
346i 

3-5.39°761 

3495 
3496 

4472 

7874 

2016 

57l4 

342  7 

9141 

3462 

3271 

3497 

6956 

3428 

3.5350408 

3463 

4525 

3498 

8198 

3429 

1675 

3464 

5779 

3499 

9439 

5430 
343 1 

2941 

3465 
3466 

7032 
8286 

35oo 

3.5440680 

4207 

3432 

5473 

3467 

9538 

3433 

6738 

3468 

3.5400791 

3434 

8003 

3469 

2043 

3435 

9267 

347o 

3295 

,  , 

A  TABLE  ! 

of 

Num 
3~5°i 

Logarithms 

Num 
353~6 

Logarithms 

\Num 
3571 

Logarithms 

3-544I92I 

3-5^5*23 

3.5527898 

3502 

3161 

3537 

6351 

3572 

9114 

3503 

4401 

3538 

7578 

3573 

3-5530330 

35°4 

5641 

3539 

8806 

3574 

1545 

3505 
35o6 

6880 

3540 
3541 

3-549°°33 

3575 
3576 

2760 

3.54481 19 

1259 

3-5533975 

3507 

9358 

3542 

2486 

3577 

5189 

35o8 

3-545°596 

3543 

3712 

3578 

6403 

3509 

1834 

3544 

4937 

3579 

7617 

35*o 
35" 

3°7i 

3545 
3546 

6162 

3580 
358i 

8830 

3-5454308 

3-5497387 

3.5540043 

3512 

5545 

3547 

8612 

3582 

1256 

35*3 

6781 

3548 

9836 

3583 

2468 

35*4- 

8018 

3549 

3.5501060 

3584 

3680 

3515 
35l6 

9253 

355o 
355i 

2283 

3585 
3586 

4892 

3.54&0489 

3-5503507 

3.554610^ 

3517 

»724 

3552 

473° 

3587 

73'4 

35i8 

2958 

3553 

5952 

3588 

8524 

3519 

4193 

3554 

7174 

3589 

9735 

3520 
3521 

5427 

3555_ 
3556 

8396 

359o 
359i 

3-5550944 

3.5466660 

9618 

2154 

3522 

7894 

3557 

3.5510839 

3592 

3363 

3523 

9126 

3558 

2059 

3593 

4572 

3524 

3-547°359 

3559 

3280 

3594 

578i 

3525 
3526 

*59l 

35_6o 
356i 

4500 

3595 
3596 

6989 

3.5472823 

3-55I5720 

3-555^97 

3527 

4055 

3562 

6939 

3597 

9404 

3528 

5286 

35% 

8158 

3598 

3.5560612 

3529 

6517 

3564 

9377 

3599 

j8i8 

353o 
353* 

7747 

35b5 
3566 

3-5520595 

3600 

3025 

8977 

1813 

3532 

3.5480207 

35^7 

3°3 1 

3533 

I436 

3568 

4248 

3534 

2665 

3569 

5465 

J 

3535 

3894 

357° 

6682 

1 

LOGARITHMS. 


Num 
3601 

'■  Logarithms 

Num 
J636 

Logarithms 

Num 
3671 

Logarithms 

3.5564231 

3.5606239 

3.5647844 

3602 

5437 

3^37 

7433 

3672 

9027 

36o3 

6643 

3638 

8627 

3^73 

3.5650209 

3604 

7848 

3639 

9820 

3674 

1392 

3605 
3606 

9°53 

3640 
364i 

3.5611014 

3675 
3676 

2573 

3-557°257 

2207 

3-5^53755 

3607 

1461 

3642 

3399 

3^77 

4936 

3608 

2665 

3643 

4592 

3678 

6117 

3609 

3869 

3644 

5784 

3679 

7298 

3610 
3611 

5072 

3645 
3646 

6975 

3680 
3681 

8478 

3>5576275 

3.5618167 

9658 

3612 

7477 

3647 

935$ 

3682 

3.5660838 

36l3 

8680 

3648 

3.5620548 

3683 

2017 

36l4 

9881 

3649 

1739 

3684 

3196 

3615 
3616 

3.5581083 

3650 
365* 

2929 

3685 
3686 

4375 

2284 

3.56241 1 8 

3-5665553 

3bi7 

3435 

3652 

53o8 

3687 

6731 

3618 

4686 

3653 

6497 

3688 

7909 

3619 

5886 

3%4 

7685 

3689 

.  9087 

3620 
3621 

7086 

3^55 
3656 

8874 

3690 

3.5670264 

3.5588285 

3.5630062 

1440 

3622 

9484 

3^57 

1250 

3692 

2617 

3623 

3-559o6$3 

3658 

2437 

3e93 

3793 

3624 

1882 

3659 

3624 

3694 

4969 

36*5 
3626 

3080 

3660 
3661 

4811 

36951 

6144 

4278 

3-5635997 

3696 

3.5677320 

3627 

5476 

3662 

7183 

3697 

8494 

3628 

6673 

3^3 

8369 

3698 

9669 

3629 

7870 

3664. 

9555 

3699 

3.56808^3., 

3630 
3%« 

9066 

3665 
3666 

3.5640740 

37Q° 

2017 

3.5600262 

1925 

3632 

1458 

3667 

3109 

3633 

2654 

3668 

4293 

3934 

3849 

3669 

5477 

1 

'3635 

5°44 

3670 

6661 

1 

A  TABLE  of 

Num 
3701 

Logarithms 

Num 
3736 

Logarithms 

Num 
377~* 

Logarithms 

3.5683191 

3.5724069 

3-57645{>5 

3702 

43  64 

3737 

5231 

377* 

57*7 

3703 

5537 

3738 

^393 

3773 

6868 

37°4 

6710 

3739 

7555 

3774 

8019 

37°  5 
3706 

7882 

3740 
374* 

8716 

3775 
377^ 

9169 

9°54 

9877 

3.5770320 

37°7 

3.5690226 

374* 

3-573io38 

3777 

1470 

3708 

1397 

3743 

2198 

3778 

2620 

37  °9 

2568 

3744 

3358 

3779 

3769 

3710 
37** 

3739 

3745 
3746 

4518 

378o 
378i 

4918, 

4910 

5678 

6067 

3712 

6080 

3747 

6837 

3782 

72'5 

37*3 

7249 

3748 

7996 

3783 

8363 

37*4 

8419 

3749 

9*54 

3784 

95** 

37*5 
37i6 

9588 

3750 
375* 

3-57403*3 

3785 
3786 

3.5780659 

3-57°°757 

1471 

1806 

37*7 

1926 

3752 

2628 

3787 

*953 

37** 

3°94 

3753 

3786 

3788 

4100 

37*9 

4262 

2754 

4943 

3789 

5246 

3720 
3721 

5429 

3755 
375^ 

6099 

,379° 
'  379* 

6392 

6597 

7256 

7538 

3722 

7764 

3757 

8412 

3792 

8683 

3723 

8930 

3758 

9568 

3793 

9828 

3724 

3.5710097 

3759 

3'5750723 

3794 

3-579°973 

3725 
3726 

1263 

3760 
3761 

1878 

3795 
3796 

2il8 

2428 

3033 

3262 

3727 

3594 

3762 

4188 

3797 

4406 

3728 

4759 

3763 

5342 

3798 

555o 

3729 

5924 

3764 

6496 

3799 

6693 

373° 
373i 

7088 

3765 
3766 

7650 

3800 

7836 

8252 

8803 

3732 

9416 

376/ 

9956 

3733 

3.5720580- 

3768 

3-576llc9 

3734 

1743 

37^9 

2261 

3735 

2906 

377° 

34i3 

LOGARITHMS. 

Num 
3801 

Logarithms 

Num 

3836 

Logarithms 

Num 

3871 

Logarithms 

3-5798979 

3.5838786 

3.5878232 

3802 

3.5800121 

3837 

9918 

3872 

9353 

3803 

1263 

3838 

3.5841050 

3873 

3.5880475 

3804 

2405 

3839 

2181 

3874 

1596 

3805 
3806 

3547 

3840 
3841 

33 1 2 

3875 
3876 

2717 

3.5804688 

4443 

3838 

3807 

5829 

3842 

5574 

3877 

4958 

3808 

6969 

3843 

6704 

3878 

6078 

3809 

8110 

3844 

7834 

3879 

7198 

3810 
3811 

9250 

3845 
3846 

8963 

3880 
388T 

8317 

3.5810389 

3.5850093 

943  6 

3812 

1529 

3847 

1222 

3882 

3-5890555 

3813 

2668 

3848 

2351 

3883 

1674 

3814 

3807 

3849 

3479 

3884 

2792 

38»5 
3816 

4945 

3850 
3851 

4607 

3885 
3886 

3910 

3.5816084 

5735 

5028 

38i7 

7222 

3852 

6863 

3887 

6145 

3818 

f    8359 

3853 

799° 

3888 

7262 

3819 

9497 

3854 

9117 

3889 

8379 

3820 
3821 

3.5820634 
1770 

3855 
3856 

3.5860244 

3890 
I3891 

9496 

137° 

3.5900612 

3822 

2907 

l3'<57 

2496 

3892 

1728 

382,' 

4043 

3858 

3622 

3893 

2844 

3824 

5179 

3859 

4748 

3894 

3959 

3825 
3826 

63  f  4 

3860 
3861' 

5873 

3895 
3896 

5075 

3.5827450 

6698 

6189 

3827 

8585 

3862 

8123 

3897 

7304 

3828 

9719 

3863 

9247 

3898 

8418 

3829 

3.5830854 

3864 

3.5870371 

3899 

9532 

3  3° 
3831 

1988 

3865 
3866 

*495 

3900 

3.5910646 

3122 

2618 

3832 

4255 

3867 

3742 

3833 

5388 

3868 

4865 

3834 

6521 

3869 

5987 

3835 

7654 

3870 

7110 

' 

A  TABLE  ol 

F« 

Num 
3901 

Logarithms 

Num 
3936 

Logarithms 

Num 
397* 

Logarithms 

3-59**759 

3-595°55* 

3.5988999 

3902 

2873 

3937 

1654 

3972 

3.5990092 

39°3 

3985 

3938 

2757 

3973 

1186 

39°4 

5098 

3939 

3860 

3974 

2279 

39°5 

3906 

6210 

3940 
394i 

4962 

3975 
3976 

3371 

3.5917322 

^5^56064. 

3.5994464 

39°7 

8434 

3942 

7166 

3977 

5556 

3908 

9546 

3943 

8268 

3978 

6648 

39°9 

3.5920657 

3944 

9369 

3979 

7739 

2912 
3911 

1768 

3945 
3946 

3.5960470 

3980 
398i 

8831 

3.5922878 

157* 

9922 

3912 

3988 

3947 

2671 

3982 

3.6001013 

39*3 

5098 

3948 

3771 

3983 

2103 

39x4 

6208 

3949 

4871 

3984 

3*93 

39l5 
3916 

73i8 

395o 
395i 

597* 

3985 
3986 

428J 

3.5928427 

3.596707c 

3-6oo5373 

39 1 7 

9536 

3952 

8169 

3987 

6462 

3918 

3.5930644 

3953 

9268 

3988 

755* 

39*9 

1753 

3954 

3-597°367 

3989 

8640 

3_9_2o 
3921 

2861 

3955 
3956 

14.65 

399° 
3991 

9729 

3-5933968 

3-5972563 

3.6010817 

3022 

5076 

3957 

3660 

3992 

1905 

3923 

6183 

3958 

4758 

\3993 

2993 

3924 

7290 

6959 

5855 

13994 

4080 

3925 
3926 

8397 

3960 
3961 

6952 

\3995 
3996 

5168 

95<>3 

3.5978048 

3.6016255 

3927 

3.5940609 

3962 

9X45 

3997 

734i 

2928 

*7*5 

3963 

3.5980241 

3998 

8428 

3929 

2820 

396* 

*336 

3999 

,  95*4 

393o 
3931 

3925 

3965 
3966 

2432 

4000 

3.6020600 

3.5945030 

3-59^3527 

3932 

6i35 

3967 

4622 

■ 

3933 

7239 

3968 

57*7 

3934 

8344 

3969 

6811 

3935!    9447 

1397° 

79°5 

L 

OGARITHMS. 

Num 
4001 

Logarithms 

Num 
4036 

Logarithms 

Num 
4071 

Logarithms 

3.6021685 

3.6059512 

3.609701 1 

4002 

2771 

4037 

3.6060587 

4072 

8078 

4003 

3856 

4038 

1663 

4073 

9144 

4004 

4941 

4039 

2738 

4074 

3.6100210 

4005 
4006 

6025 

4040 
4041 

38i4 

4075 
4076 

1276 

3.6027109 

3.6064888 

3.6102342 

4007 

8193 

4042 

59b3 

4077 

3407 

4008 

9277 

4043 

7°37 

4078 

4472 

4009 

3.6030361 

4044 

8m 

4079 

5537 

4010 
401 1 

1444 

4045 
4046 

9185 

4080 
4081 

6602 

3.6032527 

3.6070259 

3.6107666 

40x2 

3609 

4047 

*332 

4082 1 

8730 

4013 

4692 

4048 

2405 

4083 

„  9794 

4014 

5774 

4049 

3478 

4084 

3.6110857 

4015 
4016 

6855 

4050 
4051 

4550 

4085 
4086 

1921 

3-6o37937 

3.6075622 

3.6112984 

4017 

9018 

4052 

6694 

4087 

4046 

4018 

3.6040099 

4053 

7766 

4088 

5109 

4019' 

1 180 

4°54 

8837 

4089 

61 7 1 

4020 
4021 

2261 

4055 
4056 

9909 

0    « 

ON    ON 
O      O 

7233 

3-6°4334* 

3.6080979 

3.6118295 

4022 

4421 

4057 

2050 

4092 

9356 

4023 

5500 

4058 

3120 

4093 

3.6120417 

4024 

6580 

4059 

4190 

4094 

1478 

4025 
4026 

7659 

4060 
4061 

5260 

4095 

4096 

2539 

3.6048738 

3.6086330 

3.6123599 

4027 

9816 

4062 

7399 

4097 

4660 

4028 

3.6050895 

4063 

8468 

4098 

5720 

4029 

l973 

4064 

9537 

4099 

6779 

4030 

403  * 

3050 

4065 
4066 

3.6090605 

4100 

7839 

3.6054128 

1674 

4O32 

5205 

4067 

2742 

4033 

6282 

4068 

3809 

j 

4034 

7359 

4069 

4877 

4035  1 

8435 

4070 

59441 

1      1 

,. 

A  TABL  E  of 

J  Num 

Logarithms' 

Num 
4T36 

Logarithms 
3.6165805 

Num 
4171 

Logarithms 

4101 

3.6128898 

3.6202402 

4102 

9957 

4i37 

6855 

4172 

3443 

4103 

3.6131015 

4138 

79°5 

4i73 

4484 

4104 

2073 

4139 

8954 

4i74 

5524 

4io5 

3132 

4140 
4141 

3.6170003 

1175 
4176 

6565 

4106 

4189 

1052 

7605-, 

4107 

5248 

4142 

.  2101 

4177 

8645 

4108 

6304 

4143 

3149 

4178 

9684 

4109 

7361 

4144 

4197 

4179 

3.6210724 

4110 
41.11 

8418 

4145 
4146 

5245 

4180 
4181 

1763 

9475 

6293 

2802 

4112 

3.6140531 

4147 

7340 

4182 

3840I 

4ii3 

1587 

4148 

8387 

4183 

4879 

41 14 

2643. 

4149 

9434 

4184 

59 17 

4"5' 
4116 

3698I 

4150 
4151 

3. 61 8048 1 

4185 
4186 

6955 

4754 

1527 

7992 

4117 

5809 

4152 

2573 

4187 

9030 

4118 

6863 

5i53 

3619 

4188 

3.6220067 

4119 

7918 

4154 

4645 

4189 

1 104 

4120 
4121 

8972 

1155 
4156 

57i° 

4190 
4191 

2140] 

3.6150026 

^755 

3*77] 

4122 

1080 

4157 

7800 

4192 

4213! 

4123 

Z133 

5158 

8845 

4'93 

5249 

4124 

3187 

4159 

9889 

4194 

6284 

4125 
4126 

4240 

4160 
4161 

3.6190933 

±195 
4196 

7320 

5292 

1977 

$355 

4127 

6345 

4162 

3021 

4197 

9390 

4128 

7397 

4163 

4064 

4198 

3.6230424 

4129 

8449 

4164 

5l°? 

4199 

*459 

413° 
413 « 

9501 
3.6160552 

4165 

4166 

6150 

4200 

2493 

7*93 

4132 

1603 

4167 

8235 

4133 

2654 

4168 

9277 

/ 

4134 

37°5 

4169 

3.6200319 

4135 

4755 

4170 

1360 

LOGARITHMS. 

N'um 
4201 

Logarithms 

Num 
4.236 

Logarithms 

Num 

4271 

Logarithms 

3.6233527 

3.6269559 

3.630529b 

4202 

4560 

wn 

3.6270585 

4272 

6312 

4203 

5594 

4238 

1610 

42^3 

7329 

4204 

6627 

4^39 

2634 

4274 

8345 

420  s, 
4206 

7660 

4240 
4241 

3659 

1175 
4276 

9361 

3.6238693 

3.6274683 

3.6310377 

4207 

9725 

4242 

5707 

4277 

1392 

4208 

3.6240757 

4243 

6730 

4278 

2408 

4209 

1789 

4244 

7754 

4279 

3423 

4210 
42 1 1 

2821 

4-245 
4246 

8777 

4280 

4281 

443  8 

3.6243852 

9800 

3. 63154^2 

4212 

4884 

4247 

3.6280823 

4282 

6467 

4213 

59l5 

4248 

1845 

4283 

7481 

4214 

%45 

4249 

2867 

4284 

8495 

4215 
42l6 

7976 

4250 
4251 

3889 

4285 
4286 

..95°8 

9006 

3.6284911 

3.6320522 

4217 

3.6250036 

4252 

5933 

4287 

1535 

4218 

1066 

5253 

6954 

4288 

2548 

4219 

2095 

4254 

7975 

4289 

356o 

4220 
4221 

3124 

4255 
4256 

8996 
3.6290016 

4290 
429* 

4573 

3*6254153 

3.6325585 

4222 

5182 

4257 

1036 

4292 

6  597 

4223 

62 1 1 

4258 

2057 

4293 

7609 

4224 

7239 

4259 

3076 

4294 

8620 

4225 
4226 

8267 

4260 
4261 

.  4096 
3-^95^5 

4£95 
4296 

9632 

9295 

3.6330643 

4227 

3.6260322 

4262 

6134. 

4297 

1653 

4228 

135° 

4263 

7*53 

4298 

2664 

4229 

2377 

4264 

8172 

4299 

3674 

423O 
4231 

3404 

4265 
4260 

9190 

4300 

4685 

3.6264430 

3.6300208 

4232 

5457 

4267 

1226 

4233 

6483 

4268 

2244 

4234 

7509 

4269 

3262 

.4235 

8534 

4270 

4279 

1 

A 

1  TABLE  of 

» 

Num\ 
430i 

Logarithms 

Num 
4336 

Logarithms 

Num 
435 'i 

Logarithms] 
3.6405808 

3-0335694 

3.6370893 

4302 

6704 

4337 

1894 

4372 

6802 

4303 

77!3 

4338 

2895 

4373 

7795 

43°4 

8723 

4339 

3896 

4374 

8788 

4305 
4306 

9732 

4340 
434i 

4897 

4375 
4376 

9781 

3.6340740 

3.6375898 

3.6410773 

4307 

1749 

4342 

6898 

4377 

*765 

4308 

2757 

4343 

7898 

4378 

2758 

43°9 

3765 

4344 

8898 

4379 

3749 

43 IO 
4311 

4773 

4345 
4346 

9898 

4380 
4381 

4741  , 

3.6345780 

3.6380897 

3-64I5733 

4312 

6788 

4347 

1896 

4382 

6724 

4313 

7795 

4348 

2895 

4383 

77l5 

43H 

8801 

4349 

3894 

4384 

8705 

43r5 
43i6 

9808 

4350 
4351 

4893 

4385 
4386 

9696 

3.6350814 

3.6385891 

3.6420686 

43*7 

1820 

4352 

6889 

4387 

1676 

4318 

2826 

4353 

7887 

4388 

2666 

43 1 9 

3%32 

4354 

8884I 

4389 

3656 

4320 
4321 

4837 

4355 

4356 

9882 

439° 
439i 

4645 

3-6355843 

3.6390879 

3.6425634 

4322 

6848 

4357 

1876 

4392 

6623 

4323 

7852 

4358 

2872 

4393 

7612 

4324 

8857 

4359 

3869 

4394 

8601 

4325 
4326 

986i 

4360 
4361 

3865 

4395 
4396 

9589 

3,636oS65 

3.6395861 

3.6430577 

43  2  7 

1869 

4362 

6857 

4397 

1565 

4328 

2872 

4363 

7852 

4398 

2552 

4329 

3876 

4364 

8847 

4399 

3540 

433° 
4331 

4879 

43^5 
4366 

9842 

4400 

4527 

3.0365882 

3.6400837 

4332 

6884 

4367 

1832 

4333 

7887 

4368 

2826 

4334 

8889, 

4369 

3820 

4335 

9891] 

1437° 

1     4814I 

LOGARITHMS. 

Num 

4401 

Logarithms 

Num 
4436 

Logarithms 

Num 

447  * 

Logarithms 

3'64355H 

3.6469915 

3.6504047 

4402 

6500 

4437 

3.6470894 

4472 

5018 

4403 

7487 

4438 

1873 

4473 

5989 

4404 

8473 

4439 

2851 

4474 

6960 

4405 
4406 

9459 

4440 
444i 

3830 

4475 
447  6 

7932. 

3.6508901 

3.6440445 

3.6474808 

4407 

1430 

4442 

5785 

4477 

9871 

4408 

2416 

4443 

6763 

4478 

3.6510841 

4409 

3401 

4444 

7740 

4479 

1811 

4410 
4411 

4386 

4445 
4446 

8718 

4480 
4481 

2780 

3-644537J 

9b95 

3,6513749 

4412 

6355 

4447 

3.6480671 

4482 

47*9 

4413 

7339 

4448 

1648 

4483 

5687 

4414 

83*3 

4449 

2624 

4484 

6656 

44i5 
4416 

9307 

445° 
4451 

3600 

4485 
4486 

7624 

3.6450291 

3.6484576 

3.6518593 

44i7 

1274 

4452 

5552 

4487 

9561 

4418 

2257 

4453 

6527 

4488 

3.6520528 

4419 

3240 

4454 

7502 

4489 

1496 

4420 
4421 

4223 

4455 
4456 

8477 

4490 
4491 

2463 

3.6455205 

9452 

3.6523430 

4422 

6187 

4457 

3.6490426 

4492 

4397 

442  3 

7169 

4458 

1401 

4493 

5364 

4424 

8151 

4459 

*375 

4494 

633i 

4425 
4426 

9*33 

4460 
4461 

3349 

4495 
4496 

7297 

3.6460114 

3.6494322 

3.6528263 

4427 

1095 

4462 

5296 

4497 

9229 

4428 

2076 

4463 

6269 

4498 

3.6530195 

4429 

3057 

4464 

7242 

4499 

1 1 60 

443° 

443 » 

4037 
3.6465017 

4465 
4466 

8215 

4500 

2125 

9187 

443  2 

5997 

4467 

3.6500160 

4433 

6977 

4468 

1132 

4434 

7957 

4469 

2104 

4435 

8936 

4470 

3075 1 

. 

P   2 


A  TABLE  of 

Num 
4501 

Logarithms 

Num 

453  6 

Logarithms 
3-656673° 

Num 
457* 

Logarithms 

3-^533°9° 

3.66001 12 

4502 

4055 

4537 

7688 

4572 

1062 

4503 

5019 

'4538 

8645 

4573 

2012 

4504 

59  84 

4539 

9602 

4574 

2962 

4505 
4506 

6948 

4542 
454i 

3-6570559 

4575 
4576 

3911 

3.6537912 

1515 

3.6604860 

4507 

8876 

4542 

2471 

4577 

5809 

4508 

9^39 

4543 

3427 

4578 

6758 

45°9 

3.6540802 

4544 

4383 

4579 

7706 

4.510 
451 1 

17% 

4545 
4546 

.  5339 

4580 
4581 

8655 

3.6542728 

S.65j62^4 

9603 

45*2 

369t 

4547 

7250 

4582 

3.6610551 

45J3 

4653 

4548 

8205 

4583 

*499 

45J4 

5616 

4549 

9*59 

4584 

2446 

45i5 
45l6 

6578 

455° 
4551 

3.6580114 

4585 
4586 

...  3393 

3-b547539 

1068 

3.6614340 

4517 

8501 

4552 

2023 

-4587 

5287 

4518 

9462 

4553 

2976 

4588 

6234 

45r9 

3.6550423 

4554 

3930 

4589 

7181 

4520 
4521 

1384 

4555 
4556 

4884 

459° 
459 ! 

8127 

3-65523^5 

3-6585837 

.  9°73 

4522 

33°6 

4557 

6790 

4592 

3.6620019 

4523 

4266 

4558 

7743 

4593 

0964 

4524 

5226 

4559 

8696 

4594 

1910 

4525 
4526 

6186 

4560 
4561 

9648 

4595 
4596 

2855 

3.6557145 

3.6590601 

3.6623800 

4527 

8.05 

4562 

l553 

4597 

4745 

4528 

9064 

4563 

Z5°5 

4598 

5690 

4529 

3.6560023 

4564 

3456 

4599 

6634 

453° 
453 1 

0982 

4565 
4566 

4408 

4600 

.  7578 

3.6561941 

3-6595359 

4532 

2899 

4567 

6310 

4533 

3*57 

4568 

7261 

4534 

4815 

4569 

8212 

.5     5773  ' 

457° 

9162 

1 

LOGARITHMS. 

1 

Logarithms 

Num 
4636 

Logarithms 

Num 
4671 

Logarithms  j 

3.6628522 

3.6661434 

3.6694099 

4602 

9466 

4637 

2371 

4672 

5028 

4603 

3.6630410 

4638 

33°7 

4673 

5958 

4604 

1353 

4639 

4244 

4674 

6887 

4605 
4606 

2296 

4640 
4641 

5180 
3.6666116 

4675 
4676 

7816 
3-6698745 

3,6633239 

4607 

4182 

4642 

7° 5i 

4677 

9674 

4608 

5l25 

4643 

7987 

4678 

3.6700602 

4609 

6067 

4644 

8922 

4679 

*530 

4610 
461 1 

7009 

4645 
4646 

9857 

4680 
4081 

2459 

3^37951 

3.6670792 

3-67°3386 

4612 

8893 

4647 

1727 

4682 

43  H 

4613 

9%35 

4648 

2661 

4683 

5242 

4614 

3.664.0776 

4649 

3^73595 

4684 

6169 

4615 
4616 

1717 

4650 
4651 

453° 

4685 
4686 

7096 
3.6708023 

3,6642658 

3.66754.63 

4617 

3599 

4652 

6397 

4687 

8950 

4618 

4539 

4653 

7331 

4688 

9876 

4619 

5480 

4654 

8264 

4689 

3.6710802 

4620 
4621 

6420 

4655 
4656 

9'97 
3.6680130 

4690 
4691 

1728 

3.6647360 

3.6712654 

4622 

8299 

4657 

^062 

4692 

358o 

4623 

9239 

4658 

1995 

4693 

4506 

4624 

3.6650178 

4659 

2927 

4694 

543  i 

4625 
4626 

1117 

4660 
4661 

3859 
3.6684791 

4695 
4696 

635& 

3.6652056 

3.6717281 

4627 

2995 

4662 

5723 

4697 

8206 

4628 

3933 

4663 

,   6654 

4698 

9130 

4629 

4872 

4664 

7585 

4699 

3.6720054 

4630 

463 1 

5810 

4665 
4666 

3.6688516 

4700 

0979 

3.6656748 

9447 

4632 

7685 

4667 

3.6690378 

4633 

8623 

4668 

1308 

4634 

9560 

4669 

2239 

4635 

3.6660497 

4670 

3169 

1 
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Num 
4701 

Logarithms 

Num 
4736 

Logarithms 

Num 
4771 

Logarithms 

3.6721903 

3.6754117 

3.6786094 

4702 

2826 

4737 

5034 

4772 

7004 

4703 

3750 

4733 

5951 

4773 

7914 

4704. 

\§n 

4739 

6867 

4774 

8824 

47£5 
4706 

5596 

4740 
474i 

7783 

4775 
4776 

9734 

3.6726519 

3.6758700 

3.6790643 

4707 

7442 

4742 

9615 

4777 

1552 

4708 

8365 

4743 

3.6760531 

4778 

2461 

4709 

9287 

4744 

H47 

4779 

3370 

4710 
4711 

3.6730209 

4745 
4746 

2362 

4780 
4781 

4279 

1131 

3.6763277 

3-6795^7 

47'2 

2053 

4747 

4192 

4782 

6096 

4713 

...  2974 

4748 

5107 

4783 

7004 

47H 

3896 

4749 

6022 

4784 

7912 

47 '5 
4716 

4817 

4750 
475i 

6936 

4785 
4786 

8819 

3-673573* 

3.6767850 

9727 

47"7 

6659 

4752 

8764 

4787 

3.6800634 

4718 

7579 

4753 

9678 

4788 

1541 

4719 

8500 

4754 

3.6770592 

4789 

2448 

472Q 

4721 

9420 

4755 
4756 

1505 

479° 

479 1 

3355 

3.6740340 

3.6772418 

3.6804262 

4722 

1260 

4757 

3331 

4792 

5168 

47^3 

2179 

4758 

4244 

4793 

6074 

4724 

3°99 

4759 

5157 

4794 

6980 

4725 
4726 

4018 

4760 
4761 

6069 
3.6776982 

4795 
4796 

7886 

3-6744937 

3.6808792 

4727 

5Z56 

4762 

7894 

4797 

9697 

4728 

6775 

4763 

8806 

4798 

3.6810602 

4729 

7693 

4764 

9718 

4799 

1507 

473° 
473 1 

8611 

4765 
4766 

3.6780629 

4800 

2412 

9529 

1540 

4732 

3.6750447 

4767 

2452 

4733 

i365 

4768 

3362 

4734 

2283 

4769 

4273 

4735 

3200 

477° 

5184 

LOGARITHMS. 


Num 
4801 

Logarithms 

Num 
4836 

Logarithms 
3.6844863 

Num 
4871 

Logarithms 

3.6813317 

3.6876181 

4802 

4222 

4837 

57t>i 

4872 

7°73 

4803 

5126 

4838 

6659 

4873 

7964 

4804 

6030 

4839 

7556 

4874 

8855 

4805 
4806 

6934 

4840 
4841 

8454 

4875 
4876 

9746 

3.6817838 

935* 

3.6880637 

4807 

8741 

4842 

3.6850248 

4877 

1528 

4808 

9645 

4843 

1145 

4878 

2418 

4809 

3,6820548 

4844 

2041 

4879 

3308 

4810 
48T1 

i45i 

4845 
4846 

2938 

4880 
4881 

4198 

3.6822354 

3.6853834 

3.6885088 

4812 

3256 

4847 

473o 

4882 

5978 

4813 

4159 

4848 

5626 

4883 

6867 

4814 

5061 

4849 

6522 

4884 

7756 

4815 
4816 

5963 

4850 
4851 

74i7 

4885 
4886 

H646 

3.6826865 

36*58313 

9535 

4817 

7766 

4852 

9208 

4887 

3.6890423 

4818 

8668 

4853 

3,6860103 

4888 

1312 

4819 

95^9 

4854 

0998 

4889 

2200 

4820 
4821 

3.6830470 

4855 
4856 

1892 

4890 
4891 

3089 

i37l 

3.6862787 

3.6893977 

4822 

2272 

4857 

3681 

4892 

4864 

4823 

3173 

4858 

4575 

4893 

5752 

4824 

4073 

4859 

5469 

4894 

6640 

4825 
4826 

4973 

4860 
4861 

6363 

4895 
4896 

7527 

3.6835873 

3.6867256 

3.6898414 

4827 

6773 

4862 

8149 

4897 

9301 

4828 

7673 

4863 

9043 

4898 

3.6900188 

4829 

8572 

4864 

9936 

4899 

1074 

4830 
4831 

9471 

4865 
4866 

3.6870828 

4900 

1961 

3.6840370 

1721 

4832 

1269 

4867 

2613 

4833 

2168 

4868 

3506 

4834 

3066 

4869 

4398 

4835 

3965l 

I4870 

529°! 

*  p 


/ 
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Num 

Logarithms 

Num 
4936 

Logarithms 

Num 
4971" 

Logarithms 

4901 

3.6902847 

3-693375* 

3.6964438 

4902 

3733 

4937 

4631 

4972 

5311 

49°3 

4619 

493« 

55^ 

4973 

611S5 

4904 

5505 

4939 

6390 

4974 

7058 

4925 
4900 

6390 

4940 
4941 

7269 

4975 

4976 

793i 

3.6907275 

3.6938148 

3.6968804 

4907 

8j6i 

4942 

9027 

4977 

9676 

4908 

9046 

4943 

9906 

4978 

3.6970549 

4909 

993Q 

4944 

3.6940785 

4979 

142 1 

49J-O 

49" 

3.69108x5 

4945 
4946 

1663 
3.6942541 

4980 
4981 

2293 

1699 

3-6973105 

4912 

2584 

4947 

3419 

4982 

4037 

4913 

3468 

4948 

4297 

4983 

4909 

4914 

4352 

4949 

5174 

4984 

5780 

4915 
4916 

5235 

495o 
495i 

6052 

4985 
4986 

6652 

3.6916119 

3.6946929 

3-69775^3 

49*7 

7002 

4952 

7806 

4987 

8394 

4918 

7885 

4953 

8683 

4988 

9264 

4919 

8768 

4954 

9560 

4989 

3.6980135 

4920 
4921 

9651 

49-5 
4956 

3.6950437 

4Q90 
499~i 

1005 
3.698!  876 

3.6920534 

1313 

4922 

1416 

4957 

2189 

4992 

2746 

4923 

2298 

4958 

3065 

4993 

3616 

4924 

3180 

4959 

394* 

4994 

4485 

4925 
4926 

4062 

4960 
4961 

4817 
3-6955692 

1225 
4996 

5355 

3.6924944 

3.69862^4 

4927 

5826 

4962 

656S 

4997 

7°93 

4928 

6707 

4963 

74-43 

4998 

7963 

4929 

7588 

4964 

8318 

4999 

8831 

493o 
493i 

8469 

4965 
4.966 

9l93 

5000 

970Q 

935o 

3.6960067 

4932 

3.6930231 

4967 

0942 

4933 

111 1 

4968 

1816 

4934- 

199l\ 

4969 

2690 

4935 

2872) 

4970 

3564 

1 

LOGARITHMS. 


Num 
5001 

Logarithms 

Num 
5°36 

Logarithms 

Num 
5071 

Logarithms 

3.6990569 

3.7020857 

3.7050936 

5002 

1437 

5037 

?7J9 

5072 

1792 

5003 

23°5 

5038 

2582 

5073 

2649 

5004 

3173 

5039 

3444 

5074 

3505 

5005 
5006 

4041 

5040 
5041 

43  °5 

5075 
5076 

4360 

3.6994908 

3.7625167 

3.7055216 

.  5007 

5776 

5042 

6028 

5077 

6072 

5008 

6643 

5043 

6890 

5078 

6927 

5009 

75io 

5044 

775i 

5079 

77S2 

5010 
501 1 

8377 

5045 
5046 

8612 

5080 
5081 

86 37 

9244 

9472 

9492 

5012 

3. 70001 1 1 

5047 

3-7°3°333 

5082 

3.7060347 

5013 

0977 

5048 

*m 

5083 

1201 

5014 

1843 

5049 

2054 

5084 

2055 

5015 
5016 

2709 

5050 
5051 

2914 

5085 
5086 

2910 

3-7°°3575 

3-7°33774 

3.7063764 

5017 

444i 

5°52 

4633 

5087 

4617 

5018 

5.307 

5053 

5493 

5088 

547 \ 

5019 

6172 

5054 

6352 

5089 

6324 

5020 
5021 

7037 

5055 
5056 

7212 

5090 
5091 

7x78 

3.7007902 

3.7038071 

3.7068031 

5022 

8767 

5057 

8929 

5092 

8884 

5023 

9632 

505S 

9788 

5°93 

9737 

5024 

3.7010496 

5059 

3.7040647 

5094 

3.7070589 

5025 
5026 

136J 

5060 
5061 

1505 

5095 
5096 

1442 

3.7012225 

3.7042363 

3.7072294 

5027 

3089 

5062 

3221 

5097 

3146 

5028 

3953 

5063 

4079 

5098 

399% 

5029 

4816 

5064 

4937 

5C99 

4850 

5°30 
5031 

5680 

5065 
5066 

5794 

5100 

5702 

3.7016543 

3.7046652 

5°32 

7406 

5067 

7509 

5033 

8269 

5068 

8366 

5034 

9132 

5069 

9223 

'5°35l 

9995\ 

5070 

3.7050080 
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Num 

5101 

Logarithms 

Num  |  Logarithms 

Num 
5~*T* 

Logarithms 

3-707^553 

5*3t> 

3.7106250 

3-7*35745 

5102 

7405 

5*37 

7096 

5*7* 

6585 

5103 

8256 

5138 

794i 

5*73 

7425 

5104 

9107 

5*39 

8786 

5*74 

8264 

5±°5 
5106 

9957 

5140 
5*4* 

9631 

5i75 
5*7b 

9104 

3.7080808 

3.71 10476 

9943 

5107 

j  659 

5142 

1321 

5*77 

3.7140782 

5108 

,  2509 

5143 

2165 

5178 

1620 

5109 

3559 

5H4 

3010 

5*79 

2459 

5x10 
51 11 

4209 

5H5 
5146 

3854 

5180 
5181 

3298 

3.7085059 

3.71 14698 

3.7144136 

5112 

5908 

5'47 

5542 

5182 

4974 

5**3 

6758 

5H8 

6385 

5183 

5812 

5**4 

7607 

5*49 

7229 

5184 

6650 

5**5 
5116 

8456 

5*5° 
5*5* 

8072 

5185 

5186 

7488 

93°5 

3.7118915 

37148325 

5**7 

3.7090154 

5*5* 

9759 

5187 

9162 

5118 

1003 

5*53 

3.7120601 

5188 

3.7150000 

5**9 

1851 

5*54 

1444 

5189 

0837 

5120 
5121 

2700 

5*55 
5*5^ 

2287 

5122 

5*9* 

1674 

3.7093548 

3.7123129 

3-7I525io 

5122 

4396 

5*57 

397* 

5*9* 

3347 

5123 

5244 

5*5* 

4813 

5*93 

4183 

5124 

6091 

5*59 

5655 

5*94 

5019 

5*25 
5126 

^939 

5160 
5161 

6  497 

5L95 
5*9b 

5*56 

3.7097786 

3-7**7339 

3. 7 1 5669 1 

5'27 

8633 

5162 

8180 

5*97 

7527 

5128 

9480 

5*^3 

9021 

5198 

8363 

5129 

3.7100327 

5164 

9862 

5J99 

9198 

513° 
5J3i 

1 174 

5*^5 
5166 

3.7130703 

5200 

3.7160033 

3.7102020 

*544 

5'32 

2866 

5*^7 

2385 

5*33 

37*3 

5168 

3225 

5*34 

4559 

5169 

4065 

5*35 

5404 

5*7° 

49°5 

LOGARITHMS. 

Num 
5201 

Logarithms 

Num 
5236 

Logarithms 

Num 
5271 

Logarithms 

3.7160869 

3.7189996 

3.7218930 

5202 

1703 

5237 

3.7190826 

5272 

9754 

5203 

*53% 

5238 

i655 

5273 

3.7220578 

5204 

3373 

5239 

2484 

5274 

1401 

5205 
5206 

4207 

5240 
5241 

33*3 

§111 
5276 

2225 

3.7165042 

3.7194142 

3.7223048 

5207 

5876 

5242 

4970 

5277 

3*7* 

5208 

6710 

5243 

5799 

5278 

4694 

5209 

7544 

5244 

6627 

5279 

5517 

5210 
52 1 1 

$377 

5245 
5246 

7455 

5280 
5281 

6339 

9211 

3.7198283 

3.7227162 

5212 

3.7170044 

5247 

9111 

5282 

7984 

5213 

0877 

5248 

993% 

5283 

8806 

5214 

1710 

5'249 

3.7200766 

5284 

9628 

Ell 
5216 

2543 

5250 
5251 

l593 

5285 
5286 

3.7230450 

3.7173376 

3.7202420 

1272 

5217 

4208 

5252 

3247 

5287 

2093 

5218 

5041 

5253 

4074 

5288 

2914 

5219 

5*73 

5254 

4901 

5289 

373<> 

5220 
5221 

6705 

5255 
5256 

5727 

5290 
5291 

4557 

3-7l77537 

3.7206554 

3-7*3537% 

5222 

8369 

5257 

7380 

5292 

6198 

'5223 

9200 

5258 

8206 

5293 

7019 

5224 

3.7180032 

5259 

9032 

5294 

7839 

5225 

1  ■  |l  *•   ■  1  ■ 

5226 

0863 

5260 
5261 

9S57 

5295 
5296 

8660 

3.7181694 

3.7210683 

9480 

5227 

2525 

5262 

1508 

5297 

3.7240300 

5228 

3356 

5263 

2334 

5298 

1120 

5229 

4186 

5264 

3159 

5299 

x939 

523O 
5231 

5017 

5*65 
5266 

3984 

53°° 

2759 

3.7185847 

3.7214809 

5232 

667y 

5267 

5633 

5233 

7507 

5268 

6458 

5234 

%337 

5269 

7282 

5235 

9167 

5270 

8106 

. — 

A    TABL  E    of 


'  ■"" 

Num 
530i 

Logarithms 

Num 
5336 

Logarithms 

Num\ 

Logarithms 

3.7243578 

3.7272158 

5371   3-73°°55I 

53<>2 

4397 

5137 

2972 

5372 

1360 

5303 

5216 

533$ 

3786 

5373 

2168 

5304 

6035 

5339 

4599 

5374 

2977 

53°6 

6854 

53J2 
534i 

54«3 

5375 
5376 

3785 

3-j*A7672 

3.7276226 

3-73°4593 

5307 

8491 

5342 

7°39 

5377 

5400 

5308 

93°9 

5343 

7852 

537$ 

6208 

53°9 

3.7250127 

5344 

8664 

5379 

7OI5 

5310 
53" 

0945 

5345 
5346 

9477 

538Q 
538i 

7823 

3-725^763 

3.7280290 

3.7308630 

5312 

2581 

5347 

1 102 

5382 

9437 

5313 

3398 

5348 

1914 

5383 

3.7310244 

53*4 

4215 

5349 

2726 

5384 

105 1 

53i5 
53*6 

5033 

5352 
5351 

3538 

5385 
5386 

1857 

3.7255850 

37284349 

3-73I2663 

53i7 

6667 

5352 

5161 

5387 

347° 

53i8 

7483 

5353 

5972 

5388 

4276 

53i9 

8300 

5354 

6784 

5389 

5082 

5320 
532i 

9116 
9933 

5355 
5356 

7595 

539° 
5391 

5888 

3.7288406 

3.7316693 

5322 

3.7260749 

5357 

9216 

5392 

7499 

5323 

1565 

5358 

3.7290027 

5393 

8304 

5324 

2380 

5359 

0838 

5394 

9lo9 

5325 
5326 

3196 

536o 
536* 

1648 
3.7292458 

5395 
5396 

9914 

3.7264012 

3.7320719 

5327 

4827 

5362 

3268 

5397 

1524 

5328 

5642 

5363 

4078 

5398 

2329 

5329 

6457 

53  64 

4888 

5399 

3I33 

5330 
3331 

7272 

53^5 
5366 

5^97 

5400 

3938 

3.7268087 

3.7296507 

'  ' 

3332 

8901 

5367 

7316 

3333 

9716 

536.8 

8125 

3534 

3.7270530 

5369 

$934 

5336 

1344 

537° 

9743! 

LOGARITHMS. 


Num 

5401 
5402 

5403 
5404 
54£5 
5406 

5407 
5408 

5409 
5410 

54i  1 

5412 

5413 
54'4 
5415 
5416 

5417 
5418 

5419 
5420 

5421 

5422 

5423 
5424 
5425 
5426 

5427 
5428 

5429 
5430 

543 1 
5432 
5433 
5434 
5435 

Logarithms 

Num 

5436 

5437 

543s 

5439 
544o 

544i 
5442 
5443 
5444 
5445 
5446 

5447 
5448 

5449 

5450 

545 » 
5*52 
5*53 
5454 

5455 

5456 

5457 
5458 

5459 
5460 

5461 
5462 
5463 
5464 
5465 
5466 
5467 
5468 
5469 
547° 

Logarithms 

|  Num 

5471 
5472 

5473 
5474 
5475 

5476 

5477 
5478 

5479 
5480 

548i 
5482 

5483 
5484 
5485 
5486 

5487 
5488 

5489 
549° 

549  « 
5492 
5493 
5494 
5495 

5496 
5497 
5498 

5499 
5500 

Logarithms 

3.7324742 
5546 
6350 
7*53 
7957 

3.7352794 

3593 
4392 
5I91 
5989 

■3.7380667 
1461 
2254 
3048 
3841 

3.7328760 
9564 

3-733°367 
1 1 70 

1973 

3-735^7s7 
7585 

8383 
9181 

9979 

3-7384634 

5427 
6220 

7013 

7806 

3-7388598 

939° 
3.7390182 

0974 

1766 

3-733^-775 
3578 
4380 

5182 
5985 

3.7360776 

*57* 
2371 

3168 
3965 

3-73367s7 
7588 
8390 
9191 

9993 

3.7364762 
555s 
6355 
7i5i 
7948 

3.7368744 
9540 

3-7370335 
1131 

1926 

3.7372722 

3517 
4312 

5l°7 
5902 

3-7392558 

3350 
4141 

4932 

5723 

3.7340794 

l595 
2396 

3*97 
3997 

3-73965I4 

73°5 
8069 

8886 
9677 

3-734*79* 

559s 
6398 

7198 
7998 

3.7400467 

1257 
2047 

2837 

3627 

37348798 

9598 

3-735°397 
1 196 

l995 

3.7376696 

749 l 
8285 

9079 
9873 

A  TABL£  of 

Num 
l5°* 

Logarithms 

Num 

553~6 

Logarithms 

Num 
5571 

Logarithms 

3,7404416 

3,7431961 

3-745933* 

5502 

5206 

5537 

2745 

557* 

3.74601 1 1 

55°3 

5995 

5538 

353° 

5573 

0896 

5504 

67U 

5539 

43  H 

5574 

1670 

On  lOn 

On   On 

O     O 

OMOn 

7573 

554o 
554i 

5098 

5575 
5576 

2449 

3.7408362 

3.7435881 

3,7463228 

5507 

9X5J 

5542 

6665 

5577 

4006 

5508 

9939 

5543 

74-49 

5578 

4785 

5509 

3.7410728 

5544 

8232 

5579 

5564 

5510 
5511 

1516 

5545 
5546 

90x5 

5580 
558i 

6342 

3.7412304 

9799 

3.7467120 

55*2 

3092 

5547 

3.7440582 

5582 

7898 

55i3 

3880 

5548 

1365 

5583 

8676 

55H 

4668 

5549 

2147 

5584 

9454 

5515 
55*6 

5455 

555o 

555'1 

2930 

5585 
5586 

3.7470232 

3.7416243 

3-7443712 

1009 

55^7 

7030 

5552 

4495 

5587 

1787 

55i8 

7817 

5553 

5277 

5588 

2564 

55l9 

8604 

5554 

6059 

5589 

334i 

55°~o 
55** 

•  9391 

5555 
5556 

6841 

559° 
5591 

4118 

3.7420177 

3.7447622 

3.7474895 

5522 

0964 

5557 

8404 

559* 

5672 

5523 

r75Q 

555% 

9185 

5593 

6448 

5524 

2537 

5559 

9967 

5594 

7225 

5525 
5526 

3323 

5560 
55^ 

3.7450748 

5595 
5596 

8001 

3.7424109 

J529 

3-7478777 

5527 

4895 

556* 

2310 

5597 

9553 

5528. 

5680 

5563 

3091 

5598 

3.7480329 

5529 

6466 

5564 

3871 

5599 

1 105 

553o 
553' 

7251 

5565 
5566 

4652 

5600 

1880 

3.7428037 

37455432 

5532 

8822 

55^7 

6212 

5511 

9607 

5568 

6992 

5534 

37430392 

5569 

7772 

J  5535 

1176 

557o 

8552 

LOGARITHMS. 


Num 

5601 
5602 
5603 
5604 
5605 
5606 
5607 
5608 
5609 
5610 
561 1 
5612 
5613 
5614 
5615 
5616 

5617 
5618 
5619 
5620 

5621 
5622 
5623 
5624 

5625 
5626 
5627 
5628 
5629 

5631 
5632 

5633 
5634 
5635 

Logarithms 

Num 

5636 
5637 
5638 

5^39 
5640 

5641 
5642 
5643 
5644 
5645 
5646 

5647 
5648 

5649 
5650 

J651 
5652 
5653 
5654 
5655 

5656 

5657 
5658 

5^59 
5660 

5661 
5662 
5663 
5664 
5665 

5666 
5667 
566$ 
5669 
5670 

Logarithms 

Num 

5671 
5672 

5^73 
5674 
5(>75 
5676 

5^77 
5678 

5^79 
5680 

5681 
5682 
5683 
5684 

5685 
5686 
5687 
5688 

5689 
5690 

5691 
5692 

5^93 
5694 
5695 
5696 

5^97 
5698 

5699 
5700 

Logarithms 

3.7482656 

343 1 
4206 

4981 
575^ 

3.7509710 

3.7510480 

1251 

2021 

2791 

3-7536596 
7362 

8128 

8893 

9^59 

3.7486531 
7306 
8080 
8854 
9629 

3-75*356* 

4-33* 
5100 

5870 

6639 

3.7540424 
1189 

J954 
2719 

3483 

3.7490403 
1177 
1950 

2724 
3498 

3.7517409 
8178 
8947 
9716 

3.7520484 

3.7544248 
5012 

5777 
654i 
7305 

3.7494271 
5044 

5817 
6590 

7363 

*253 

2022 
2790 

3558 

4326 

3.7548069 
8832 

9596 

3-7550359 
11.23 

3.7498136 
8908 
9681 

3.7500453 
1225 

3.7525094 

5862 

6629 

3397 
8164 

3.7551886 
2649 
3412 
4175 
4937 

3-7501997 
2769 

354i 
4312 
5084 

3-7528932 

9699 
3.7530466 

1232 

1999 

3-7555700 
6462 
7224 
7987 
8749 

3-7505^55 
6626 

7398 
8168 

8939 

3.7532706 

3532 
4298 
5065 

5831 

1 

A  TABLE  6i 

I 

Num 
57°* 

Logarithms 

Num 
5736 

Logarithms 

Num 
5771 

Logarithms 

3-7559510 

3.7586091 

3.7612511 

57°2 

3.7560272 

5737 

6848 

577* 

3263 

5703 

1034 

573* 

7605 

5773 

4016 

57°4 

1 795 

5739 

8362 

5774 

4768 

5721 
5706 

*556 

5740 
574i 

9119 

5775 
5776 

5520 

i-75633l* 

9*75 

3.7616272 

57°7 

4079 

5742 

3.7590632 

5777 

7024 

57o8 

4840 

5743 

1388 

577* 

7775 

57°9 

5600 

5744 

2144 

5779 

8527 

57i° 
5711 

6361 

5745 
5746 

2900 

5780 
578i 

9278 

3.7567122 

3-7593656 

3.7640030 

5712 

7882 

5747 

4412 

5782 

0781 

57J3 

8642 

5748 

5I68 

57*3 

1532 

57*1 

9402 

5749 

5923 

57*4 

2283 

57*5 
57l6 

3.7570162 
0922 

575o 
575i 

6678 

57*5 
5786 

3°34 

3-7597434 

3.7623784 

5717 

1682 

5752 

8189 

57*7 

4535 

57i8 

2441 

5753 

8944 

57** 

5285 

57l9 

3201 

5754 

9699 

$7*9 

6035 

5720 
5721 

3960 

5755 
5756 

3.7600453 

579° 
5791 

6786 

3-7574/19 

1208 

3.7627536 

5722 

5479 

5757 

1962 

5792 

8286 

5723 

6237 

575* 

2717 

5793 

9°35 

5724 

6996 

5759 

347i 

5794 

97*5 

5725 
5726 

7755 

5760 
576i 

4225 

5795 
5796 

3-763°534 

3-757%5i3 

3.7604979 

1284 

5727 

9272 

576z 

5733 

5797 

2033 

5728 

3.7580030 

5763 

6486 

579* 

2782 

5729 

0788 

5764 

7240 

5799 

353^ 

573" 
5731 

1546 

5765 
5766 

7993 

3.7608746 

5800 

4280 

3.7582304 

5732 

3062 

5767 

9500 

5733 

3819 

5768 

3.7610253 

5734 

4577 

5/69 

1005 

5735 

5334 

577o 

*75* 

LOGARITHMS, 


Num 

5801 
5802 
5803 
5804 
58©5 
5806 
5807 
5808 
5809 
5810 

5811 

5812 

5813 
5814 

5815 
5816 

5817 
5818 

5819 
5820 

5821 
5822 
5823 
5824 
5825 
5826 
5827 
5828 
5829 
5830 

5831 
5832 

5833 
5834 
5835 

Logarithms 

Num 

5836 

5837 

5838 

5839 
5840 

5841 
5842 

5843 
5844 
5845 
5846 

5847 
5848 

5849 
5850 

5S5* 
5852 

5^53 
5854 
5855 
5856 

5857 

5*58 

5*59 
5860 

5861 
5862 
5863 
5864 

5865 
5866 
5867 
5868 
5869 
5870 

Logarithms 

Num 

5871 
5872 

5873 
5874 
5875 
5876 

5877 
5878 

5879 
5880 

5881 
5882 
5883 
5884 
5885 
5886 
5887 
5888 
5889 
5890 

5891 
5892 

5893 
5894 
5895 
5896 

5897 
5898 

5899 
5900 

Logarithms 

3.7635029 

5777 
6526 

72  74 
8022 

3.7661153 
1897 

264I 

3385 
4128 

3.7687121 
7860 
8600 

9339 
37690079 

3.7638770 
9518 

3.7640266 
1014 
1761 

3.7664872 
5616 

^359 
7102 

7845 

0818 

1557 
2296 

3035 
3773 

3.7642509 

3256 
4003 

475o 

5497 

3.7668588 

9331 
3.7670074 

0816 
1559 

376945'2 
5250 
5988 
6727 

7465 

3.7646244 
6991 

7737 
8484 

9230 

3.7672301 

3043 

3785 

4527 
5269 

3.7698203 
8940 
9678 

3.7700416 

"53 

9976 

3.7650722 
1468 
2214 

2959 

3.7676011 

6752 

7494 

8235 
8976 

3.7701890 
2627 

3364 
4101 

4838 

37653705 
445° 
5195 
594-1 
6686 

37657430 
8175 
8920 
9664 

3.7660409 

9717 
3.7680458 
1199 
1940 
2680 

3-77°5575 
63 1 1 

7048 

7784 
8520 

3.7683421 
4161 
4901 

5641 
6381 

* 


0. 


■i 

A.  TABLE  of 

Num 
5901 

Logarithms 

Num 
5936 

Logarithms 

Num 
T97* 

"  Logarithms 

3.7709256 

3-7734939 

3.7760471 

5902 

9992 

5937 

5670 

5972 

1 198 

59°3 

3.7710728 

593* 

6402 

5973 

1925 

59°4 

.  1463 

5939 

1*33 

5974 

2652 

59p_5 
5906 

2199 

5940 
594i 

7864 

5975 
597b 

3379 

3.7712934 

3-773$596 

3.7764106 

59°7 

3670 

5942 

9326 

5977 

4833 

5908 

44-05 

5943 

3.7740057 

5978 

5559 

59°9 

5140 

5944 

0788 

5979 

6286 

5910 
59 ll 

5875 

5945 
5946 

15*9 

5980 
5981 

7012 

3.7716610 

3.7742249 

3.7767738 

5912 

7344 

5947 

2979 

5982 

8464 

59*3 

8079 

5948 

37io 

59H 

9190 

59*4- 

8813 

5949 

4440 

5984 

9916 

5915 
5916 

9547 

595o 
595* 

5170 

5985 
5986 

3.7770642 

3.7720282 

3.7745899 

1367 

59*7 

1016 

5952 

6629 

5987 

2093 

5918 

i75o 

5953 

7359 

5988 

2818 

5919 

2483 

595\ 

8088 

5989 

3543 

5920 
5921 

3217 

5955 
5956 

8818 

599° 
599  * 

4268 

3-772395* 

9547 

3-7774993 

5922 

4684 

5957 

3.7750276 

5992 

57i8 

5923 

5417 

595* 

1005 

5993 

6443 

5924 

6150 

5959 

1734 

5994 

7167 

59*5 
5926 

6884 

5960 
5961 

2463 

5995 
5996 

7892 

3.7727616 

3-7753*9* 

3.7778616 

5927 

8349 

5962 

3920 

5997 

9340 

5928 

9082 

5963 

4648 

5998 

3.7780065 

5929 

9814 

596* 

53  76 

5999 

0789 

593° 
5931 

3-7730547 

5965 
5966 

6104 

6000 

1512 

1279 

3.7756832 

5932 

201 1 

5967 

7560 

5933 

2  743 

5968 

8288 

5934 

3475 

5969 

9016 

5935 

4207 

597° 

9743 

, 

L 

OGARITHMS. 

Num 
6001 

Logarithms 

Num 

Logarithms 

Num, 
6071 

Logarithms 

3.7782236 

6036 

3.7807492 

3.7832602 

6002 

2960 

6037 

8212 

6072 

33^ 

6003 

3683 

6038 

8931 

6073 

4033 

6004 

4407 

6039 

9650 

6074 

4748 

6005 
6006 

513° 

6040 
6041 

3.7810369 

6075 
6076 

5463 
3.7836178 

3-7785853 

1088 

6007 

6576 

6042 

1807 

0077 

6892 

600S 

7299 

6043 

2526 

6078 

7607 

6009 

8022 

6044 

3245 

0079 

8321 

6010 

6o77 

8745 

6045 
•  6046 

3963 

6080 
6081 

9036 

3.7789467 

3.7814681 

975o 

6012 

3.7790190 

6047 

5400 

6082 

3.7840464 

6013 

0912 

6048 

6118 

6083 

1178 

6014 

1634 

6049 

6836 

6084 

1892 

6015 
6016 

2356 

6050 
6051 

7554 

6085 
6086 

2606 

3.7793078 

3.7818272 

3-78433I9 

6017 

3800 

6052 

8989 

6087 

4-33 

6018 

4522 

6053 

9707 

6088 

4746 

6019 

5243 

6054 

3.7820424 

6089 

5460 

6020 
6021 

5965 

6055 
6056 

1141 

6090 
6091 

6173 

3.J7C)66$6 

3.7821859 

3.7846886 

6022 

7408 

6057 

2576 

6092 

7599 

6023 

8129 

6058 

3293 

6093 

8312 

6024 

8850 

6059 

4010 

6094 

9024 

6025 

6026 

957i 

6060 

6061 

4726 

6095 
6096 

9737 

3.7800291 

3.7825443 

3.7850450 

6027 

1012 

6062 

6159 

6097 

1 162 

6028 

1732 

6063 

6876 

6og8 

1874 

6029 

2453 

6064 

7592 

6099 

25U 

6030 

60JI 

3175 
3.7803893 

6065 
6066 

8308 

6100 

3298 

3.7829024 

6032 

4613 

6067 

9740 

6°33 

5333 

6068 

3.7830456 

6034 

60 '53 

6069 

1 171 

6035 

6773\ 

6070     1887 

0.2 


A    TABLE    of 


Num  | 
6101 

Logarithms 

Num 
6136 

Logarithms 

Num\  Logarithms\ 

3.7854010 

3-7*7**53 

6iji 

3-79°3555 

6102 

4722 

6137 

9561 

6172 

4*59 

6103 

5434 

61.38 

3.7880269 

6*73 

4963 

6104 

6145 

6139 

0976 

6174 

5666 

6105 
6106 

6857 

6140 
614.1 

1684 

6^75 
6176 

6370 

3-7857568 

3.7882391 

3.7907073 

6107 

8279 

6142 

3098 

6177 

7776 

6108 

8990 

6i43 

3805 

6178 

8479 

6109 

9701 

6144 

4512 

6179 

9182 

6110 
61 1 1 

3.7860412 

6145 
6146 

5219 

6180 
6181 

9885 

1123 

3.7885926 

3.7910587 

6112 

ig33 

6147 

6632 

6182 

1290 

6113 

2544 

6148 

7339 

6183 

1992 

6x14 

3254 

6149 

8045 

6184 

2695 

6115 
6116 

3965 

6150 

875i  1 
9457 

6185 
6186 

3397 

3.7864675 

3.7914099 

6117 

5385 

6152 

3.7890163 

6187 

4801 

6118 

6095 

6153 

0869 

6188 

5503 

6119 

6805 

6154 

^575 

6189 

6205 

!6l20 
6l  2  I 

75H 

6155 
6156 

2281 
3.7892986 

6190 
6191 

6906 

3.7868224 

3.7917608 

6l22 

8933 

6*57 

3691 

6192 

8309 

6123 

9643  ' 

6158 

4397 

6193 

901 1 

6124 

3.7870352 

6159 

5102 

6194 

9712 

6125 
6126 

1061 

6160 
6161 

5807 

6195 
6196 

3.7920413 
1114 

3.7871770 

3.7896512 

,6127 

2479 

6162 

7217 

6197 

1815 

6l28 

3188 

6163 

7922 

6198 

2516 

6129 

3896 

6164 

8626 

6199 

3216 

6l30 
6131 

4605 

6165 

6i66 

933i 

6200 

39*7 

3-78753J3 

3.7900035 

6132 

6021 

6167 

0739 

6l33 

6730 

6168 

1444 

6134 

7438 

6169 

2148 

PI35 

8i46, 

6170 

2852 

LOGARITHMS. 


Num 
6201 

Logarithms 

Num 
6236 

Logarithms 

Num 
6271 

Logarithms 

3.7924617 

3.7949061 

i-7973368 

6202 

53i8 

6237 

9757 

6272 

4060 

6203 

6018 

6238 

3-795°454 

6273 

4753 

6204 

6718 

6239 

1150 

6274 

5445 

6205 
6206 

7418 

62  40 
6241 

1846 

6275 
62  6 

137 

3.7928118 

3.7952542 

3.7976829 

6207 

8817 

6242 

3238 

6277 

752i 

6208 

9517 

6243 

3933 

6278 

8213 

6209 

3.79302(7 

6244 

4629 

6279 

8905 

6210 
62 1 1 

0916 

6245 
6246 

5324 
3.7956020 

6280 
62T1 

9596 

3-793»6i5 

3.79802  88 

6212 

2314 

6247 

6715 

6282 

0979 

6213 

3014 

6248 

7410 

6283 

1671 

6214 

3712 

6249 

8105 

6284 

2362 

6_2_i5 
6216 

441 1 

6250 
6251 

8800 

6285 
6286 

3953 

3-7935"° 

94y5 

3-7983744 

6217 

5809 

6252 

3.7960190 

6287 

4435 

6218 

6507 

6253 

08841 

6288 

5125 

6219 

7206 

6254 

1579 

6289 

5816 

6220 
6221 

7904 

6255 
6256 

2273 

629O 
629I 

6506 

3.7938602 

3.7962967 

'3.7987197 

6222 

9300 

6257 

3662 

6292 

7887 

6223 

9998 

6258 

4356 

6293 

8577 

6224 

3.7940696 

6259 

5050 

6294 

9267 

6225 
6226 

1394 

6260 
6261 

5743 

62£5 
6296 

9957 

3-  794209  i 

3.7966437 

3-799°°47 

6227 

2789 

6262 

7lil 

6297 

1337 

6228 

3486 

6263 

7824 

6298 

2027 

6229 

4183 

6264 

8517 

6299 

2716 

6230 
6231 

4880 

6265 
6266 

9211 

63OO 

3405 

3-7945578 

9904 

6232 

6274 

6267 

3-7970597 

6233 

6971 

6268 

1290 

6234 

7668 

6269 

1983 

6235 

1    8365 

6270 

2675 

1 

■ 

Q. 


A    TABLE      of 


Num 
630. 

Logarithms 

3<799i°95 

6302 

4784 

6303 

5473 

6304 

6162 

63°5 
6306 

6851 

3.7997540 

6307 

8228 

6308 

8917 

6309 

9605 

6313 
63 1 1 

3.8000294 

0982 

6312 

1670 

0313 

2358 

6314 

3046 

6315 
6316 

3734 

3.80041.21 

0317 

5109 

6318 

5796 

6319 

6484 

6320 
6321 

7171 

3.8007858 

6322 

8545 

6323 

9232 

6324 

9919 

6325 
6326 

3.8010605 

1292 

6327 

'978 

6328 

2065 

6329 

33n 

633l 

4037 

3.8014723 

b33^ 

54°9 

6333 

6095 

6334 

6781 

t-135 

7466 

Num 
6336 

Logarithms 

3.8018152 

6337 

8837 

t>33* 

9522 

6339 

3.8020208 

6340 
6341 

0893 

3.8021578 

6342 

2262 

6343 

2947 

6344 

3632 

6345 
6346 

43 !  6 

3.8025001 

6347 

5685 

6348 

6369 

6349 

7°53 

^3.50 
635* 

1731 

3.8028421 

6352 

9105 

6353 

9789 

6354 

3.8030472 

6355 
6356 

1156 

3.8031839 

6357 

2522 

b3& 

3205 

6359 

3888 

6360 
6361 

4571 

3.8035254 

6362 

5937 

&363 

6619 

6364 

7302 

6365 

7984 

6366 

3.8038666 

6367 

9348 

6368 

3.8040031 

6369 

0712 

6370 

i.39l 

Num 

6371 

6372 

63?3 
6 37 4 
6375 
6376 

6377 
637$ 

6379 
6380 

6381 
6382 
6383 
6384 
6385 
6386 
6387 
6388 
6389 
6390 

6391 
6392 

6393 
6394 
^395 

6396 

6397 
6398 

6399 
6400 


Logarithms 

3.8042076 
2758 

3439 
4121 

4802 

3.8045483 
6164 
6845 
7526 
8207 

3^8048887 
9568 

3.8050248 
0929 
1609 

3.8052289 
2969 

3649 
4329 

5Q°9 
3.8055688 
6368 
7047 
7726 

8405 
3.8059085 

9763 
3.8060442 

1 121 

i8oq 


LOGARITHMS. 

Num 
6401 

Logarithms 

Num 
64.36 

Logarithms 
3.8086160 

Num  | 
6471 

Logarithms 
3.8109714 

3.8062478 

6402 

3J57 

6437 

6835 

6472! 

3.8110385 

6403 

3835 

6438 

75*0 

6473 

1056 

6404 

.  45x3 

6439 

8184 

6474 

1727 

6405 
6406 

5i9l 

6440 
6441 

8859 

6475 
6476 

2398 

3.8065869 

9533 

3.8113068 

6407 

6547 

6442 

3.8090207 

6477 

3739 

6408 

7225 

6443 

0881 

6478 

4409 

6409 

79°3 

6444 

1555 

6479 

5080 

6410 
6411 

8580 

6445 
6446 

2229 

6480 
6481 

5750 

3.8069258 

3.8092903 

3.8116420 

6412 

9935 

6447 

3577 

6482 

7090 

6413 

3.8070612 

6448 

4250 

6483 

7760 

6414 

1290 

6449 

4924 

6484 

8430 

6415 
6416 

1967 

6450 
6451 

5597 
3.8096270 

6485 
6486 

9 1 00 

3..8072644 

9769 

6417 

332° 

6452 

%44 

6487 

3.8120439 

6418 

3997 

6453 

7617 

6488 

1108 

6419 

4674 

6454 

8290 

6489 

i    l77* 

6420 
6421 

535° 
3.8076027 

6455 
6456 

8962 

6490 
6491 

2447 

9635 

3.8123116 

6422 

6703 

6457 

3.8100308 

6492 

3785 

6423 

7379 

6458 

0980 

6493 

4454 

6424 

8055 

6459 

1653 

6494 

5»23 

6425 
642  b 

873* 

9407 

64.60 
64.61 

2325' 

6495 
6496 

5792 

3.8102997 

6460 

6427 

3.8080083 

64.62 

3670 

6497 

3.8127129 

6428 

°759 

64.63 

4342 

6498 

7797 

6429 

1434 

6464 

5ol3 

6499 

8465 

6430 

643 1 

2110 

6465 
6466 

5685 

6500 

9*34 

3.8082785 

3.8106357 

6432 

3460 

6467 

7029 

6±33 

4136 

6468 

7700 

6434 

4811 

6469 

8371 

|6435 

5485 

6470 

9°43 

0.4 


A  TABLE  of 

Num 
6501 

Logarithms  [ 

Num 
6536 

Logarithms 

Num 
6571 

Logarithms 

3.8129802 

3.8153120 

3.8176315 

6502 

3.8130470 

6537 

3785 

6572 

6976 

b5°3 

1138 

653* 

4449 

6573 

7636 

6504 

1805 

6539 

5H3 

6574 

8297 

6505 
6506 

2473 

6540 
654i 

5777 

<>575 
6576 

8958 

3-8l33I4I 

3. 8 1 56441 

9618 

6507 

3808 

6542 

7io5 

6577 

3.8180278 

6508 

4475 

6543 

7769 

6578 

0939 

6509 

5143 

6544 

8433 

6579 

*599 

6510 
651 1 

5810 

6545 
6546 

9096 

6580 
6581 

2259 

3.8136477 

9760 

3.8182919 

6512 

7H4 

6547 

3.8160423 

6582 

3579 

65*3 

7811 

6548 

1087 

6583 

4239 

6514 

8478 

6549 

i75o 

6584 

4898 

65*5 
6516 

9144 

6550 
6551 

2413 

6585 
6586 

5558 

9811 

3.8163076 

3.8186217 

65*7 

3.8140477 

655* 

3739 

6587 

6877 

6518 

1 144 

6553 

4402 

6588 

7536 

6519 

1810 

6554 

5o64 

6589 

8195 

6520 
6521 

2476 

^555 
6556 

5727 

6590 
6S9l 

8854 

3.8 143 142 

3.8166389 

95i3 

6522 

3808 

6557 

7052 

6592 

3.8190172 

6523 

4474 

6558 

77J4 

6593 

0831 

6524 

5140 

6559 

8376 

6594- 

H89 

6526 

5805 

6560 
6561 

9038 

^595 
6596 

2148 

3.8 14647 1 

9700 

3.8192806 

6527 

7136 

6562 

3.8170362 

6597 

3465 

6528 

7801 

6563 

1024 

6598 

4123 

6529 

8467 

6564 

1686 

6599 

4781 

653° 
6531 

9132 

t>565 
6566 

2347 

6600 

5439 

9797 

3.8173009 

6532 

3.8150462 

6567 

3670 

6  53  3 

H27 

6568 

433i 

6534 

1791 

^569 

4993 

6535 

2456 

6570 

5654 

LOGARITHMS. 

Num 
0601 

Logarithms 

Num 
6636 

Logarithms 
3.8219064 

:  Num 
'6671 

Logarithms 

3.8196097 

3.8241909 

6602 

6755 

6637 

9718 

,6672 

2560 

6603 

74*3 

6638 

3.8220372 

(6673 

3211, 

6604 

8071 

6639 

1027 

,6674 

3862 

6605 
6606 

8728 

6640 
6641 

1681 

16675 
(6676 

4513 

9386 

3.8222335 

3.8245163 

6607 

3.8200043 

6642 

2989 

\66yy 

5814 

6608 

0700 

6643 

3643 

6678 

6464 

6609 

1358 

6644 

4296 

'6679 

7114 

6610 
6677 

2015 
3.8202672 

6645 
6646 

4950 

6680 
6681 

7765 

3.8225603 

3.8248415 

6612 

3328 

6647 

6257 

6682 

9065 

6613 

3985 

6648 

6910 

6683 

97*5 

6614 

4642 

6649 

7563 

6684 

3.8250364 

6615 

6616 

5298 

6650 
6651 

8216 

6685 
6686 

1014 

3.8205955 

3.8228869 

3.8251664 

6617 

6611 

6652 

9522 

6687 

n*3 

6618 

7268 

6653 

3-8230175 

6688 

2963 

6619 

7924 

6654 

0828 

6689 

3612 

6620 
6621 

8580 

6655 
6656 

1481 

6690 
6691 

4261 

3.8209236 

3-8232133 

3.8254910 

6622 

9892 

66$j 

2786 

6692 

5559 

6623 

3.8210548 

6658 

3438 

6993 

6208 

6624 

1203 

6£>59 

4090 

6694 

6857 

6625 

6626 

1859 

6660 
6661 

4742 

3-8235394 

6695 
6696 

7506 

3.8212514 

3.8258154 

6627 

3170 

6662 

6046 

6697 

8803 

6628 

3825 

6663 

6698 

6698 

9451 

6629 

4480 

6664 

735o 

6699 

3.8260100 

6630 

6631 

5*35 

6665 
6666 

8002 

6700 

0748 

3.8215790 

3.8238653 

6632 

6445 

6667 

93°5 

6633 

7100 

6668 

995^ 

6634 

7755 

6669 

3.8240607 

6635 

8409 

6670 

1258; 

A.  TABLE  of 

^ 

Num 
6yoi 

Logarithms 
3.8261396 

Num\ 
67J6 

Logarithms 

Num 
6771 

Logarithms 

3.8284021 

3.8306528 

6702 

2044 

^737 

4665 

6772 

7169 

6703 

2692 

6738 

53*° 

6773 

7811 

6704 

3340 

^739 

5955 

6774 

8452 

6705 
6706 

3988 

6740 
6741 

6599 

6775 
6776 

9°93 

3,8264635 

3,8287243 

9734 

6707 

5^3 

6  742 

7887 

6777 

3^3io375 

6708 

5931 

6743 

%532 

7778 

1016 

6709 

6572 

6744 

9176 

6779 

1656 

6710 
6711 

7225 

6745 
6746 

9820 

6780 
6781 

2297 

3,8267872 

3,8290463 

3.S312937 

6712 

8519 

6747 

1 107 

6782 

357s 

6713 

9166 

6748 

i75i 

6783 

4218 

6714 

9813 

6749 

2394 

6784 

4858 

6716 

3.8270460 

6750 
675i 

3°3% 

6785 
6786 

5499 

1 107 

3.8293681 

3.8316139 

6717 

1753 

6752 

4324 

67871 

6778 

6718 

2400 

^753 

4967 

6788 

74iS 

6719 

3046 

6754 

561 1 

6789 

8058 

6720 
6721 

3^93 

6_7_$$ 
6756 

6254 
3,8296896 

6790 
6791 

8698 

3-8274339 

3-%3l9337 

6722 

4985 

6757 

7539 

6792 

9977 

6723 

563* 

6758 

8182 

6793 

3.8320616 

0724 

6277 

6759 

8824 

6794 

**55 

6725 
6726 

6923 

6760 
6761 

9467 

6795 
6y<j6 

1895 

3.8277569 

3.8300109 

3.8322534 

6727 

8214 

6762 

0752 

679y 

3l73 

6728 

8860 

6763 

1394 

6798 

3812 

6729 

9505 

6764 

2036 

6799 

4450 

6730 
6731 

3.8280151 

6y6s 
6766 

2678 
3.8303320 

6800 

5089 

0796 

6732 

1 441 

6767 

3962 

6733 

2080 

■  6y6'3 

4603 

6734 

2731 

6y6g 

5245 

6735 

3376 

6770 

5887 

LOGARITHMS. 

Num 
6801 

Logarithms 

Num 
6836 

Logarithms 

Num 
6871 

Logarithms 
3.8370199 

3.8325728 

3.8348021 

6802 

6366 

6837 

8656 

6872 

0832 

6803 

7005 

6838 

9291 

6873 

1463 

6804 

7% 

6839 

9926 

6874 

2095 

680^ 
6806 

8281 
3.8328919 

6840 
6841 

3.8350561 

6875 
6876 

2727 

1196 

3-S373359 

6807 

9558 

6842 

1831 

6877 

399° 

6808 

3-%330*95 

6843 

2465 

6878 

4622 

6809 

°833 

6844 

3100 

6879 

5253 

68  io 
6811 

1471 

6845 
6846 

3735 

6880 
6881 

5884 

3.8332109 

3-8354369 

3-8376516 

6812 

2746 

6847 

5°°3 

6882 

7J47 

6813 

3384 

6848 

563* 

6883 

7778 

6814 

4021 

6849 

6272 

6884 

8409 

6815 
6816 

4659 

6850 
6851 

6906 

6885 
6886 

9°39 

3.8335296 

3.8357540 

9670 

6817 

5933 

6852 

8174 

6887 

3.8380301 

6818 

6570 

6853 

8807 

6888 

0931 

6819 

7207 

6854 

9441 

6089 

1562 

6820 
6821 

7844 

6855 
6S56\ 

3.8360075 
0708 

6890 
6891 

2192 

3.8338480 

3.8382822 

6822 

9117 

6857     *34i 

6892 

3453 

6823 

9754 

6858 

l975. 

6893 

4083 

6824 

3.8340390 

6859 

2608 

6894 

4713 

6825 
6826 

1027 
3.8341663 

6860 
6861 

324i 

6895 
6896 

5343 

3.836387^ 

3-^3^5973 

6827 

2299 

6862 

4-507 

6897 

6602 

6828 

2935 

6863 

5140 

6898 

7232 

6829 

357* 

6864 

5773 

6849 

7861 

6^30 
6831 

4207 

6865 
6866 

6405 

'  6900 

849  * 

3.8344843 

3.8367038 

6832 

5479 

6S67 

7670 

- 

6833 

6114 

6868 

«3°3 

6834 

6750 

6869 

$935 

^35 

7385 

6870 

95<>7 

A  TABLE  of 

• 

Num 
6901 

Logarithms 

Num 
693  6 

Logarithms 

Num 
6971 

Logarithms 

3.8389120 

3.841 1091 

3.8432951 

6902 

9750 

6937 

1717 

6972 

3574 

6903 

3^39°379 

6938 

2343 

6973 

4197 

6904 

1008 

6939 

2969 

6974 

4819 

6905 
6906 

1637 

6940 
6941 

3595 

6975 
6976 

5442 

3.8392266 

3.8414220 

3.8436065 

6907 

2895 

6942 

4846 

6977 

6687 

6908 

3523 

6943 

5472  | 

6978 

7310 

6909 

4152 

6944 

60971 

6979 

7932 

6910 
69 1 1 

4780 

6945 
6946 

6722  j 

6980 
6987 

$554- 

3.8395409 

3.8417348 

3.8439176 

6912 

6037 

6947 

7973 

6982 

9798 

6919 

6666 

6948 

8598 

6983 

3.8440420 

6914 

7294 

6949 

9223 

6984 

1042 

6915 
6916 

7922 

6950 
6951 

9848 

6985 
6986 

1664 

3.8398550 

3.8420473 

3.8442286 

6917 

9178 

6952 

1098 

6987 

2907 

6918 

9806 

6953 

1722 

6988 

3529 

6919 

3.8400433 

6954 

2347 

6989 

4150 

6920 
6921 

lobi 

6955 
6956 

2971 

6990 
699*1" 

4772 

3.8401688 

3.8423596 

3-8445393 

6922 

2316 

6957 

4220 

6992 

6014 

69?3 

2943 

6958 

4844 

6993 

6635 

6924 

357* 

6959 

5468 

6994 

7256 

6925 

4198 

6960 
6961 

6092 
3.8426716 

6995 
6996 

7877 

6926 

13.840^825 

3.8448498 

6927 

5452 

6962 

7340 

6997 

9119 

6928 

6079 

6963 

79^4 

6998 

9739 

6929 

6706 

.69  64 

8588 

6999 

3.8450360 

6930 

7332 

6965 
6966 

921 1 

7000 

0980 

6931 

:3-H°7959 

9835 

6932 

i    8586 

6g6y 

3.8430458 

■ 

6933 

9212 

696H 

1081 

6934     9838 

6()6c) 

i7°5 

I6935  3  8410465 

6970 

2328 

LOGARITHMS. 

Num 
7001 

Logarithms 

Num 
7036 

Logarithms 
3.8473258 

Num 
7071 

Logarithms 

3.8451601 

3.8494808 

7002 

2221 

7037 

3876 

7072 

5423 

7003 

2841 

7038 

4493 

7^73 

6037 

7004 

3461 

7<>39 

5110 

7074 

6651 

7005 
7006 

4081 

7°4Q 
7041 

5727 
3.8476343 

7°75 
7076 

7264 

3.8454701 

3.8497878 

7007 

5321 

7042 

6960 

7077 

8492 

7008 

594-1 

7°43 

7577 

7078 

9106 

7009 

6561 

7044 

8i93 

7079 

9719 

7010 
701 1 

7180 

7°45 
7046 

8810 

7080 
7081 

3-8500333 

3.8457800 

9426 

0946 

7012 

8419 

7047 

3.8480043 

7082 

l559 

7013 

9038 

7048 

0659 

7083 

2172 

7°'4 

9658 

7049 

1275 

7084 

2786 

7^15 
7016 

3.8460277 

7050 
7051 

1891 

7085 
7086 

3399 

0896 

3.8482507 

3. 85040 1 1 

7017 

1515 

7052 

3^3 

7087 

4624 

7018 

2134 

7053 

3739 

7088 

5237 

7019 

2752 

7°54 

4355 

7089 

5850 

7020 
7021 

3371 

7055 
yo56 

4970 

7090 
7091 

6462 

3.8463990 

3.8485586 

3.8507075 

7022 

46,8 

7057 

6201 

7092 

y6Sy 

7023 

5227 

7058 

6817 

7°93 

8300 

7024 

5845 

7°59 

7432 

7094 

8912 

Till 
7026 

6463 

7060 
7061 

80+7 

7°95 
7096 

9524 

3.8467081 

3.8488662 

3.8510136 

7027 

7700 

7062 

9277 

7097 

0748 

7028 

8318 

7o63 

9892 

7098 

1360 

7029 

8935 

7064 

3.8490507 

7099 

1972 

7030 
7031 

9553 

7065 
7066 

1122 

7100 

2583 

3.8470171 

3.8491736 

7032 

0789 

7067 

235' 

7033 

1406 

7068 

2965 

7°34 

2024 

7069 

358o 

7035 

2641 

7070 

4194 

•™ ™*. 

A  TABLE  of 

Num 
7101 

1  Logarithms 

Num 
7136 

Logarithms 

Num 
7*7* 

Logarithms' 
3-%555797 

3^5*3*95 

3.8534548 

7102 

3807 

7*37 

5*57 

7172 

6403 

7103 

4418 

7<38 

57^5 

7i73 

7008 

7104 

5°3° 

7*39 

6374 

7*74 

7614 

7*°5 
7106 

5641 

7140 

7141 

6982 

7*75 
7176 

8219 

3.8516252 

3-^53759° 

3.8558824 

7107 

6863 

7142 

8198 

7*77 

9429 

7108 

7474 

7*43 

8806 

7178 

3.8560035 

7109 

8085 

7H4 

94H 

7179 

0640 

7110 
7111 

8696 

7H5 
7146 

3.8540022 

7180 
7181 

1244 
3.8561849 

3.8519307 

0630 

7112 

9917 

7H7 

1238 

7182 

2454 

7**3 

3.8520528 

7148 

1845 

7183 

3°59 

7114 

**39 

7*4-9 

2453 

7184 

3663 

7ii5 
7116 

*74-9 

3.8522359 

1152. 

7*5* 

3060 

7l85 
7186 

4268 

3.8543668 

3.8564872 

7117 

2970 

7*5* 

47-75 

7187 

547  6 

7118 

3580 

\  7*53 

4882 

7188 

6081 

7119 

4190 

7*54 

5489, 

7189 

6685 

7120 

7121 

4800 
3.8525410 

7155 
7*56 

6096 

7*9° 
7*9* 

7289 

3.8546703 

3<%567Z93 

7122 

6020 

\715l 

7310 

7192 

8  497. 

7123 

6629 

I7I58 

79*7 

7*93 

9101 

7124 

7239 

17*59 

8524 

7 '94 

9704 

7*25 
7126 

7849 

7160 
7161 

9130 

7*95 
7*96 

3.8570308 

3.8528458 

9737 

0912 

7127 

9068 

7162 

3^55°34-3 

7197 

*5*5 

7128 

9677 

7*63 

0949 

7198 

2118 

7129 

3.8530286 

7l64 

*55& 

7*99 

2722 

7130 

7*3* 

0895 

11^5 
7166 

2162 

7200 

3325 

3-85315°4 

3.8552768 

7J32 

2113 

7167 

3374 

7133 

2722 

7168 

3980 

7*34 

333* 

7169 

4586 

J 

7X35 

3940 

7170 

5*9*\ 

LOGARITHMS. 

Num 
7201 

Logarithms 

Num 
7236 

Logarithms 

Num 
7271 

Logarithms 

3.8573928 

3.8594986 

3. 8,6 1 5941 

7202 

4531 

7237 

55^ 

7272 

6539 

7203 

5X34 

7238 

6186 

7273 

7136 

7204 

5737 

7239 

6786 

7274 

7733 

7205 
7206 

6340 

7240 
7241 

7386 

11*11 
7276 

s33<> 

3-8576943 

3.8597985 

3.8618927 

7207 

7545 

7242 

8585 

7277 

9524 

7208 

8148 

7243 

9185 

7278 

3.8620120 

7209 

8750 

7244 

9784 

7279 

0717I 

7210 
72 1 1 

9353 

7245 
7246 

3.8600384 
0983 

7280 
7281 

*3r4 

9955 

3.8621910 

7212 

3-8580557 

7247 

1583 

7282 

2507 

7213 

"59 

7248 

2182 

7283 

3lo3 

7214 

1761 

7249 

2781 

7284 

3699 

Till 
7216 

2363 

7250 
7251 

338o 

7285 
7286 

4296 

3.8582965 

3.8603979 

3.8624892 

7217 

3567 

7252 

4578 

7287 

5488 

7218 

4169 

7253 

5i77 

7288 

6084 

7219 

4770 

7254 

5776 

7289 

6679 

7220 
7221 

5372 

7255 
7256 

6374 

7290 
7297 

7275 

3^5^5973 

3.8606973 

3.8627871 

7222 

6575 

7257 

757i 

7292 

8467 

7223 

yi76 

7258 

8170 

7293 

9062 

7224 

7777 

7259 

8768 

7294 

9658 

7225 
7226 

$379 

7260 
7261 

9366 

7295 
7296 

3.8630253 

3.85*58980 

9964 

0848 

7227 

9581 

7262 

3.8610562 

7297 

1443 

.7228 

3.8590181 

7263 

1 160 

7298 

2039 

7229 

0782 

7264 

1758 

7299 

2634 

7230 
7231 

13^3 

7265 
7266 

2356 

7300 

3229 

3.8591984 

3.8612954 

. 

7232 

2584 

7267 

3552 

7233 

3^5 

7268 

4*49 

s 

7234 

37S.5 

7269 

4747 

7235 

4385! 

7270 

53441 

1 

A.  TABLE  of 

• 

Num) 
7301 

Logarithms 

I  Num 
7336 

Logarithms 

1  Num 
737i 

Logarithms 

3,8633823 

3.8654593 

3.8675264 

7302 

4418 

7337 

5^5 

7372 

5853 

7303 

5013 

7338 

5777 

7373 

6442 

73°4 

5608 

\7339 

6369 

7374 

7031 

7305 
7306 

6202 

73\° 
734i 

6961 

7375 
737b 

7620 

t,.U^797 

3^657552 

3.8678209 

73J7 

7391 

7342 

8144 

7377 

8798 

7308 

7985 

7343 

8735 

737* 

9387 

73°9 

8580 

7344 

9327 

7379 

rr  9975 

7310 
7311 

9*74 

7345 
7346 

9918 

7380 
738i 

3.8680564 

9768 

3.8660509 

1152 

7312 

3.8640362 

7347 

1100 

7382 

1740 

73*3 

0956 

7348 

1 691 

-7383 

2329 

73H 

1550 

7349 

2282 

7384 

2917 

73i5 
7316 

2143 

735£ 
735* 

2873 

7385 
7386 

3  5°  5 

3.8642737 

3.8663464 

3.8684093 

73*7 

3331 

7352 

4055 

7387 

4681 

73i8 

3924 

7353 

4646 

7388 

5269 

73*9 

45i7 

7354 

5236 

7389 

5857 

7320 
7321 

5111 

71.55 
7356 

5827 

739° 
7391 

6444 

3.8645704 

3.8666417 

3.8687032 

7322 

6297 

7357 

.  7008 

7392 

7620 

7323 

6890 

7358 

7598 

7393 

8207 

7324 

7483 

7359 

8188 

7394- 

8794 

7325 
7326 

8076 

7360 
7361 

8778 

7395 
7396 

9382 

3.8648669 

3.8669368 

9969 

7327 

9262 

7362 

9958 

7397 

3.8690556 

7328 

9855 

7363 

3.8670548 

7398 

"43 

7329 

3.8650447 

7364 

1138 

7399 

1730 

733° 
7331 

1040 

73^2 
J366 

1728 

7400 

2317 

3  8651632 

3.8672317 

7332 

2225 

7367 

2907 

7333 

2817 

7368 

3496 

7334 

3409 

7369 

4086 

7335 

4001 

737o 

4675I 

L 

OGARITHMS. 

/ 

Num  Logarithms 

Num 

7436 

Logarithms 

Num 

74-71 

Logarithms 
3-*7337$7 

7401 

3.8692904 

3-h713394 

7402 

349 l 

7437 

3978 

7472 

4-369 

7403 

4077 

743* 

4562 

7473 

495° 

7404 

4664 

7439 

5146 

7474 

553* 

7425 
7406 

5251 

7440 
744i 

5729 

7475 
7476 

61 1 2 

3.8736693 

3.8695837 

3.8716313 

7407 

6423 

7442 

6897 

7477 

7274 

7408 

7010 

7443 

7480 

7478 

7855 

7409 

7596 

7444 

8064 

7479 

8435 

7410 
741 1 

8182 

7445 
7446 

8647 
3.8719230 

7480 
7481 

9016 

3.8698768 

9597 

7412 

9354 

7447 

9814 

7482 

3.8740177 

7413 

9940 

7448 

3.8720397 

7483 

°757 

74H 

3.8700526 

7449 

0980 

7484 

1338 

7415 
7416 

1112 

7450 

745i 

1563 

7**5 

7486 

1918 
3.8742498 

3.8701697 

3.8722146 

7417 

2283 

7452 

2728 

7487 

3078 

7418 

2868 

7453 

3?i  1 

7488 

3658 

7419 

3454 

7454 

3894 

7489 

42-38 

7420 
7421 

4039 

7455 
7456 

4476 

7490 
7491 

4818 

3.8704624 

3.8725059 

3-8745398 

7422 

5209 

7457 

5641 

7492 

5978 

7423 

5795 

7458 

6224 

7493 

6557 

7424 

6380 

7459 

6806 

7494 

7l37 

7425 

7426 

6965 

7460 
7461 

7388 

7+95 
7496 

7716 
3.8748-296 

3.8707549 

3.8727970 

7427 

8134 

7462 

8552 

7497 

8875 

7428 

8719 

7463 

9J34 

7498 

£454 

7429 

93°4 

7464 

9716 

7499 

3.8750034 

743° 
743i 

5888 

7465 
7466 

3.8730298 

7500 

0613 

3.8710473 

0880 

7432 

1057 

7467 

1461 

743? 

164 1 

7468 

2043 

7434 

2226 

7469 

2625 

74-35 

2810 

I7470 

3206 

1 

^. 

R 


A  TABLE  of 

Num 
75oi 

Logarithms 

Num 
753~6 

Logarithms 

Num 

757~i 

Logarithms 

3.8751192 

3.8771409 

3.8791532 

7502 

1771 

7537 

1985 

757* 

2ic6 

7503 

2349 

753* 

2561 

7573 

2680 

7504 

2928 

7539 

3137 

7574- 

3253 

7505 
75o6 

3507 

7540 

754i 

3713 

7575 
7576 

3826 

3.8754086 

3.8774289 

3.8794400 

7507 

4664 

7542 

4865 

7577 

4973 

7508 

52+3 

7543 

5441 

7578 

554^ 

7509 

5821 

7544 

6017 

7579 

6119 

75£o 
75H 

6399 

7545 
7546 

6592 

758o 
758i 

6692 

3.8756978 

3.8777168 

3.8797265 

7512. 

7556 

7547 

7743 

7582 

7838 

7513 

8i34 

7548 

8319 

7583 

84I  I 

75H 

.  8712 

7549 

8894 

7584 

8983 

75  '5 

9290 

755o 
755^ 

9469 

7585 
7586 

9556 

75i6j 

9868 

3.8780045 

3.8800128 

7517 

3.8760445 

755* 

0620 

75*7 

0701 

75iS 

1023 

7553 

li95 

7588 

1273 

75*9 

1601 

7554 

1770 

7589 

1846 

7520 
752i 

2178 

7555 
7556 

2345 

7590 
7591 

2418 

^.8762756 

3.8782919 

3.8802990 

7522 

3333 

7557 

3494 

7592 

3502 

7523 

39l* 

7558 

4069 

7593 

4134 

7524 

4488 

7559 

4643 

7594 

4706 

7525 
7526 

5o65 

7560 
75(" 

52.8 
3.8785792 

7595 
7596 

5278 

3.8765642 

3.8805850 

7527 

6219 

756z 

6367 

7597 

6421 

7528 

6796 

7563 

6941 

7598 

6993 

7529 

737s 

75.64 

75i5 

7599 

7564 

2112 

753^ 

795o 
3.8768526 

li6-5 
7566 

8089 

7600 

8136 

3.8788663 

7532 

9103 

75^7 

9237 

7533 

9680 

7568 

9811 

75341  3-877°25& 

75% 

3^79°3%5 

75351-    °^33i 

757°           °959 

LOGARITHMS. 

Nam 
7601 

bogd  itbms 

j  Nam 
I7636 

Logarithms 

Num 
7671 

Logarithms 

3.8848520 

3.8808707 

3.8828659 

7602 

9279 

7637 

9228 

7672 

9086 

7603 

9*5° 

!763« 

9797 

?673 

9652 

.  76°4 

3.8810421 

'7639 

3.8S30365 

7674 

3.885021a 

■,7605 
7606 

0992 
3.8511563 

7640 
7641 

°934 

7fy5 
y6jb 

0784 

3.8831502 

3-*%5135° 

7607 

2134 

7642 

2070 

7fy7 

K*r5 

7608 

2705 

i7643 

2639 

7078 

2481 

y6o9 

3276 

17644 

3207 

7679 

3047 

7610 
7611 

3*47 

j7645 
7646  j 

3775 

7680 

7681 

3612 

'3.8514417, 

3-S834343 

3.8854178 

yS  1 2 

4988 

.7647 

491 1 

7682 

4743 

7613 

5558 

764S 

5479 

7683 

53°* 

7614 

6129 

7649 

6047 

7684 

5874 

76i5 
76j6 

6699 

3.8817269 

7&51 

6614 

7^5 
7080 

6439 

3.8637182 

3.8857004 

7617 

7840 

7652, 

775o 

7687 

75^9 

7618 

8410 

:  7653 

Z317 

7688 

8i34 

j6i9 

8980 

7654 

8885I 

7689 

8699 

.  7620 
7621 

955° 

7655 
76,6 

9452 
3.8840019 

769£ 

7691 

9263 

3.8820120 

9828 

7622 

0689 

7657 

0586 

7692 

3.8860393 

7623 

i259 

7658 

1154 

7693 

°957 

7624, 

1829 

.  7659 

1721 

7694 

1522 

7625 
7626 

2398 

7660 

7&61 

2288 

7695 
7696 

2086 

3.8822968 

3.8842855 

3.8862651 

7627 

35\7 

!  7662 

342i 

7697 

3215 

7628 

4107 

7663 

3988 

7698 

3779 

7% 

4676 

j66+ 

4555 

7699 

434-3 

76*0, 
7631 

5245 
3.8825815 

7665 
j666 

5122 

7700 

4907 

3.8845688 

7632 

6384 

y66y 

6*55 

7633 

6953 

7668 

6821 

7634 

7522 

J7669 

7387 

7635 

8090 

•I7670 

79541 

K  2 


A    TABLE    of 


Nam 

7701 

7702 

77°3 
7704 
i77Q5 
'7706 

7707 
77o8 
7709 

2112 
771 1 

7712 

£7713 
77H 

Till 
7716 

)7T*7 

7718 

77i9- 

7_720 

7721 

7722 

7723 
7724 
7725 

7726 

,7727 

7728 

7729 

713° 

7731 

7732 

7733 
7734 
7735 


Logarithms 


3.8865471 
6035 

^599 
7163 
7726 


3.8868290 

8854 

94i7 
9980 

3.8.870544 


1107 
1670 
2233 
2796 

3359 


3,8873922 
4485 
5048 
5610 
6173 


3.-8876736 
7298 
7860 
8423 

8985 


9547 
3.8880109 

0671 

1233 

*795 


3.8882357 
2918 
348o 
4042 
4603 


Num 

7736 
7737 

773^ 

7739 
7740 


774i 
7742 
7743 
7744 
7745 


7746 

7747 
7748 

7749 
775o 


775i 
7752 
7753 

775A- 
7755 
7756 

7757 
7758 

7759 
7760 


Logarithms 


7761 

7762 

7763 
7764 

7765 

j  j  66 

77fy 
7768 

7769 

7770 


3.8885165 

5726 
6287 
6848 
7410 


3.8887971 

8532 

9°93 

9653 
3.8890214 

o775 
1336 
1896 

2457 
3017 


3,8893577 
4138 
4698 

5258 
5818 


3.8896378 
6938 

7498 
8058 
8617 


3.8899177 

9736 
3.8900296 

0855 

I- 41  k 


3.8901974 

2533 
3°92 
365' 

4210 


\Num 
7771 

Logarithms 

3.8904769 

7772 

5328 

7773 

5887 

7774 

6445 

7775 
7776 

7004 

3-  8907563 

7777 

8121 

7778 

8679. 

7779 

9238 

7780 
7781 

9796 

3.8910354 

7782 

ogiz 

7783 

:   1470 

7784 

2028 

7785 
7786 

2586 

3.8913144 

7787 

3702 

7788 

4259. 

7789 

4817 

7790 
7791 

1   537$ 

3.8915932. 

7792 

6489. 

7793 

7047 

7794 

7604 

7795 
7796 

816s 

3.8918718 

7797 

9275 

7798 

9832 

7799 

3.8920389 

7800 

0946 

■ 

LOGARITHMS. 


Num 
7801 

Logarithms 

Num 
7836 

Logarithms 

Num 
7871 

Logarithms' 
3.8960299 

3.8921503 

3.8940944 

7802 

2059 

7837 

1498 

7872 

0851 

7803 

2616 

7838 

2053 

7873: 

1403 

,7804 

3*73 

7839 

2607 

7874 

J954 

7805 
7806 

3729 

7840 
7841 

3161 

7875 
7876 

2506 

3.8924285 

3-  8.9437 * 5 

3.8963057 

7807 

4842 

7842 

4268 

7877 

3608 

7808 

5398 

7843 

4822 

7878. 

4160 

7809 

5954 

7844: 

5376 

7879 

471 1  1 

7810 
78 1 1 

6510 
3.S927066 

7845 
7846 

5929 

7880' 
7881 

5262 
3.8965813 

3.8946483 

7812 

7622 

7847 

7°37 

7882 

6364 

7813 

2178 

7848. 

759° 

7883 

69l5 

7814 

8734 

7849; 

8143 

7884 

7466 

7815 

9290 

7850 
7851 

8697 

7885 
7886 

8017 

7816     9846 

3.8949250 

3,8968568 

7817 

3.8930401 

7852 

9803 

7887. 

9118 

7818 

0957 

7853 

3-8950356 

7888 

9669 

7819 

1512 

7854 

0909 

7889 

3.8970220 

7820 
7821 

2068 

7^55 
7856" 

1462 

7890 
7891 

0770 

3.8932623 

3.8952015 

3,8971320 

7822 

3178 

7857 

2568 

7892; 

1871 

7823 

3733 

7858 

3120 

7893] 

2421 

7824 

4288 

7859 

3673 

7894 

2971 

7825 
7826 

4843 

7860 
7861 

4225 

7895 
7896 

352i 

3-8935398 

3.8954778 

3.8974071 

7827 

5953 

7862 

5330 

7897 

4621 

7828 

6508 

7863 

5883 

7898 

5I71 

7829 

7063 

7864 

6435 

7899 

.  572i 

7830 
7831 

7618 

7865 
7866 

1   J987 

7900 

6271 

3.8938172 

3  8957539 

7832 

8727 

7867 

8091 

7833 

9281 

7868 

8643 

7834 

9836 

7869 

9*95 

7835 

3.8940390 

7870 

1    9747 

K  3 


A  TABLE  of 

Num 
79°l 

Logarithms 

Num 
793b 

Logarithms 

Num 
7971 

Logarithms 

3.8976821 

3.8996017 

3.9015128 

7902 

737o 

1937 

6564 

7972 

5673 

79°3 

7920 

7938 

ym 

7973 

6218 

7904 

8469 

7939 

7658 

7974 

6762 

7935 
7906 

9019 

7940 
794i 

8205 

7975 
7976 

7307 

9568 

3.8998752 

3.9017851 

7907 

3.89801 17 

7942 

9299 

7977 

8396 

7908 

0667 

7943 

9846 

7978 

894O  ; 

7909 

1216 

7944 

3.9000392 

7979 

9485 

79.0 
7911 

I765 

7945 
7946 

°939 

7980 
7981 

3.9O2OO29 

3.898231^. 

3.9001486 

0573 

7912 

2863 

7947 

2032 

7982 

I  1  17 

79l3 

3412 

7948 

2579 

7983 

l66l 

79*4- 

3960 

7949 

3125 

7984 

2205 

79*5 
y9ib 

4509 

795o 
795 1 

3671 

7985 
7986 

2749 

3.8985058 

3.9004218 

3.9023293 

7917 

5606 

7952 

4764 

7987 

3837 

7918 

6l55 

7953 

53l° 

7988 

4381 

79l9 

6703 

7954 

5856 

7989 

4924 

7920 
7921 

7252 

7955 
7956 

6402 

799° 
7991 

5468 

3,8987800 

3.9006948 

3.9O260I I 

7922 

8348 

7957 

7494 

7992 

6555 

7923 

8897 

7958 

8039 

7993 

7098 

7924 

9445 

7959 

8585 

7994 

764I 

7925 
7926 

9993 

7960 
j96i 

9l31 

7995 
7996 

8185 

3.8^9054.1 

<)6j6 

3.9028728 

7927 

1089 

7962 

3.9010222 

7997 

927I 

7928 

1636 

7963 

0767 

7998 

9814 

7929 

2  1 84 

7964 

13  n 

7999 

3-9°3035/ 

793£ 

79:1 

2732 

7965 
7966 

1S58 

8000 

0900 

3.8993279 

3,9012403 

793  2 

3827 

7967 

2948 

7933 

4375 

.7968 

3493 

7934 

4922 

7969 

4038 

7935 

54% 

797° 

4583 

LOGARITHMS. 


Num 
800 1 

Logarithms 

Num 
8036, 

Logarithms 

Num 
8071 

Logarithms] 

3.9031443 

3.9050399 

3.90692-3 

8002 

J985 

8037 

0,40 

8072 

9812 

8003 

,  2528 

8038 

1480 

807J 

3.9070350 

8004 

3071 

8039 

2020 

8074 

0887 

8005 
8006 

3613 

8040 
8041 

2560 

8075 
8076 

1425 

3-y~J4'56 

3.9053101 

3.9071963 

8007 

469  b 

8042 

364i 

8077 

2501 

8008 

5241 

8043 

4181 

8078 

3038 

8009 

57*1 

8044 

4721 

8079 

3576 

8010 
801 1 

63*5 

8045 
8046 

5200 

8080 
8081 

4114 

3.9036807 

3  9055800 

3.9074651 

8012 

7409 

8047 

6340 

8082 

5188 

8013 

7951 

8048 

6880 

8083 

*  57^ 

8014 

8493 

8049 

7419 

8084 

6263 

8015 
8016 

9°35 

8050 
8051 

7959 

8085 
8086 

6800 

9577 

3.9058498 

3-9°77337 

8017 

3.9040119 

8052 

9038 

8087 

7874 

8018 

0661 ' 

8053 

9577 

8088 

841 1 

8019 

1202 

8054 

3.90601 16 

8089 

8948 

8020 
8021 

1744 

8055 
8056 

0655 

8090 
8091 

9485 

3.9042285 

3.9061195 

3.9080022 

8022 

2827 

8057 

1734 

8092 

0559 

.8023 

3368 

8058 

2273 

8093 

1095 

8024 

39°9 

8059 

2812 

8094 

1632 

8025 
,8026 

445o 
3.9044992 

8060 
806  r 

335o 

8095 
8096 

2169 

3.9063889 

3.9082705 

8027 

5533 

8062 

4428 

8097 

3241 

8028 

6074 

8063 

4967 

8098 

3778 

8029 

6615 

8064 

5505 

8099 

43*4 

18030 
8031 

7r55 

8065 
8066 

6044 
3.9066582 

8100 

4850 

3.9047696 

t 

8032 

8»37 

8067 

7121 

8033 

8778 

8068 

7659 

8034 

93'8 

8.69 

8197 

\ 

1 803  5 

1    9859 

8070 

8735 

R 


A  TABLE  of 

- 

Nl'M 

8xo7 

Logarithms 

Num 
8136 

Logarithms 

Num  1 
8171 

Logarithms 
3.9122752 

3.9085386 

3.9104109 

8102 

5922 

8*37 

4643 

8172 

3284 

8103 

6458 

8138 

5*77 

8i73 

3815 

8104 

6994 

8i39 

57l° 

8174 

4346 

8i_£5 

8106 

753° 

8140 
814T 

6244 

8i75 
8176! 

4878 

3.9088066 

3.9106778 

3.9125409 

8107 

8602 

8142 

731* 

8177 

5940 

8108 

9*37 

8143 

7844 

8178 

6471 

8109 

9673 

8144 

8378 

8179 

7002 

8110 
8x11 

3.9090209 

8145 
8146 

8911 

8x80 
8181 

7533 

0744 

3.9x09444 

3.9128064 

8112 

1279 

8i47 

9977 

8182 

8595 

8113 

1815 

8148 

3.9110510 

8183 

9126 

8x14 

235° 

8149 

1043 

8184 

9656 

81.J5 

8116 

2885 

8x50 
8.51 

1576 

8185 
8186 

3.9130187 

3,9093420 

3.9x12109 

0717 

8117 

3955 

8.52 

2642 

8187 

1248 

8118 

4490 

8i53 

3i74 

8188 

1778 

8119J     5025 

8154 

37°7 

8189 

2309 

8120 
8T21 

556° 

8155 
8156 

4240 

8190 
8x91 

28-39 

3.9096095 

3.9114772 

3-9l33369 

8l22 

6630 

8i57 

5305 

8192 

3899 

8123 

7i65 

8158 

5837 

8193 

443o 

8124 

7699 

81^9 

6^6g 

8194 

4960 

8125 
8l2b 

8234 

8160 
8161 

6902 

8195 
8196 

549° 

3.9098768 

3-91J7434 

3,9136019 

8127 

93°3 

8162 

7966 

8x97 

6549 

8 1 2  8 1 

8163 

8498 

8198 

7079 

8129 

3,9100371 

8164 

9030 

8199 

7609 

8130 
8131 

0905 

8165 
8166 

9562 
3.9x20094 

8200 

8 '39 

3.9  iO  1 440 

, 

8132 

J974 

8x67 

0626 

8>33 

250  1 

8168 

**57 

"i34 

3042 

8169 

1689 

8135 

35-6 

8170 

2221 

1 

LOGARITHMS. 

Num 
8201 

Logarithms 

Num 

82p 

Logarithms 
3-9J57l63 

Num 
8271 

Logarithms 

3.9138668 

3.9175580 

8202 

9198 

8237 

?69i 

8272 

0105 

8203 

9727 

8238 

8218 

8273 

6630 

8204 

3.9140257 

8239 

8745 

8274 

7l55 

8205 
8206 

0786 

8240 
8241 

9272 

8275 
8276 

7680 

$*9l**9*S 

3-9*59799 

3.9178205 

8207 

1844 

8242 

3.9160326 

8277 

8730 

8208 

2373 

8243 

0853 

8278 

9254 

8209 

2903 

8244 

1380 

8279 

9779 

8210 
82TT 

3432 

8245 
8246 

1907 

8280 
8281 

3.9180303 

3.9143961 

3.9162433  . 

0828 

8212 

4489 

8247 

2960 

8282 

^352 

8213 

5018 

8248 

3487 

8283 

1877 

8214 

5547 

8249 

4013 

8284 

2401 

8215 
8216 

6076 
3.9146604 

8250 
8251 

4539 

8285 
8286 

2925 

3.9165066 

3.9183449 

8217 

7*33 

8252 

5592 

8287 

3973 

8218 

7661 

8253 

6118 

8288 

AA97 

8219 

8190 

8254 

6645 

8289 

5021 

8220 
8221 

8718 

8255 
8256 

7171 
3.9167697 

8290 
8291 

5545 

3.9149246 

3.9186069 

8222 

9775 

8257 

8223 

8292 

6593 

8223 

3.9150303 

8258 

8749 

8293 

7117 

8224 

0831 

8259 

9275 

8294 

7640 

8225 
8226 

l359 
3.9151887 

8260 
8261 

9800 

8295 
8296 

8164 

3.9170326 

3.9188687 

8227 

2415 

8262 

0852 

8297 

9211 

8228 

2943 

8263 

1378 

8298 

9734 

8229 

.   347i 

8264 

1903 

8299 

3.9190258 

8230 
8231 

3998 

8265 
8266 

2429 
3.9172954 

8300 

0781 

3.9154526 

8232 

5054 

8267 

3479 

8233 

55$i 

8268 

4005 

8234 

6109 

8269 

453° 

^Vo 

6636 

8270 

5° '55 

1 

. 

H    TABLE  of 

Num 
83^7 

Logarithms 

Num 
H33°~ 

Logarithms 
3.9209577 

Num 

8371 

Logarithms 

3.9191304 

3.9227773 

8302 

1827 

8337 

3.9210098 

8372 

8292 

8303 

2350 

8338 

0619 

8373 

8811 

8304 

2873 

8339 

1 1 40 

8374 

933° 

8305 
8306 

3396 

8340 
8341 

1 661 

8375 
8376 

9848 

3-9l939l9 

3.9212181 

3.9230367 

8307 

4442 

8342 

2702 

8377 

0885 

8308 

4965 

8343 

3222 

8378 

1404 

8309 

5488 

8344 

3743 

8379 

1922 

8310 
831 1 

6010 

8345 
8346 

4263 

8380 
8381 

2440 

3-9l96533 

3.9214748 

3.9232958 

8312 

7°55 

8347 

5304 

8382 

3477 

8313 

7578 

8348 

5824 

8383 

3995 

83 14 

8100 

8349 

6345 

8384 

45i3 

8315 
8316 

8623 

8350 
835i 

686; 

8385 
8386 

5°3I 

3.9199145 

3-9217385 

3-9235549 

8317 

9667 

8352 

79°5 

8387 

6066 

8318 

3.9200189 

*353 

8425 

8388 

6584 

8319 

07 1 1 

8354 

8945 

8389 

7102 

8320 
8321 

I233 

8355 
8356 

9465 

8390 
839i 

7620 

3.9201755 

9984 

3.9238137 

8j22 

2277 

8357 

3.9220504 

8^92 

8655 

8323 

2799 

8358 

1024 

&393 

9172 

8324 

332i 

8  3  59 

J543 

8394 

9690 

8325 
8326 

,  3842 

8360 
8361 

2063 
3.9222582 

8395 
8396 

3.9240207 

3.9204364 

0724 

8.^7 

4886 

8362 

3102 

8397 

1242 

8328 

5407 

8363 

3621 

8398 

*759 

8329 

5929 

8364 

414c 

8399 

2276 

8330 
8331 

6450 

8365 
8366 

4659 

8400 

2793 

3.9206971 

3.9225179 

8332 

7493 

8367 

5698 

8333 

8014 

8368 

6217 

8334 

8535 

8369 

6736 

8335 

9056 

8370 

7255 

1 

LOGARITHMS. 


Num 
8401 

Logarithms 

Num 
8436 

Logarithms 
3.9261366 

Num 

8471 

Logarithms 

3-92433'° 

3-9279347 

8402 

3827 

8437 

1880 

8472 

9%59 

8403 

4344 

8438 

2  395 

8473 

3.9280372 

8404 

48  60 

8439 

2910 

8474 

0885 

8405 
8406 

5377 

8440 
8441 

3424 

8475 
8476 

1397 

3.9245894 

3.9203939 

3.9281909 

8407 

6410 

8442 

4453 

8477 

2422 

8408 

6927 

8443 

4968 

8478 

2934 

8409 

7444 

8444 

5482 

8479 

3446 

8410 
8411 

7960 

8445 
8446 

5997 

8480 
8481 

3959 

3.9248476 

3.9265511 

3.9284471 

,  8412 

8993 

8447 

7°25 

8482 

4983 

Hi  3 

950y 

8448 

7539 

8483 

5495 

8414 

3.9250025 

8449 

8053 

8484 

6007 

8415 
8416 

0541 

8450 

8567 

8485 
8486 

6518 

3.9251057 

8451 

3.9269081 

3.9287030 

8417 

l573 

8452 

9595 

8487 

7542 

8418 

2089 

8453 

3.9270109 

8488 

8054 

8419 

2605 

8454 

0622 

8489 

8565 

8420 
842T 

3121 

P455 
8456 

1136 
3.9271650 

8490 
8491 

9077 
95^ 

3-9253637 

8422 

4152 

8457 

2163 

8492 

3.9290100 

8423 

4668 

8458 

2677 

8493 

061 1 

8424 

5184 

8459 

3190 

8494 

1123 

8425 
8426 

5699 

8460 
846I 

37°4 
3.9274217 

8495 
8496 

1634 

3.9256215 

3.9292145 

8427 

6730 

8462 

473o 

8497 

2656 

8428 

7245 

8463 

5243 

8498 

3167 

8429 

7761 

8464 

5757 

8499 

3678 

X430 
8431 

8276 

8465 
8465 

6270 
3.9276783 

8500 

4189 

3.9258791 

8432 

9306 

8467 

7296 

843? 

9821 

8468 

7808 

8434 

3.9260236 

8469 

8321 

8435 

0851 

8470 

8834 

A    TABLE      of 


Num 
8501 

Logarithms 

Num 
S536 

Logarithms 

Num 

8571 

Logarithms 

3.9294700 

3.9312544 

3-933°3»5 

8502 

5211 

8537 

3°53 

8572 

0822 

8503 

5722 

8538 

35&1 

8573 

1328 

8504 

6233 

8539 

4070 

8574 

1835 

8505 
8506 

6743 

8540 
8541 

4579 

8575 
8576 

234" 

3.9297254 

3-93l5°%7 

3.9332848 

8507 

7764 

8542 

5596 

8577 

3354 

8508 

8275 

8543 

6104 

8578 

3860 

8509 

8785 

8544 

6612 

8579 

4367 

8510 
8511 

9296 

8545 
8546 

7121 

8580 
8581 

4873 

9806 

3.9317629 

3-9335379 

8512 

3.9300316 

8547 

8i37 

8582 

5885 

8513 

0826 

8548 

8645 

8583 

6391 

8514 

I336 

8549 

9l53 

8584 

.  6897 

8515 
8516 

1847 

8550 
8551 

9661 

8585 
8586 

7403 

3-9302357 

3.9320169 

3-93379°9 

85i7; 

2866 

8552 

0677 

8587 

8415 

8518 

3376 

8553 

1185 

8588 

8920 

8519 

3886 

8554 

1692 

8589 

9426 

8520 
8521 

4396 

8555 
8556 

.  2200 

8590 
8591 

9932 

3.9304906 

3.9322708 

3-9340437 

8522 

5415 

8557 

3215 

8592 

0943 

8523 

5925 

8558 

3723 

8593 

1448 

8524 

6434 

8559 

4230 

8594 

*953 

8525 
8526 

6944 
3-93°74-53 

8560 
8561 

4738 

8595 
8596 

2459 

3-9325245 

3.9342964 

8527 

7963 

8562 

5752 

8597 

3469 

8528 

8472 

8563 

6259 

8598 

3-974 

8529 

8981 

8564 

6767 

8599 

4479 

853° 
8531 

9490 

8565 
8566 

7274 

8600 

4984 

9999 

3.9327781 

8532 

3.9310508 

8567 

8288 

8533 

1017 

8568 

8795 

8534 

1526 

8569 

9301 

8535 

2035 

8570 

9808 

1 

LOGARITHMS. 

Num 
8601 

Logarithms  j 

Num 
8636 

Logarithms 

Num 
X6ji 

Logarithms 

3.9345489 

3.9363126 

3.9380692 

8602 

5994 

8637 

3629 

86j2 

1193 

8603 

6499 

8638 

4i32 

8673 

1693 

8604 

7004 

8639 

4635 

8674 

2194 

8605 
8606 

75°9 

8640 
8641 

5137 

8675 
8676 

2695 

3.9348013 

3.9365640 

3-9383195 

8607 

8518 

8642 

6i43 

8677 

3696 

8608 

9023 

8643 

6645 

8678 

4196 

8609 

95*7 

8644 

7148 

8679 

4697 

8610 
8677 

3.9350032 

8645 
8646 

7650 

8680 
8681 

5197 

°536 

3.-9368 152 

3.9385698 

8612 

1040 

8647 

^55 

8682 

6198 

8613 

J544 

8648 

9*57 

8683 

6698 

8614 

2040 

8649 

9659 

8684 

7198 

8615 
8616 

*553 

8650 
8657 

3.9370161 

8685 
8686 

7698 

3-9353°57 

0663 

3.9388198 

8617 

356i 

8652 

1 165 

8687 

8698 

8618 

4065 

8653 

1667 

8688 

9198 

8619 

4569 

8654 

2169 

8689 

9698 

8620 
8621 

5073 

%(>55 
8656 

2671 

8690 
8691 

3.9390198 

3-9355576 

3'9373J7* 

0697 

8622 

6080 

8657 

3674» 

8692 

1197 

8623 

6584 

8658 

4176 

8693 

1697 

8624 

7087 

8659 

4677 

8694 

2196 

8625 
8626 

7591 

8660 
8667 

5179 

8695 
86^6 

2696 

3.9358095 

3.9375680 

3-9393*95 

8627 

8598 

8662 

6182 

8697 

3695- 

8628 

9101 

8663 

6683 

8698 

4194^ 

8629 

9605 

8664 

7184 

8699 

4693 

8630 
8631 

3.9360108 

8665 
8666 

7686 

8700 

-6*92 

061 1 

3.9378187: 

8632 

1114 

8667 

8688 

8^33 

1617 

8668 

9189 

8634 

2120 

8669 

9690 

8635 

2623 

I8670 

3.9380191I 

A  TABLE 
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Num 
8701 

Logarithms 

Num 

Logarithms 

\Num 
8771 

Logarithm* 

3-9395^9% 

8736 

3.9413126 

3.9430491 

8702 

6191 

8737 

3623 

8772 

0986 

8703 

'   6690 

8738 

4120 

8773 

1481 

8704 

7189 

8739 

4617 

8774 

1976 

8705 

7688 

8740 
8741 

5**4 

8775 
8776 

2471 

8706 

3-9398i87 

3.9415011 

3-9432966 

8707 

8685 

8742 

6108 

8777 

3461 

8708 

9184 

8743 

6605 

8778 

3956 

8709 

9683 

8744 

7101 

8779 

445° 

8710 
8711 

3.9400182 

8745 
8746 

7598 

8780 
8781 

4945 

0680 

3.9418095 

3-9435440 

8712 

1179 

8747 

8591 

8782 

5934 

8713 

1677 

8748 

9088 

8783 

6429 

8714 

2176 

8749 

9584 

8784 

6923 

8715 
8716 

2674 

8750 
875i 

3.9420081 

8785 
8786 

74i8 

3.9403172 

0577 

3.9437912 

8717 

3670 

8752 

1073 

8787 

8406 

8718 

4169 

8753 

1569 

8788 

8900 

8719 

4667 

8754 

2065 

8789 

9395 

8720 
8721 

5165 

8755 
\8756 

2561 

8790 
8791 

9889 

3.9405663 

3.9423058 

3.9440383  ■ 

8722 

6161 

*757 

3553 

8792 

0877 

8723 

6659 

8758 

4049 

8793 

137* 

8724 

7*57 

8759 

4545 

8794 

1865 

8725 
8726 

7654 

8760 
8761 

5041 

8795 
8796 

2358 

3.9408152 

3-9^5537 

3.9442852 

8727 

8650 

8762 

6032 

8797 

3346 

8728 

9147 

8763 

6528 

8798 

3840 

8729 

9645 

8764 

7024 

8749 

4333 

8730 
8731 

3.9410142 

8765 
8766 

7519 

8800 

4827 

0640 

3.5428015 

8732 

"37 

8767 

8510 

8733 

1635 

8768 

9005 

8734 

2132 

8769 

9501 

1 

8735 

2629 

1-8570 

9996 

LOGARITHMS. 

Num 
88o7 

Logarithms 

Num 
8836 

Logarithms 

Num 
8871 

Logarithms 

3-9445320 

3.9462557 

3.9479726 

8802 

5814 

8837 

3048 

8872 

3.9480215 

8803 

6307 

8838 

3540 

8873 

0705 

8804 

6800 

8839 

403 l 

8874 

1 194 

8805 
8806 

7294 

8840 
884T 

45*3 
3.9465014 

8875 
8876 

1684 

3.9447787 

3.9482173 

8807 

8280 

8842 

5  5°  5 

8877 

2662 

8808 

8773 

8843 

5996 

8878 

3151 

8809 

9266 

8844 

6487 

8879 

364i 

8810 
8811 

9759 

8845 
8846 

6978 

8880 
8881 

413° 

3.9450252 

3.9407469 

3.9484619 

8812 

0745 

8847 

7960 

8882 

5108 

8813 

1238 

8848 

8451 

8883 

5597 

8814I 

1730 

8849 

8942 

8884 

6085 

8815 
8816 

2223 

8850 
8851 

9433 

8885 
8886 

6574 

3.9452716 

9923 

3.9487063 

8817 

3208 

8852 

3.9470414 

8887 

7552 

8818 

3701 

8853 

0905 

8888 

8040 

8819 

4193 

8854 

1395 

8889 

8529- 

8820 

8821 

4686 

8855 
8856 

1886 

8890 
8891 

9018 

3.9455178 

3.94.72376 

3.9489506 

8822 

5671 

8857 

2866 

8892 

9995 

8823 

6163 

8858 

3357 

8893 

3.9490483 

8824 

6655 

8859 

3847 

8894 

0971 

8825 
8826 

7147 

8860 
8861 

4337 

8895 
8896 

1460 

3-9457639 

3.9474827 

3.9491948 

8827 

8131 

8862 

5317 

8897 

2436 

8828 

8623 

8863 

5807 

8898 

2924 

8829 

9ll5 

8864 

6297 

8899 

3412 

8830 
8831 

9607 

8865 
8866 

6787 

8900 

3900 

3.9460099 

3.9477277 

8832 

0591 

8867 

7767 

8833 

1082 

8868 

8257 

8834 

1574 

8869 

8747 

8835 

2066I  8870 

9236 

1 
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Num 
8901 

Logarithms 

Num 
8936 

Logarithms 

Num 
8971 

Logarithms 

3.9494388 

3.9511432 

3.9528409 

8902 

4876 

8937 

1918 

8972 

8893 

8903 

5364 

8938 

2404 

8973 

9377 

8904 

5852 

8939 

2889. 

8974 

9861 

8905 
8906 

6339 

8940 
8941 

3375 

s975 
8976 

3-95303^5 

3.9496827 

3-95i386i 

0828- 

8907 

13*5 

8942 

4347 

8977 

1312 

8908 

7802 

8943 

4832 

8978 

1796 

8909 

8290 

8944 

53i8 

8979 

2280 

8910 
8911 

8777 

8945 
8946 

5803 

8980 
8981 

2763 

3.9499264 

3.9516289 

3-9533247 

8912 

9752 

8947 

6774 

8982 

373° 

8913 

3.9500239 

8948 

7260 

8983 

4214 

8914 

0726 

8949 

7745 

8984 

4697 

8915 
8916 

12 1 3 

8950 
8951 

8230 

8985 
8986 

5181 

3.9501701 

3.9518716 

3.9535664 

8917 

2188 

8952 

.  9201 

8987 

6147 

8918 

2675 

8953 

9686 

8988 

6631 

8919 

3162 

8954 

3.9520171 

8989 

71 14 

8920 
8921 

3649 

8955 
8956 

0656 

8990 
8991 

7597 

3.9504135 

3.9521141 

3.9538080 

8922 

4622 

8957 

1626 

8992 

8563 

8923 

5109 

8958 

2111 

8993 

9046 

8924 

5596 

8959 

2595 

8994 

95^-9 

8925 
8926 

6082 

8960 
8961 

3080 

8995 
&99I 

3.9540012 

3-9506569 

3-9523565 

0494 

8927 

7°55 

8962 

4049 

899-7 

0977 

8928 

7542 

8963 

4534 

8998 

1460 

8929 

8028 

8964 

5018 

8999 

1943 

8930 
8931 

8515 

8965 
8966 

5503 

9000 

2425  • 

3.9509001 

3-95259$7 

8932 

9487 

8967 

6472 

8933 

9973 

8968 

6956 

8934 

3.9510459 

8969 

7440 

8935 

0946 

8970 

7924 

,  , 

LOGARITHMS. 


Num 
9001 

Logarithms 

3.9542908 

9002 

339° 

9003 

3872 

9004 

4355 

9005 
9006 

4837 

3>95453i9 

9007 

5802 

9008 

6284 

9009 

6766 

9010 
901 1 

7248 

3-954773° 

qoi2 

8212 

9013 

8694 

9014 

9176 

9015 
9016 

9657 

3-955^39 

9017 

0621 

9018 

1 102 

9019 

1584 

9020 
9021 

2065 

3-955*547 

9022 

3028 

9023 

35io 

9024 

3991 

9025 
9026 

4472 

3-9554953 

9027 

5434 

9028 

59*5 

9029 

6397 

9030 
9031 

6877 

3-955735$ 

9032 

7839 

9°3i 

8320 

9°34 

8801 

9°35 

9282 

Num 

Logarithms 

9036 

3-9559762 

9037 

3.9560243 

9038 

0723 

9^39 

1204 

9040 

1684 

9041 

3.9562165 

9042 

2645 

9°43 

3I25 

9044 

3606 

9°45 

4086 

9046 

3.9564566 

9047 

5046 

9048 

55*6 

9049 

6006 

9050 

6486 

9°5T 

P9566966 

9052 

7445 

9°53 

79*5 

9°54 

8405 

9°55 

8885 

9056 

3.9569364 

9°57 

9844 

9058 

3-957°323 

9°59 

0803 

9060 

1282 

9061 

3^957^7^ 

9062 

2241 

9063 

2720 

9064 

3i99 

9065 

3678 

9066 

3-9574*57 

9067 

4636 

9068 

5ll5 

9069 

5594 

9070 

6073 

Num 

9071 
9072 

9°73 

9074 

9°75 
907b 
9077 
9078 
9079 
9080 

9081 
9082 
9083 
9084 
9085 

9086 
9087 
9088 
9089 
9090 

9091 
9092 

9°93 
9094 

9295 
909b 
9097 
9098 
9099 
9100 


Logarithms 

3.957TJJ2 
7030 

75°9 
7988 

84C6 

3*957*945 
6423 

9902 

3.95803S0 

0858 

3-95**~337 
1 8 15 

2293 

2771 

3249 

3-95^3727 
4205 

4683 

5161 

—  5^39 

3-95%6ii7 

6594 

7072 

7549 
8027 

3.9588505 
8982 

9459 

9937 
3.9590414 


• 
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Num 
9101 

Logarithms 

Num 
9136 

Logarithms 

Num 
9171 

Logarithms 

3.9590891 

3.9607561 

3.9624167 

9102 

1368 

9l37 

8036 

9172 

4640 

9103 

1845 

9138 

8512 

9173 

5"4 

9104 

2322 

9l39 

8987 

9174 

5587 

9105 
9106 

2799 

9 141 

9462 

9*75 
9176 

6061 

3-9593276 

9937 

3.9626534 

9107 

3753 

9142 

3.9610412 

9177 

7007 

9108 

4230 

9*4-3 

0887 

9178 

7481 

9109 

4707 

9144 

1362 

9179 

7954 

91 10 

91 1 1 

5184 

9r45 
9}  46 

^37 

9180 
9181 

8427 

3.9595660 

3.9612312 

3.9628900 

9112 

6137 

9*4-7 

2787 

9182 

9373 

9**3 

6614 

9148 

3262 

9^3 

9846 

9114 

7090 

9149 

3736 

9184 

3.9630319 

9*l5 
9116 

7567 

9150 
9*5* 

42 1 1 

9185 
9186 

0792 

3.9598043 

3.9614686 

3.9631264 

9117 

8520 

9152 

5160 

9187 

J737 

9118 

8996 

9l53 

5635 

9188 

2210 

9119 

1    9472 

9*54- 

6109 

9189 

2683 

9120 
9121 

9948 

9*55 
9156 

65Z3 

9190 
9191 

3J55 

3.9600425 

3.9617058 

3.9633628 

9122 

0901 

9*57 

753* 

9192 

4100 

9123 

*377 

9158 

8006 

9*93 

4573 

9124 

1853 

9J59 

8481 

9194 

5°45 

9125 
9126 

2329 

9160 
9161 

$955 

9^95 
9196 

55*7 

3.9602805 

3.9619429 

3-963599° 

9127 

3280 

9162 

99°3 

9*97 

6462 

9128 

375^ 

9163 

3-962C377 

9198 

6934 

9129 

4232 

9164 

0851 

9*99 

7406 

9T3° 
9J3i 

4708 

9165 
9166 

*325 
3.9621799 

9200 

7878 

3.9605183 

9132 

5659 

9167 

2272 

9*33 

6135 

9168 

2746 

9'34 

6610 

9169 

3220 

9i35i    7086 

I9170 

3693 

LOGARITHMS. 

Num 
9201 

Logarithms 

Num 
9z36 

Logarithms 

Num 
9271 

Logarithms 

3-963835° 

3.9654839 

3.9671266 

9202 

8822 

9237 

53°9 

9272 

1734 

9203 

9294 

9238 

5780 

9273 

2203 

9204 

9766 

9239 

6250 

9274 

2671 

9205 
9206 

3.9640238 

9240 
9241 

6720 

9175 
9276 

3*39 

0710 

3.9657190 

3.9673607 

9207 

1181 

9242 

7660 

9277 

4076 

9208 

1653 

9243 

8130 

9278 

4544 

9209 

2125 

9244 

8599 

9279 

5012 

9210 
9211 

2596 

9_2_45 
9246 

9069 

9280 

9281 

5480 

3.9643068 

9539 

3-9675948 

9212 

3539 

9247 

3.9660009 

9282 

6416 

9213 

401 1 

9248 

0478 

9283 

6863 

9214 

4482 

9249 

0948 

9284 

7351 

9215 
9216 

4953 

9250 
9251 

1417 

9285 
9286 

7819 

3.9678287 

3.9645425 

3.9661887 

9217 

5896 

9252 

Z356 

9287 

8754 

9218 

6367 

9253 

2826 

9288 

9222 

9219 

6838 

9254- 

3295 

9289 

9690 

9220 
9221 

7309 

9*55 
9256 

3764 

9290 
9291 

3.9680157 

3.9647780 

3.9664233 

0625 

9222 

8251 

9257 

47°3 

9292 

1092 

9223 

8722 

9258 

5*72 

9293 

*559 

9224 

9l93 

9259 

5641 

9294 

2027 

9225 
9226 

9664. 

9260 
9261 

6110 

3.9666579 

9295 
9296 

2494 

3.9650134 

3.9682961 

9227 

0605 

9262 

7048 

9297 

3428 

9228 

1076 

9263 

75l7 

9298 

3895 

9229 

1546 

9264 

7985 

9299 

4362 

9230 
9231 

2017 

9265 
9260 

8454 

9300 

4829 

3.9652488 

3.9668923 

9232 

'  2958 

9267 

9392 

9233 

3428 

9268 

9860 

9234 

3899 

9269 

3.9670329 

I9235 

43  69 

9270 

°79T 

• 


A  TABLE  of 

j  Nufn 

Logarithms 

Num 
9336 

Logarithms 

Num 
937* 

Logarithms 

9301 

3.9685296 

3.9701608 

3-97*7%59 

9302 

5763 

9337 

2074 

937* 

8323 

93°3 

6230 

933% 

2539 

9373 

8786 

9304 

66()j  . 

9339 

3004 

9374 

9249 

93_25 
9306 

7164 

934o 
934i 

3469 

9375 
9376 

97i3 

3.9687630 

3-97°393A 

3.9720176 

93°7 

8097 

9342 

4399 

9377 

0639 

9308 

8564 

9343 

4863 

937% 

1 102 

93°9 

9030 

9344 

5328 

9379 

1565 

2312. 
93 1 1 

9497 

9345 
9346 

5793 

9380 
938i 

2028 

9963 

3.9706258 

3.9722491 

9312 

3.9690430 

9347 

6722 

9382 

2954 

93l3 

0896 

9348 

7187 

9383 

3417 

93*4 

I3&2 

9349 

'7652 

9384 

3880 

°3l5 
93*6 

1829 
3.9692295 

935o 
935i 

8116 

9385 
9386 

4343 

3.9708581 

3.9724805 

93J7 

2761 

9352 

9°45 

9387 

5268 

93*Z 

3227 

9353 

9509 

9388 

5731 

93l9 

3693 

9354 

9974 

9389 

6l93 

9J22 

9321 

4-159 

9355 
9356 

3.9710438 

939° 
9391 

6656 

3.9694625 

0902 

3.9727118 

9322 

5091 

9357 

1366 

9392 

758i 

9323 

5557 

935% 

1830 

9393 

8043 

9324 

6023 

9359 

2294 

9394 

8506 

9325 
932-6 

6488 
3-9696954 

9360 
9361 

2758 

•9395 
\9396 

8968 

3.9713222 

3.9729430 

9^7 

7420 

9362 

3686 

9397 

9892 

9328 

7885 

9363 

4150 

9398 

3-973°354 

9329 

$35* 

9364 

4614 

9399 

0816 

9330 
933i 

8816 

9365 
9366 

5078 

9400 

1279 

3.9699282 

3.9715542 

9332 

9747 

93^7 

6005 

9333 

3.9700213 

9368 

6469 

9334 

0678 

9369 

6932 

^335 

1 143 

937o 

7396 

• 

LOGARITHMS. 

Num 
9401 

Logarithms 

Num 
943& 

Logarithms 
3-9747*79 

Num 

9471 

Logarithms 

3-973174l 

3-9763958 

9402 

2202 

9437 

8340 

9472 

4417 

9403 

2664 

9438 

8800 

9473 

4875 

9404 

3126 

9439 

9260 

9474 

5334 

94£5 
9406 

3588 

9440 
9441 

9720 

9475 
9476 

.5792 

3.9734050 

3.9750180 

3.9766251 

9407 

4511 

9442 

0640 

9477 

6709 

9408 

4973 

9443 

1 100 

9478 

7167 

9409 

5435 

9444 

1560 

9479 

7625 

9410 
9411 

3-9735896 

9445 
9446 

2020 

9480 
9481 

8083 

%58 

3-9752479 

3.9708541 

9412 

6819 

9447 

2939 

9482 

8999 

9413 

7281 

9448 

3399 

9483 

9457 

9414 

7742 

9449 

3858 

9484 

99*5 

9.415 

9416 

8203 

9450 
945i 

4318 

9485 
9486 

3-9770373 

3.9738664 

3-9754778 

0831 

94i7 

9126 

9452 

5237 

9487 

1289 

9418 

9587 

9453 

5^97 

9488 

1747 

9419 

3.9740048 

9454 

6i56 

9489 

2204 

9420 

9421 

0509 

9455 
945  6 

6615 

949° 
9491 

2662 

3.9740970 

3-9757oy5 

3.9773120 

9422 

143 1 

9457 

7534 

9492 

3577 

942  3 

1892 

9458 

7993 

9493 

4035 

9424 

2353 

9459 

84.52 

9494 

4492 

942  5 
9426 

2814 

9460 
9461 

8911 

9495 
9496 

495o 

3-9743274 

3-975937° 

3.9775407 

9427 

3735 

9462 

9829 

9497 

5864 

9428 

4196 

9463 

3.9760288 

9498 

6322 

9429 

4656 

9464 

0747 

9499 

6779 

943° 
943 ' 

5"7 

9465 
9466 

1206 
^761665 

9500 

7236 

3-9745577 

9432 

6038 

9467 

2124 

9433 

6498 

9468 

2582 

9434 

6959 

9469 

3041 

0435 

74i9 

9470 

35CO 

I 

A  TABLE  < 

Of 

Num 
9501 

Logarithms 

Num 
9536 

Logarithms 

Num 
9571 

Logarithms 

3-9777693 

3.9793662 

3.9809573 

9502 

8150 

9537 

4118 

957* 

3.9810027 

95°3 

8607 

953* 

4573 

9573 

0481 

9504 

9064 

9539 

5028 

9574 

°934 

9525 
9506 

9521 

9540 
954i 

5484 

9575 
957^ 

1388 

9978 

3-9795939 

3.9811841 

9507 

3.9780435 

9542 

6394 

9577 

2295 

9508 

0892 

9543 

6849 

9578 

2748 

95°9 

1348 

9544 

73°4 

9579 

3202 

9510 
95" 

1805 

9545 
9546 

7759 

9580 
9581 

3^55 

3.9782262 

3.9798214 

3.9814108 

95**1          27l8 

9547 

§669 

9582 

4562 

95*3           3l75 

9548 

9124 

9583 

5015 

95H 

3Q31 

9549 

9579 

9584 

5468 

95l5 
95i6 

4088 

9550 
955i 

3.9800034 

9585 
95S6 

5921 

3.9784544 

0488 

3.9816374 

9517 

5001 

9552 

0943 

9587 

6827 

9518 

5457 

9553 

1398 

9588 

7280 

95r9 

59*3 

9554- 

1852 

9589 

7733 

953_2 

95" 

&369 

9555 
955^ 

2307 

9592 
9591 

8186 

3.9786826 

3.9802761 

3.9818639 

9522 

7282 

9557 

3216 

9592 

9092 

9523 

773* 

9558 

3670 

9593 

9544 

9524 

8194 

9559 

4125 

9594 

9997 

952_5 
9526 

8650 

9560 
9561 

4579 

9595 
9596 

3.9820450 

3.9789106 

3.9805033 

0902 

9527 

9562 

9562 

5487 

9597 

*355 

9528 

3.9790017 

9563 

5942 

9598 

1807 

9529 

0473 

9564 

6396 

9599 

2260 

9532 
953i 

0929 

95^5 
9566 

6850 

9600 

2712 

3-979l3%5 

3.9807304 

9532 

184.0 

9567 

7758 

9533 

2296 

9568 

8212 

9534 

2751 

9569 

8666 

9535 

3207I 

957° 

9119 

LOGARITHMS. 


Num 

9601 
9602 

96o3 
9604 

9605 

9606 
9607 
9608 
9609 
9610 

9611 
9612 
9613 
9614 
9615 

9616 
9617 
9618 
9619 
9620 

9621 
9622 
9623 
9624 
9625 

9626 
9627 
9628 
9629 
96-?° 
9631 
9632 

9633 
9e3\ 
9635 

Logarithms 

Num 

9636 

9637 
9638 

9639 
9640 

9641 
9642 

9643 
9644 
9645 
5646 

9647 
9648 

9649 
9^5_2 
9651 
9652 

9653 
9654 
?±55_ 
9656 

9657 
9658 

9659 
9660 

9661 
9662 

9663 

9664 
9665 

g~666 
9667 
9668 
g66g 
9670 

Logarithms 

Num 
96yi 
9672 

9673 
9674 
9675 
9676 
9677 
9678 

9679 
9680 

9681 
9682 
9683 
9684 
9685 

9686 
9687 
9688 
9689 
9690 

9691 
9692 

9693 
9694 

9695 
g6g6 
g6gy 
9698 
g6gg 
9760 

Logarithms 
3.9854714 

5163 
5612 

6061 

6510 

3.9823165 

3617 

4069 

4522 
4974 

3.9838968 
9419 
9869 

3.9840320 
0770 

3.9825426 
5878 

6330 
6782 

7234 

3.984x221 
1671 
2122 
2572 
3022 

3.9856959 
7407 

7856 
8305 

8754 

3.9827686 
8138 
8589 
9041 

9493 

3-9843473 

3923 

4373 
4823 

5273 

3.9859202 
9651 

3.9860099 
0548 
0996 

9945 
3.9830396 

0848 

1299 

i75i 

3.9845723 
6173 

6623 

7073 

7523 

3.9861445 

lS93 

234* 

■  2790 

5238 

3.9832202 

2654 

3105 

3556 
4007 

3.9847973 
,8422 
8872 
9322 
9771 

3.9863686 

4i34 

4582 

5030 
5478 

3-9-34459 
4910 

536i' 
5812 
6263 

3.9836714 

7l65 
y6i6 

8066 
8517 

3.9850221 
0670 
1120 
1569 
2019 

3.9865926 

6374 
6822 

7270 

7717 

3.9852468 
2917 
3366 
3816 
4265 

A  TABLE  i 

t>£ 

Num 
9701 

Logarithms 

Num 
9-7  36 

Logarithms 

Num 
977* 

Logarithms 

3.9868165 

3.9883806 

3.9899390 

9702 

8613 

9737 

4252 

9772 

9835 

97°3 

9060 

973% 

4698 

9773 

3.9900279 

9704 

9508 

9739 

5J44 

9774 

0723 

9705 
9706 

9955 

9740 
974i 

559° 

9775 
97j6 

1168 

3.9870403 

3.9886035 

3.9901612 

9707 

0850 

9742 

6481 

9777 

2056 

9708 

1298 

9743 

6927 

9778 

2500 

9709 

1745 

9744 

7373 

9779 

2944 

9710 
9711 

2192 

9745 
9746 

7818 

9780 
9781 

3389 

3.9872640 

3.9888264 

3-99°3s33 

9712 

3087 

9747 

8710 

9782 

4277 

97*3 

3534 

9748 

9*55 

97%3 

4721 

97H 

39S1 

9749 

9601 

,  9784 

5164 

97*5 
9yi6 

4428 

9750 
975* 

3.9890046 

9785 
9786 

5608 

3.9874875 

0492 

3  9906052 

97*7 

5322 

975* 

°937 

9787 

6496 

9718 

5769 

9753 

1382 

9788 

6940 

9719 

6216 

9754 

1828 

97*9 

7383 

9720 
9721 

6663 

9755 
9756 

2273 

9790 
979* 

7827 

3.9877109 

3.9892718 

3.9908270 

9722 

7556 

9757 

3*63 

9792 

8714 

9723 

8003 

975% 

3608 

9793 

9158 

9724 

8449 

9759 

4053 

9794 

9601 

9725 
9726 

8896 

9760 
9761 

1    4498 

9795 
9I96 

3.9910044 

3-9879343 

3.9894943 

0488 

9727 

9789 

9762 

5388 

9797 

0931 

9728 

3.9880236 

97% 

5$33 

9798 

!374 

9729 

0682 

9764 

6278 

9799 

1818 

9730 
9731 

1128 

9765 
9766 

6722 

9800 

2261 

3-988l575 

3.9897167 

9732 

2021 

9767 

7612 

9733 

2467 

9768 

8056 

■ 

9734 

2913 

9769 

8501 

9735 

336o 

977° 

8946 

1 

LOGARITHMS. 


Num 
9804 

Logarithms 

Num 

Logarithms 

Num 
9871 

Logarithms 
3.9943612 

3.9912704 

3.9928185 

9802 

3 '47 

9$37 

8627 

9872 

405? 

9$°  3 

359° 

9838 

9068 

9873 

449 l 

9804 

4033 

9839 

95 lo 

9874 

4931 

9^5 
9806 

4476 

9840 
9841 

99  5i 

9%75 
9876 

5371 

3.9914919 

3.9930392 

3.9945811 

9807 

536* 

9842 

0834 

9877 

6251 

9808 

5805 

9843 

i*75 

9878 

6690 

9809 

6247 

9844 

iyi6 

9879 

7130 

9810 
9877 

6690 

9845 
9846 

2*57 

9880 
9881 

75^9 

3-9917^33 

3.9932598 

3.9948009 

98:2 

7575 

9847 

3°39 

9882 

8448 

9813 

8018 

9848 

3480 

9883 

8888 

9814 

•     8461 

9849 

3921 

9884 

8327 

9**6 

9816 

8903 

9850 
9851 

4362 

9885 
9886 

9j66 

3.99*9345 

3.9934803 

3.9950206 

98.7 

9788 

9852 

5244 

9887 

0645 

9818 

3.9920230 

9853 

5685 

9888 

1085 

9819 

0673 

9854 

6126 

9889 

1524 

9820 
9821 

1 1 15 

9855 
9856 

6566 

9890 
9891 

196^ 

3-99^557 

3.9937007 

3.9952402 

9822 

1999 

9857 

7448 

9892 

2841 

9823 

2441 

9858 

7888 

9893 

3280 

9824 

2884 

9859 

8329 

9894 

37'9 

9825 
9826 

3326 

9860 
9861 

8769 

9895 
9896 

4158 

3-992376* 

3.9939210 

3-9954597 

9827 

4210 

9862 

9650 

9897 

5036 

9828 

4651 

9863 

3.9940090 

9898 

5474 

9829 

5093 

9864 

°53i 

9899 

59l3 

9830 
9831 

5535 

9865 
9866 

0971 

9900 

6352 

3-9925977 

3.994141 1 

9832 

64.19 

9867 

1851 

9833 

6860 

9868 

2291 

9834 

7302  [9869 

2731 

9835 

77441  I987° 

3172 

*  T 


A  Table 

df  Logarithms. 

Num 
9901 

Logarithms 

Num 
9936 

Logarithms 

Num 
9971 

Logarithms 

3-995679I 

3.9972116 

3-99*73*7 

9902 

7229 

9937 

2553 

9972 

7823 

9903 

7668 

9938 

2990 

9973 

8258 

9904 

8106 

9939 

342  7 

9974 

8694 

99°5 
9906 

8545 

9940 
9941 

3864 

9975 
9976 

9129 

3.9958983 

3.9974301 

9564 

9907 

9422 

9942 

4738 

9977 

3.9990000 

9908 

9860 

9943 

5*74 

9978 

°435 

9909 

3.9960298 

9944 

5611 

9979 

0870 

9910 
9911 

0737 

9945 
9946 

6048 

9980 
9981 

lSOS 

3.9961 175 

3.9976485 

3-999l74-i 

99x2 

16-3 

9947 

6921 

9982 

2176 

99*3 

2051 

9948 

7358 

9983 

2611 

9914 

2489 

9949 

7794 

9984 

3046 

99*5 
9916 

2027 

9950 
99  51 

8231 

9985 
9986 

348i 

3.9963365 

3.9978667 

3,9993916 

9917 

3803 

9952 

9104 

9987 

435o 

9918 

4241 

9953 

9540 

9988 

4785 

9919 

4679 

9954 

9976 1 

9989 

5220 

9920 
9921 

5117 

9955 
9956 

3.9980413 

9990 
9991 

_  5655 

3-9965554 

0849 

3.9996090 

9922 

5992 

9957 

1285 

9992 

6524 

9923 

6430 

995$ 

1721 

9993 

6959 

9924 

6868 

9959 

2157 

9994 

7393 

9925 
9926 

73°5 

9960 
9961 

2593 

9995 
9996 

7828 

3.9967743 

3.9983029 

3.9998262 

9927 

8180 

9962 

3465 

9997 

8697 

9928 

8618 

9963 

3901 

9998 

9J3i 

9,29 

9°55 

9964 

4337 

9999 

9566 

9930 
9931 

9492 

9965 
9966 

4773 

1 0000 

4.0000000 

993° 

3.9985209 

9932 

3.9970:507 

9967 

5645 

9933 

08  A. 

9968 

60  (SO 

9934 

12421 

9969 

6516 

9935 

,   l679' 

9970 

6952  1 
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